Calculus 2

Notes by Louis Meunier

March 14 2021-August 7 2021

1 Integration by Parts
1.1 The Rule

Inverse of the product rule;

(f9) =fg+ 19

becomes;

Jfd+Fa=fg

This format is understandable, but not very helpful. Subtracting one of the
products of the integrals over to the opposite side creates a far more helpful
form, typical written; [udv = uwv — [vdu

1.2 Examples
1. [xsin(x)dx
u=ux;du=1
dv = sin(z);v = —cos(x)
[ asin(z)dx = x(—cos(x)) — [(—cosz) * 1dx
= —xcos(x) + sin(x) + C

2. [5xe®*dx
u=bx;du=25
_ 3x., _ e*°
dv = e**5v = 5

[ baedrdy = % =5 [ <dx

3x
— 5x; _ %e?)x + C

1.3 Tips

1. Pick u such that du becomes simpler

2. Pick dv such that v doesn’t get more complicated



2 Trigonometric Identities

Goal: to use trig identities to in substitution to evaluate integrals.

2.1 List of Identities
1. sin?(z) + cos*(z) = 1
2. tan®(z) + 1 = sec?
3. cot?(z) +1 = csc?
4. sin(2x) + 1 = 2sin(z)cos(x)
5. cos(2z) = 2cos?(x) — 1 = 1 — 2sin?(x)

) _ 1—cos(x)

6. sin?( 5

NI

7. cos?(%) = 71“‘0‘;5(””)

(SIS

2.2 Examples
1. [sin®(x)dx
= [ sin(z)sin®(z)dx
= [ sin(z)(1 — cos?(x))dx
[u = cos(z); du = —sin(z)dx]
=—[(1—u?)du
= —u+ %3

3
=cosx + <F- + C

2. [tan3(x)sec*(x)dy
= [udsec?(z)du
= [u3(tan®(z) + 1)du
= [w?(u? + 1)du
= [u® +udu

3 Trigonometric Substitution

3.1 Examples
1. V1 — x2dx, just the area of a circle

x = sinb, dx = cosfdl



J V1 — sin?0cosfdf — trig identity
= [ Vcos?bcoshdo
= [ cos?0df — trig identity
:f%s(%)cw— [u=20,du = 2]
2] sin (20
s+ =4

1

sin 1x sin(2sin_1x)
2 + 4

+ C — not quite done...

3.2 Simplification
sin(2sin~!(x)) — [sin(20) = 2sin(0)cos(0)]

= 2sin(sin~!(x))cos(sin~*(z))
~oxy/1—x2

3.3 Some good substitutions to remember

expression substitution
a? — x? x = asin(0)
Va2 + 2? x = atan(6)

x? —a? x = asec(f)

4 Partial Fractions

4.1 Theorem

If f(z) = gg‘zg, where P and @ are polynomials and deg(P) < deg(Q), the f can
be written as a sum of simple rational functions with either linear or quadratic

denominators.

4.1.1 Example

z?—122%415 _ _A +-B_ 4
z74+19234+12 ~ ax+b cx+d
Note: deg(P) < deg(Q). If not, have to divide first.

4.2 Basic Case

If f has only linear factors...
_ P(x) _ _A A Ay
f(l?)  (a1z+b1)(azz+b2)...(anz+b,) alxi—bl + ang-bg +.ot AnT+by,
If some factors are repeated...

_ P(z _ A B C D E
f(lE) T (ar1z+b1)3(azz+b2)?2 T arz+by + (a1z+b1)? + (a1z+b1)3 + asx+bo + (azz+b2)2



4.3 Irreducible Quadratic Factors

If f contains irreducible quadratic factors... (ex. 22 + 1)
P
f(x) = (xziwl))z = Iigi? + (gzxrl?z
Any higher-degree polynomial can be reduced down to linear and quadratic
factors.

4.4 Examples

L [ i gde
xzf}fj,(; = (z—?ﬁ?iﬂ) - ﬁ + %
r+3=Ar+ A+ Bz — 6B
r+3=(A+3)z+A—6B
A+B=1,A-6B =3 (SOE)
A=9/7,B=-2/1
J % + ;Tidx
= 2In|x — 6| — ZIn|x + 1|+ C

2 [ thde it = oty = 4+ B4

r+1=Az(x — 1) + B(z — 1) + C2?

At this point, we could solve for A, B, and C using a systems of equations.
However, we can instead use helpful values of z and solve more easily
instead.

2=0=>1=A%x0+B*-1+C*02=>B=-1
r=1=>2=0+0+C=>C=2
r=2=>3=2A+(-1)+8=>A=-2

Using this, we can now rewrite our original integral in a much nicer form.
[ 2+ 3+ Fhde

:—2lnx—|—i+2lnx+1+c

10
3. J =) (o) 4

10 _ _A + Bxz+C
(x—1)(z249) — z-—-1 249

10=A(z*+9)+ (Bx + C)(z — 1)

We can use the same idea as above; rather than solving using SOE, we
can instead simply pick nice values for x

r=1=>10=A(10)=>A=1
z=0=>10=9A+C(-1) =>C = -1
r=2=>B=-1




Rewrite integral as...

1 —x—1
Jam + 2o dx

_ 1 1

=)ot i~ wpde

First factor uses basic integration second uses u substitution, and the last
uses the fact that [ ——de = Ltan™'(%)

—Injx— 1| - 4In[x? + 9] - dtan"1(3) + C

4 [ Epda

Since deg(P) > deg(Q), we have to do some work first by dividing P by
Q.
(2 +4)/(2? +4) = 2 + 355

2+4
fx + 74293_24dx

This way, we already have a irreducible quadratic factor, so we can inte-
grate normally.

= x; —2In|x? + 4|+ 2tan (%) + C

j‘ dz

: 2V/z+3+=x
In this example, we don’t even have a rational function. We need to
transform it first through substitution.

u=+x+3
x =u?—3,2udu = dx
2udu
jﬁ(u+3)u 1)
Work as before...
=3Im(Vz+3+3)+ilm(2+3-1)+C

5 Integration Strategies

How do I know what technique to use?

5.1 Simplifying

A helpful way to think about all this is to simplify: in reality, we only have 2
integration techniques, with other techniques just subsets/algebraic manipula-
tion.

1. Substitution
2. Integration by Parts
So which one to use?

1. Try u-substitution first (with simplification). Did it work?



2. If not, try integration by parts (again with simplification). Did
it work?

3. If not, think of other algebraic tricks to manipulate the problem

(a) rational function — partial fractions
(b) trig — trig identities
(¢) Va? £ x2-type — trig subs, trig identities

6 Integration Tables

Tables found in most calculus textbooks, of many common integrals with the
work shown. Essentially obsolete nowadays.

7 Approximate Integration

7.1 An Example Demonstrating Need

ex) f05 e da

= F(5) — F(0) (normally, with FTC)

However, ¢ does not have an anti-derivative that we can write with ele-
mentary functions.

Instead, we have to approximate the value of this (using, say, Riemann
sums).

7.2 Riemann Approximation
Approximate f04 Vxdz using right-hand rule w/ intervals.
Az(V1+v2+ V3 + V1)~ 6.146
7.3 Midpoint and Trapezoidal Rules
4
Jo Vadz

7.3.1 Midpoint

Same as Riemann, but using the midpoint of each rectangle approximation.
Am(\/g-‘r \/§+ \/§+ ﬁ)z 5.384

7.3.2 Trapezoidal

Same as Riemann, but adjusting the "top” side to form more approximate

trapezoids.
Aq(Vor2/IE234VE) ~ 5 146



7.3.3 General Formulas
1. Midpoint Rule
J7 fa)yde ~ U2 F(BH A
2. Trapezoidal Rule
J2 f(@) do ~ LAz f(w0) +2f (21) + ..+ 2f (¥n_1) + f () where Az = b=¢

n

7.4 Simpson’s Rule
1. Divide the function into an even number of points

2. Use every 3 points to create a number of parabolas, imitating the curve

7.4.1 Formula

fab f(z)dx = %Am(f(a:o) +4f(x1)+2f(x2)+ ... +2f (wp—2) +4f(xn—1)+ f(xn))

where Ax = b*T“ and n is an even number.

ex) [y vVade = 1(1)(VO +4v1 +2v2 + 43 + V4 ~ 5.25)

7.5 Error Bounding
7.5.1 What makes an approximation bad?

In general, our rules for approximation assume a nice, smooth, not-too-crazy
curve. Very curvy (second and higher derivatives are large) functions cause
worse approximations.

Things that matter in approximations:

1. Higher order derivatives
2. The number of intervals

3. Length of interval of integration (b — a)

7.5.2 Error Bounds for Trapezoid and Midpoint Approximation

If E7 and E); are the errors in the trapezoidal and midpoint rules, respectively,
and if f”(z) < K for all = on [a,b], then

K(b—a)®
12n2

K(b—a)®

|Er| < 24n?

and |Ey| <

where n is the number of intervals of integration.
ex) Suppose we approximate f26 e~2* dz using the midpoint with n = 5. What
is the largest the error could be?

f/(.%') — —26_2$,f”(3;‘) = e 2%

(@) <4t = 4
4(6-2)°

‘EM‘ < W



7.5.3 Error Bounds for Simpson’s Rule
If Es is the error in Simpson’s Rule and if ) (z) < K for all z on [a, b], then

K(b—a)®

|Es| < 180nt

ex) Suppose we want to approximate fol sin(2z) dx to within a maximum
error of .000002. How large do we need to let n be? (Using Simpson’s).

f'(x) = 2cos(2x)

f"(x) = —4sin(2x)

O (x) = —8cos(2x)

f@ (z) = 16sin(2z)

Find n... B

0.000002 < 6L

n > 14.5

We need an even number of intervals for Simpson’s, therefore n must be at
least 16.

7.6 Improper Integrals
7.6.1 A Use Case

e) What is the area between the graph of L% and the x-axis?

Can’t just use a standard integral: the graph of % continues forever to the
right. Therefore, we have to deal with infinity in some way... Need to use a

limit!

7.6.2 Definition

If f: f(z) dz exists for all b, we can define

2 f(@) de = limy—oo [ f(2) da.

If the limit does not exist, we say the improper integral is divergent. If the
limit does exist, it is convergent.
Similarly, we define

[P f@)de =lim, o [° f(x) da.

7.6.3 Examples

ex) What is the area between the graph fo %, the line z = 1, and the x-axis.

[ L de = limy 0 flb 1 dx
= limp_, 00 In |2|]1,b
=limp o Inb—1In1l

=0



Therefore, this interval is divergent.
For negative to positive infinity intervals...

Joo fla)dx =
[ fa)de + [*_ f(z)da

for any value a.

2
ex) [ 005w dr

lima = —o0 f; gf_iﬁ dz + limp_, oo fob g_f% dx
= limg oo Stan™"(%))|[a, 0] + limy_, o0 Stan"(%)([0, ]
=0-5(5")+5(5) -0
=%

Non-infinite answer, therefore, the interval is convergent.

7.6.4 More Impropriety

4
ex) [y —L;dw
This is improper because it has an asymptote at x = 1.
1 1 4 1
Jo =1 de+ bf =y
. . 4
= hmb_)l_ fO ril dx + hma_>1+ fa ril dx
= limp,1— In|z — 1]|[0, b]...
= —00
Therefore, the integral is divergent.

7.6.5 A Comparison Theorem

Can be used to test for convergence or divergence of an improper integral; cannot
find the value of the integral.

If0<g(z) < f(z) for all z > q,
Then
[.° f(x) dz converges — [ g(x) dx is convergent.
[ g(x) dx diverges — [ f(x) dx is divergent.

ex) Show that [~ e~ dz is convergent.
If x > 1, then e <e®

[T e da = limy_ 0o —e*([1, 1]

= limy_y0o —e ¥ + €71

_1

e
This is convergent, and less than the original, therefore the original is also
convergent.



8 Arc Length

8.1 Formula

JP VT (@) da

8.2 Examples

1. What is the distance traveled by a particle traveling along the 23 = y?

from (0,0) to (4,8).
y = 23/2

/

y:

Arc Length = f04 V14 (3Vz)?de

.= (107 - 1)

1
T2

N

2. What is the arc length of the curve y = 2% from —1 to 1?

f_ll /1+ (ép dx

This is an improper integrall We could continue integrating this, but
instead we could integrate with respect to y to create a nicer problem.

x =y

VI ByA)2dy

8.3 Arc Length Function
If y = f(x), S(z) = [ /T4 (f/(t))?dt is the arc length from a to x.

s d
£\ @r
ds = dxy/1+ %
ds? = dz? + dy?

This is really just the Pythagorean theorem!

9 (Lateral) Area of a Surface of Revolution

9.1 Surface Area of a Frustum

How do we calculate the area of this not-quite-a-cylinder?
We could compute it as a difference of 2 cones.
From here, we can derive the formula SA = 27rl

10



9.2 Area of a Surface of Revolution
SA =73 2mrl

= Sam(Hefen) T4 ple)?Ae

As Az — 0f (zi41 = f(ci), s0

=>21f(ci)\/1+ (f(c)2Ax

Asn — oo, Az — 0

=2 [ f(x)\/1+ (f'(z)) dz

This is our surface area.

9.3 Example

1. What is the surface area of a sphere of radius r?

y=r2—a?

SA=2r [T Vr?—a% [1+ (ﬁ/%z) dx
=or [ Vr?—a? %d.ﬁ
=2r [" rdx
= 41?2

This matches our known formula

2. What is the area of the surface of revolution obtained by rotating the
curve y = /3, from 1 < y < 2, around the y-axis?

2 x
SA=2r [z /1+ (%)26@
= ff y3/1+ (3y?)2dy
= 71/27(145+/145 — 10+/10)

10 Sequence

10.1 Definition

An infinite list of numbers, in order, indexed by natural numbers.

10.2 Expression Sequences

Common notation: {a1,as,as,...} = {an} = {an}52,
ex) {3/n} ={3/1,3/2,3/3,3/4...}
ex) {0,3,8,15,24, ...} = {a, } where a,, =n? —1

11



Not all sequences can be expressed via formula, however, ex) {a,} where
an, = nth digit of 7, or {F,} where Fy = 1, Fy = 1, F,11 = F, + F,1
(Fibonacci sequence).

These are a recursive formula. These can sometimes, but not always, turned
into an explicit formula.

10.3 Sequence Terminology
1. A sequence is increasing if a, < a,41 for all n > 1.
2. A sequence is decreasing if a, > an41 for all n > 1.
3. A sequence is monotonic if it is increasing or decreasing.

4. A sequence is bounded above if there exists some M such that a, < M for
alln > 1.

5. A sequence is bounded below if there exists some M such that a, > M for
allm > 1.

6. A sequence is bounded if it is bounded from above and below

10.4 Limits of a Sequence
10.4.1 Definition

lim, oo a, = L if for all € > 0 there is some N such that if n < N, then
lan, — L| < e.

If this limit exists (ie, closes to a point), then the function converges. Oth-
erwise, the function diverges (ie, fluctuates between two points, continues to
infinity).

10.4.2 A Theorem

If a, is given by a function f (a, = f(n)), and lim,, f(z) = L, then
lim, yo00 an = L.
So all the limit laws we have for functions will work for sequences as well.

10.4.3 Examples
ex) Does { %} converge?

_1)=
fa) =2
Apply Squeeze Theorem: - =

9
:

limg o0 ﬁ =0
limg 00 fﬁ =0

Therefore, lim,_, o (2_\}:); =0

ex) Does the sequence {a,} where a1 = 3 and a, 1 = % converge?

12



Each term multiplies the previous by 1/n.
3
ap =

1*2*3*?..(n71) = (n+1)!

hmn—>oo Qpn =

ex) For what values of r does {r"} converge?

f(@) =1

If r > 1, exponential growth. If 0 < r < 1, exponential decay. In exponential
decay, f(x) is heading towards a limit, and therefore it converges.

But what if » < 07

If —1 < r <0, then by Squeeze Theorem, converges to 0.

If r <= —1, diverges.

In summary, converges if —1 < r <= 1. If 01 < r < 1, converges to 0. If
r =1, converges to 1.

10.4.4 Another Theorem

Every bounded, monotonic sequence is convergent.
Can’t go in one direction infinitely since it is bounded; similarly, can’t go
another direction since it is monotonic.

11 Series

11.1 Zeno’s Paradox

Someone is walking towards a wall. He, of course, at some point walks halfway,
leaving half the total distance remaining to walk. Then, he walks half of the
remaining, then again and again, etc., always having a little left to reach the
wall.

So what’s going on? Does 1/2+1/4+41/8+ ... equal 1?7

11.2 Decimal Representations

7w 3.14159 = 3+ 12107 + 421071 + 121072 4+ 52104 + ...
These kinds of irrational decimals are in fact infinite sums.

11.3 Power Series

Claim: ﬁ =l4+z+22+2°+ ..
l=1+z+22+.)(1—2)
1=11-2)+z(l—2)+2*(1—2)+..
l=1l-24+z—22+22—234+23+ ..
1=1
This like a true statement, and demonstrates a way to represent a fraction
as an infinite series.

13



11.4 Issues

0=0+04+0+4+0+..
=1-1)4+@1-1)+(1-1)
=14+ (-14+41)+(-14+1)+
=1+0..
=1
Right? Well, we can’t just use series like this all the time; there are some
caveats.

+ ...
(=14+1)+ ...

11.5 Defining Infinite Series

Yooy =limy e >y a;
The last summation is often written as s,,.
If the limit does not exist, then the sum is divergent.

11.5.1 Example

ex) >0 1 3n+2
=B+2)+(6+2)+(9+2)+(12+2) + ...
5+8+11+4+14+ ...
Partial sums: 5,13,24, 38, ...
This is divergent: do not approach any finite number.
ex) Y, (4)"
=1/241/4+1/84+1/16 + ...

51 = 1/2
S9 = 3/4
S3 — 7/8
It appears that s,, = 27;—;1, meaning that lim, . 5= = lim, 0 172% =1.

o) 1

ex) This is the harmonic series: )~ ~

=1+1/2+1/3+1/4+1/5

Converge or diverge?

This actually diverges; although the partial sums are getting smaller, there
is no real pattern, and this limit equals co.

11.6 Theorems

1. If " a, converges, then lim,,_,, a, = 0.

This is often used in the divergence test: If lim, o, # 0, then > a,
diverges.

Note: Converse of this statement is not true; lim,_,o a, = 0 does not
necessarily mean that the sum converges; the harmonic series falls into
this category.

14



2. Since series are defined via limits, the usual limit laws hold.

If > a, and > b, both converge, then
(a) Yecan=¢> an
(b) E(an +b,) = Zan + an
(¢) Y(an —bn) =2 an—> by

However, if either sum is divergent, then these rules will not always hold.

11.7 General Examples

1.

(-)"™n
on -

Write down the first four partial sums of Y |
=-1/2+2/4+-3/8+4/16 + ...

s1=-1/2
so =0

s3=—-3/8
sq=-1/8

. What is Y07 rn=1?

This is an example of a geometric series.
Sp=14+r+.. +r*1
TSy =T 4+1r24+ . 41"

Sp—TSp=1—1"

_ 1"
Sn = 1—r

r*_ 1

limy, 00 Sy = limy, 00 =5 = 1 if |r| < 1. Otherwise, diverges.

What is ), 0o EA

47L
=9/4+ -27/16 + ...
Rewrite:
—3)"(—3"—1
=> ( 21(4()7171 )

= % 220:1(_%)”_1

This is a geometric series.

=il=p)

*

ISR

15



4. Write 0.888... as a ratio of two integers.
=8/10+ 8/100 + 8/1000 + ...
= 821071 + 821072 + 821073 + ...
= Zf:l 8(%)”
=2 me1 103"
=8 4 _1

107 1-%

5. True or false: if two series, Y a, and > b, both diverge, then > (a, +b,)
also diverges.

False; take:
San=>1,> b, +> -1
(14 1)
=0
6. True or false: if > a, diverges and Y b, converges, then > (a, + b,)
diverges.

True; Y by, is a single number. suma,, either goes to infinity, or something
similar. Therefore, adding the two together still results in some sort of
”infinity”.

A more rigorous proof by contradiction:

Suppose it was false; > a, diverges, > b, converges, and > (a, + by)
converges.

Then: > (an + brn) — > (by)

= an, which should converge, but doesn’t...

12 The Integral Test
12.1 Why

Sometimes it is very hard to compute the limit of a series.
Can we at least tell if it converges or diverges?

12.2 Picturing Partial Sums

Suppose a, = f(n) for some function f.

dan=2+34+2+1+1/2

This can be drawn as a number of rectangles of different heights of width 1.
The sum is just the sum of the areas; very similar to Riemann sums.

16



12.2.1 Examples

1. an:n%
S ap=1+1/4+1/9+1/16+ ..
San < [T Hde+1

2. a, =

S

n

Sa, > floo ﬁdx

12.3 The Test

Suppose a, = f(n), where f is a continuous, positive, decreasing function on
[1,00}. Then the series Y a,, is convergent if and only if the integral [ 100 f(z)dx
is convergent.

12.4 Remainders

> ap limy, 00 Sn, where s, = a1 + ag + ...

Compare s, with > a,

Jor f@)dz < Ry < [ f(a)da

The error between the nth partial sum s, and s can be bounded by the
above.

Sn+ R, =35

Sn + f:il fl@)de < s <s,+ [~ f(z)dx

12.5 Examples of the Integral Test

LYo v
floo gde = limp 0 flb pdr = limp 0 1/2Inz? + 18
=limp0o 1/2Inb%? +1—1/2In2
=00
The series diverges.

2. 3l
[ Lde =limp 00 — 5258
= limy 00 — 555 + 1/2
=1/2
Therefore, the series converges (though not to 1/2...)

Furthermore...
o 1 0 1
1 1
3z = B = g2

If we wanted to be within a, we need R,, < a. If 735 < a, this works.

17



3. p-series
Series of form Y -
For what values of p does a p-series converge?
If p <0, clearly diverges.
Otherwise, floo L =limy 00 prp 8
= limp_ 00 —pbp%l +1/p
This converges if p > 1.
Note: if p =1, it is the harmonic series.

p-series converges if p > 1.

13 The Comparison Test

1. If b, > a, and Y b, converges, then > a,, converges.
2. If b, < a, and >_ b, diverges, then > a,, diverges.

13.1 Examples
LY
_ 1
=32 53
Very close to Y 1/n; we can compare to it.

151

n—4 — n

Since > 1/n diverges, so does our sum.
0 n—1
2' Zn:?, (n+1)3
<

n—1 < n+1 __ 1
(n+1)3 = (n+1)3 = (n+1)2 = n

> # converges, therefore our series converges as well.

/nd_
3. )Y +n
This is kind of like 1/n; vn? — 1~ vn* =n? and n® +n ~ n?; ~ Z—i
This is hard to prove algebraically however; this is where we use Limit

Comparison.

13.2 Limit Comparison

Suppose that > a, and > b, are series with positive terms. If lim,, g—: =c,
where 0 < ¢ < oo, then either both series converge or both series diverge.

Ex) Y, Y=t
(hmn%oo ngj_nl) n = lim,, nli [t =1

Since this series diverges, then so does our original series.

18



14 Alternating Series

A series whose terms alternate between positive and negative.

Y an =3 (=1)"bpor 32(=1)"bn, by = 0
14.1 Alternating Series Test
If the series > °  (—1)"b,, satisfies:

1. bpt1 < by, for all n

2. lim,, oo b, =0

then the series converges.

ex) Y D
]./’ﬂ 2 nil
lim, ;0o 1/n=0

Therefore, it converges.

14.2 Error

|Rn| S bn+1

15 Comparison Test

15.1 Basics

If b, > a, and [ b, converges, then [ a; converges.
If b, < a, and [ b, diverges, then [ a; diverges.

15.2 Limit Comparison

Sometimes, comparing whether a sum is larger or smaller than another is too

complex. In these cases we can use:

If limg o0 3 = ¢, where c is a finite number, then a, and b, are both

divergent or convergent.

16 Alternating Series

Very simple: if an alternating series (switches between positive and negative):

1. b, < bpy1 (ie, do consecutive elements (ignoring alternating signs) de-

crease for all n?)

2. limp 500 b, =0

19



17 Absolute vs. Conditional Convergence

A series Y a,, is absolutely convergent if > |a,| converges.
A series Y a, is conditionally convergent if > |a,| diverges but >_ a,, con-
verges. (ex. alternating harmonic series)

17.1 Example
o (<"
Zn:O 3n+5
Does it converge? yes (alternating series test)

Does 3 |ay| converge? no (limit comparison test)
Therefore, the sum is conditionally convergent.

18 Ratio Test

Given a series Y apn:

1. if lim [*2+L| = L < 1, then the series converges absolutely

2. if lim |*2+1| = L > 1, then the series diverges

an

3. if lim |*2+] = L < 1, then the Ratio test is inconclusive

19 Root Test

Given a series Y ay:
1. if lim nthrootofla,| = L < 1, then the series converges absolutely
2. if limnthrootof|a,| = L > 1, then the series diverges

3. if limnthrootof|ay,| = L = 1, then the test is inconclusive

20 Power Series

A series of the form:
ZZOZO enx™ = co + 12 + cox?® + e + ...
where the ¢,, are coefficients and zx is a variable.
These are like polynomials, but with an infinite number of terms.
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20.1 Examples

What does it mean to converge?
For a fixed value of x, does the series converge?
What are all the values of = for which the series converges?

LY > at=14+z+2%+23+a2t+ ..
This example is a geometric series, so it converges if —1 < z < 1.
2. 90 L =1+a+a?/24+23/6 + 2% /24 + ...

We can use the ratio test to find convergence.

In+1
. Il _ s "+t n! 1 x
limy, o0 “nt = limy, 00 sy limg 00 T =0 for any fixed =x.

n!

Therefore, this converges for all values of x

20.2 Power Series at a

A power series of the form

> cn(z—a)"

is called a power series about a.

All the series above have been series about 0.

Note: if £ = a, then the series will converge. when z is "near” a, x — a will
be ”small”, so more likely to converge.

20.2.1 Radius of Convergence

Give a power series about a, there are only three possibilities:
1. The series converges at x = 0
2. The series converges for all values of x

3. There is a number R such that the series converges if = is within R of
a, and the series diverges if z is R away from a. R is also known as the
"radius of convergence”.

20.2.2 Examples

Find the interval and radius of convergence of
>0 4 — 1)
We can use the root test here:
lim,, —, oo Nthrootof4™(x — 1) = limy, 00 4(z — 1)
Therefore, converges if |4(x — 1)| < 1, ie, if = is in the interval (3/4,5/4).
It diverges if [4(z — 1)| > 1, ie, if x is in (—o00,3/4)U(5/4, )
What if © = 3/4,5/47
x=3/4=>>4"(-1/4)" = > (—1)" => diverges
x=>5/4=>>4"(1/4") = > 1™ => diverges.
The radius of convergence is therefore 1/4, and the interval of convergence
is (3/4,5/4).
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21 Functions as Power Series
ﬁ = ZZO:O "

21.1 Examples

1. ex) H%

First way to generate new power series is to use our old known one.
_ 1 _ s} e\ o _ 1\
=1 (=2 Yoneo(—2)" =220 (=1)"

Converges |z| < 1

2. ex) 1H£

=(1+4z)), ", az"
= fo:o(l +z)a"

_ o0 n n+1
=) ot tx

=1+ 22021 2z

3. ex)
=3t

= 3Zn:0(_ 2)"

=Y 3(=1)"2*n

_3
1+:62

21.2 Theorem

If a function f is defined by the power series Y c¢,(x — a)™ with radius of
convergence R > 0, then f is differentiable on the interval (¢ — R,a + R) and

1. f'(x) =Y. ney(z —a)” !

)n+1

2. ff(w)d.rzc_i_zwn—iﬁ

and the radii of convergence of f'(z) and [ f(z)dx are both R.

21.2.1 Theorem Examples
1. ex) tan~1(x) =
Note: %tan’l(m) = 1—1-% =3 (=1)"a?n
Therefore: tan‘l(x) = [Y(-)"z*dz
- X f(-1ran do
g

— ZL’7
—x—?+?—7—|—...
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21.2.2 Notes

Above theorem can be useful for computing derivatives, integrals.

1 1
L [y 1gr de
This integral is difficult to solve with substitution, etc.

n 4n
7]0 n= 1 dx

Now, just a polynomial.
1)n 4n+1

e
Z 4n+1 |0
Radius of convergence is 1, so we are good.
_ Ny (D7
- ZTLZO 4n+1
Using this, we can approximate the integral to any degree of accuracy we
want with partial sums.

22 Taylor Series

22.1 Approximating Functions

We can approximate a function at a certain range by using its derivative (tangent
line) at that point.

a.

Tangent line approx:p;(z) = f(a)+ f'(a)(x —a) = f(x) when x is "near”

In this case, pi(a) = f(a) and p}(a) = f'(a)

By extension, a quadratic approximate of f would have:
p2(a) = f(a)

paa) = f'(a)

p3(a) = f"(a)

We can try:

pa(z) = fa) + f'(a)(z — a) + c(z — a)?

This is the same as the tangent line approximation but with a quadratic

part added (c(z — a)?).

ph(x) = f'(a) + 2c(z — a)
py(x) = 2¢
Since we want pf(a) = f”(a), we can let ¢ = £ 2((1), and rewrite:

pa(a) = fa) + f'(a)(z — a) + L2 (& — a)?

Following this pattern, we can continue with this pattern for more powers...

ps = fla) + f'(a)(z — a) + L4 (2 — 0)? + L2503 — a)?

This patterns becomes...
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22.2 Taylor Polynomials

The Taylor polynomial py(z) of f is defined by

Pr(@) = Shoo Lo e — o

This approximates f near a. Derivatives pj (a) through pék)(a) will match
those of f.

We can take this idea to infinity and get...

22.3 Taylor Series

If a function f can be represented as a power series at a, then its power (Taylor)
series is .

fla) =0l g Lotz — a).

With infinite terms, this Taylor ”approximation” should be equal to our
function, if it can have a power series representation.

22.3.1 Examples

1. ex) Determine the Taylor series of ® at x = 0.
If it has a power series expansion, this is rather easy as all derivatives of
any order of e are e, and f(")(0) always equals 1.

Taylorseriesz1+x+%?+§—?+%+.,,

22.4 When do we have a Taylor series?

For any k, f(x) = pr(x) + Ri(z), where Ry (z) is a remainder. This remainder
is smaller if k is bigger and/or z is close to a.

Theorem: If | f("+1)(z)| < M for |z—a| < d, then |Ry(x)| < %M—cﬂk“

for values of |z — a| < d.
By extension, if limg_, o, Ri(z) = 0, then the Taylor series works.

22.5 Examples

1. ex) Determine the Taylor series of cos(z) at x =7
flm) = -1
7/(m) = —sin(@) s — 0
F7(7) = —cos(@)|amr = 1
f(m) =0
@) = -1

—140x(z—m)+i(z—7)>2+F@—7m)3+F@-m)+ J@—7)+....

0o )yt pg)2n
:ano( ) (275)! )
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Does this work?

Yes, the limit of R(x) goes to 0.

2. ex) Determine the Maclaurin series of (1 + x)¥
Maclaurin: Taylor series at x =0
If £k =1,2,3..., it is quite easy as you can just expand.
f'(@) = k(1 +2)"!
(@) = k(k = 1)(1 + )2

™ (2) =k(k—1)..(k —n+ 1)1 4 )"
About 0:

(1+az)k =37, Wm" (Binomial expansion)

22.6 Taylor Approximations of Functions at a Point

ex) Suppose you approximate 23 about a = 1 using a cubing Taylor polynomial.
Find a bound on the maximum error when 0.8 < z < 1.2.
f) =1

71 = 32 om = 3

8
f@)=1+3@x—-1)—3(x—1)2+ Z(x—1)3
f(3) ~ ...~ 1.129283945
To bound R3(z), we need f*)(z) = By Kl
@ (z)] < |fD(0.8)] = 1.454576
So, |Rs(z)| < 1439576112 — 1|* = 0.00009697

win

23 Differential Equations

What is it? An equation that involves a function and its derivative, and come
up often in real-world situations.

Ex. A proposed model of population growth:

4l = kP

dt

The rate of graph of a population P is proportional to the size of the popu-
lation.

Ex 2. More nuanced model of population growth:

G =kP(1-17)
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23.1 Terminology

1. A differential equation is an equation that involves an unknown function
and one or more of its derivatives.

Ex) ¢y’ —y = 2¢”

2. A solution to a differential equation is a function that makes that equation
true.

Ex) y = ze®

3. The order of a differential equation is the highest derivative that appears.

23.2 Initial Value Problems

T2 . . . .
Ex. Verify that f(x) = ce’z are solutions to the differential equation y' = xy,
and find the solution satisfying the initial condition y(0) = 2.

x2
y:ceZ

x2
Yy =xce’T
r_
y =xy
2 = ce’
c=2

23.3 Visualizing Solutions

Some diff equations are hard to solve....Instead of solving, we can visualize the
solutions.

23.3.1 Direction Fields

Ex. v =¢>—4

Using this, we know the slope at different points. (0,0) : —4,(0,1) : —3,(0,2) :
0...

We can use this to create a direction field and visualize the path the graph
will take overall.

23.4 Euler’s Method

A method to numerically approximate solutions.
Ex. Approximate the solution to ' = 2 — y with y(0) = 0.
e(0,0),y" =2
e(1/2,1),y' =1
6(1, 3/2)3 y = 1/2
e(3/2,7/4),y =1/4
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23.4.1 Definition of the Method

Given the initial value problem y' = F(z,y), y(xo) = yo, Euler’s method with
step size h approximates the solution via:

Ty = XLp—1+h

and

Yn = Yn—1 + hF(xnflzynfl)

The smaller h, the more accurate.

Ex. Approximate the solution to y' =y — 2z with y(1) =0

Let’s pick h = 0.1:

e(1,0):y = -2

e(1.1,0 — 2(0.1) = e(1.1,-0.2) : ¢/ = —2.4

e(1.2,-0.2 —2.4(0.1)) = e(1.2,-0.44) : ¢/ = ...

23.5 Separable Equations

Def: A differential equation that can be written in the form:

= =9(@)f(y)
Ex: y' = 3zsin(y)

23.5.1 Solving

Rewrite:

dy = g(x) f(y)dz

*f(y)dy = g(x)dz

You can now integrate both sides and solve.

Ex. Solve Z—Z =1y

J1/ydy = [ xdx

Iny| = % +C

y=eF+C

. P
y=cez2

Ex. Solve % = ly"%

Jy+1dy = [In(t)dt

L4y =tint—t+C

y? + 2y = 2tint — 2t + C

(add one to both sides...)
(y+1)2=2tnt -2t +1+C
y=+/—V2tnt -2t +1+C -1
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24 Population Growth Models

24.1 Natural Growth

4L = kp
“ In this model, the rate of growth is proportional to the population size.
Solve:
[ 1/pdP = [ kdt
In|P|=kt+C
P = ekt+C

P = Pye** where P(0) = Py, the ”initial” population

24.2 Logistic Model

4P = kP where P is small, and %7 is small when P approaches its carrying
capacity M.

aP P

S =kP(1 - 55)

Solve:

In|P|—In|]M — P|=kt+C
In| M52 = —kt + C
M—P _ ,—kt+C
v 1= Ae—Ft
M 1 Ae
; __ M
T 14+ Ae—kt

24.3 Other Models

% =kP(1—- %) — ¢ (constant rate of loss)

4P = kP(1— £)(1 — 2) (if P < m, pop. decreases)

25 Linear Equations

A first-order linear differential equation is one that can be written in the form:

d

ot P(@)y = Q)

Linear in y and ¥’, not necessarily in z.
ex) y' + sin(x)y = €*

25.1 Example
y/ 4 %y — 1‘2
xy 4y = 2*
(zy) = 2°
Ty = %—I—C
Y= %S—FC/QU
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25.2 General Method of Solving

%+ P(z)y = Q(x)

We want to multiply by something, I(z), so that (I(x)% + I(x)P(z)y) =
(I(z)y)

Then, we can solve:

(I(2)y) = 1(x)Q(x)

I(z)y = [ 1(x)Q(x)dx

v = 7 T 1)Q)d

What is I(x), or the ”integrating factor”, then?

IF I(2)y' + 1(@)Pa)y = (I(x)y)

then 1(2)y’ + () P(x)y = I'(x)y + 1)y’

I(x)P(z) = 4

P(x)dx = %dl

[ P(z)dz = In|I|

ef P(x)dx -1

25.2.1 Example

(e®y) = e®sin(e®)
f(ew )dx = [ e”sin(e®)dx

26 Predator-Prey System

26.1 Assumptions of the System
1. If no predators, the population of prey will grow unconstrained.
2. If no prey, the population of predators will decline.

3. Death rate of prey depends on number of interactions between prey and
predator.

4. Growth rate of predators depends on number of interactions between prey
and predator.

5. Number of interactions of prey and predator is proportional to the product
of their populations.
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26.2 The Model

48 — kR — aRW and 4 = —rW + bRW
In the first equation: The growth rate of rabbits (R) is proportional to the
number of rabbits, minus the number of rabbits eaten (aRW).
In the second equation: The growth rate of wolves (W) is proportional to
the number of wolves and rabbits, and will decline if there are no rabbits, plus

the number of wolves eating rabbits (bRw).

26.3 Example

48 — 0.03R — 0.0004RW and LY = —0.01W + 0.002RW
* Note: if R =0 and W = 0, then ¥ = 0 and 4% = 0. We can then call

(0,0) and equilibrium point.

i . dW _ dW  dR
By the chain rule: = AR * g
Therefore. W — =0-01W+0.002RW.

> dR ~ "0.03R—0.0004RW ) ) )
If graphed on a phase plane, you can see a near-cyclical relationship between

the two populations, with an equilibrium point near the center.

26.4 Finding the Equilibrium Point

This is the point where both derivatives are 0.
0 =0.03R — 0.0004RW
0 = R(0.03 — 0.0004W)

W =175
0= —0.01W + 0.002RW
R=5

26.5 Visualizing Individual Populations

Other than just graphing the relationship between the two populations, we can
also graph the individual populations of the rabbits and wolves fairly easily.

27 Second-Order Linear Equations

A second-order homogeneous linear differential equation with constant coeffi-
cients is one that can be written in the form:

ay”" +by +cy=0

where a, b, ¢ are real constants.

second-order: involves y’

homogeneous: =0

linear: vy",y',y

constant coefficients: a, b, ¢ are real numbers
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27.1 Solutions

1. Fact 1: if y1(2) and yo(x) are two solutions to
ay” +by' +cy =0,

then so are ¢1y1(x) + coy2(x) are any real numbers c1, ¢o

2. Fact 2: if y1(z) and ya(z) are two linearly independent (not multiples of
each other) solutions to

ay” +by' + cy =0,

then all solutions are of the form ¢1y1(x) + coya(z) for some real numbers
C1,C2.

27.2 Guessing a Solution

ex) y’' +3y —4y=0
Maybe e"*?
y=e"y =re'® y =r
r2e™ 4 3re™ — 4e™* = ()
e (r? +3r—4)=0
eEr(r+4)(r—1)=0
r=1,-4
By our theorem, our general solution is ci;e” + coe™

2erx

4z

27.3 General Method
ay” + by +cy=0

Guess e, etc
e(ar® +br+c¢)=0
So €™ is a solution if ar? + br 4+ ¢ = 0 (auxiliary equation).

27.3.1 Cases

The auxiliary equation ar? + br + ¢ = 0 may have:

1. two distinct real roots, r; and 2. The general solution is c1€™% 4 coe™7,
happens when discriminant is greater than 0.

2. one single real root, r. The general solution is cije™ + coxe™, happens
when discriminant is equal to 0.

3. two complex roots, 1 and 2. The general solution is e**(cicos(fx) +
cosin(fz), happens when discriminant is less than 0.

Example of single real root: vy’ — 4y’ +4y =0

rP—4r+4=0
(r—2)2=0
r=2
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We know that e?* is a solution. We can also see (through some math) that
" is also a solution.

Example of two complex roots: y” + 4y’ +5y =0

r2+4r+5=0

N =

r=-—-2%1

We could say that the solution is crel=2+r 4 oo

Let’s simplify this with Euler’s Formula, ? = cos(6) + isin(6)

General solution: c¢;el@+i8)e 4 oela—if)z

= c1e*®(cos(Bx) + isin(Bzx)) + cae®** (cos(—fx) + isin(—ifx))

= c1e*cos(Bx) + icre*®sin(fx) + cae*®cos(fx) — icae*® sin(fx)

= e (¢ + cg)cos(Bx) + e*Fi(c; — c2)sin(fx)

say C1 = c1 +co and Co = ¢1 — ¢

= C1(e*cos(Bz) + Coe*®sin(Bx)

= e (Cycos(Bz)) + Casin(px)

xre

(—2—i)x

27.4 Boundary Value Problems

ex) Find the solution to ¥ — 6y’ + 9y = 0 such that y(0) = 2 and y(3) =1
(r—32=0,r=3
General solution: ¢1€3® 4 coze
y(O) = 2, (G 2

y(3) = 1,2€° + 3c2e® = 1,9 = ‘37;_2

3z

27.5 NON-Homogeneous Second-Order Linear Differen-
tial Equations with Constant Coefficients

ay” +by" + cy = G(x)
Complementary equation: ay” + by’ + cy = 0, solution: y.(z)
Say we can find a particular solution, y,(x)
Theorem: The general solution to the non-homogeneous equation is given

by ye(z) + yp(z)

27.5.1 Solving; Two methods

1. Undetermined Coefficients

(a) easier, straightforward
(b) like guess and check ... kind of?

(¢) doesn’t always work
2. harder

3. works more widely
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27.5.2 Undetermined Coefficients

1. Take a reasonable guess at y,(x), but leave the coefficients undetermined
(good guess? Same form as G(z))

2. Solve to find what the coefficients should be

ex) Y —y=1a2+2

Guess: y,(z) = Az®> + Bx + C

y;(:v) =2Az+ B

y]’o’ (z) =24

2A — (A2? + Bz 4+ C) = 2% 42

—Az? —Br+2A-C=2?+2

A=-1,B=0,C=—-4

Therefore, we claim that —z? — 4 is a particular solution to this equation.

Complementary equation: r2 —1 =0, r = %1, c;e® + coe™®

Therefore, our general solution is cje® + coe ™% + (—x2 + 4)

ex) vy’ +y = sin(z)

Watch out: homogeneous equation has solution of the form c¢jcos(x) +
cosin(x)

Normally, we would try y,(z) = Asin(z) + Bcos(x), but since is the same
form as the homogeneous solution, it won’t work. Instead, try multiplying by
x; yp = Axsin(x) + Bzcos(x)

27.5.3 Variation of Parameters

Solution to complementary: c1y1(x) + cayo ()

We can view ¢; and ¢y as our parameters, and we can vary them to look for
a particular solution of the form y,(z) = w1 (z)yi(z) + u2(x)y2(x)

Then y,,(z) = wyy1 + wiy) + ubye + uayh

We need to satisfy 2 conditions: 1) uq,us make u1y; + usys a solution and
2) say ujy1 + uhys = 0, to make life easier

Yp = uiyy +uryy + usyy + usyy

(Assume y, is a solution)

a(uiyy + ury! + uhyh + usye) + b(uryl + uyh) + c(urys + usy2) = G

wy(ayy + by} + cy1) + ua(ayy + by + cyo) + a(u)yy +uhyy) =G

However, since ayf + byi + cy1 and ayd + byl + cy2 are solutions to the
homogeneous equation, they just equal 0.

a(uiy) +usys) =G

We also assume that ujy; + ubys = 0, and if we can satisfy both equations,
we can find a particular solution.

Example: vy’ — 2y — 3y = e*

Homogeneous: (r —3)(r+1)=0,r=3,-1

Yo = c16%% 4 coe™®

Suppose y, = u1€37 4 uge”

Y, = uh €3 + 3u1 e + uhe”

Let u}e3® +uhe ™ =0

x

x x

— uge
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y" = 3ufe3® 4+ Quied® — ube " + uge™*

3u 3% +9uq 3% —uhe ™% +uge ™" —2(3u1e3” —uge %) —3(3ur e3* —uge %)

= ex
u1(9€3% — 637 — 3e37) + ug(e™® + 2e7% — 3e7 %) + 3uje3” — uhe T = ¢

3uf e —ube™® = e®
solve with both equations...
—3xz 2z x
__ e 3x —e —x __ —e
Yp(a) = g€+ —g—e™ " = = )
General solution: ¢ + cpe™* — &

28 Second-Order Linear Equations Applications:
Springs

28.1 Hooke’s Law

If a spring is stretched or compressed z units from its nature length, the corre-
sponding force exerted is proportional to the distance z, Force = —kx, where k
is called the spring constant.

28.2 Newton’s Second Law

f=ma
Since acceleration is the second derivative of distance, we can combine this
. 2 . .
with Hooke’s Law: m% = —kx, or mz” + kx = 0, a homogeneous differential
equation.

28.3 Simple Harmonic Motion
mz” +kxr =0

mr?+k=0

r? = —k/m

r =iy [k
Solution: ¢jcos(y/ %t) + cosin(y/ %t)
Often written as x(t) = Acos(wt + §), where w = | /%7 A= \/m; and

cos(6) = G, sin(d) = =. This form makes it clearer that the function has a

frequency and amplitude, and is periodic.

28.4 Example

ex) A spring with a 5-kg mass is kept stretched 0.5 m beyond its natural length
by a force of 40 N. The spring starts at its equilibrium point and is given an
initial velocity of 0.2 m/s. Find the position of the mass at any time ¢.

40 = k(0.5)
80 =%
52" = —80x
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52" +80x =0

512 +80=0

r==£2

x(t) = c1c0s(2t) + cosin(2t)
z(0)=0

0 = c1c08(0) + casin(0)

0= C1

x'(t) = —2¢18in(2t) + 2c2c0s(2t)
2'(0) = 0.2 => 2¢, = 0.2

Co = 0.1

Solution: z(t) = 0.2sin(2t)

28.5 Damping Force

Damping force is proportional to the velocity of the mass:

Damping Force = —c‘fl—f
Adding this to our earlier equation:
F=ma=—-kx— c%

ma” +cx' +kx =0

mrl+er+k=0
r = —ctvc2—dkm

2m
We have to look at the three possible cases for the discriminant here:

1. over-damping: c? — 4mk >0

roots will be less than 0, giving us exponential decay (z = c1e™? + coe™?)

2. critical damping: ¢? —4mk =0

gets back to equilibrium as quickly as possible (x = cie™ + coze™)

3. under-damping ¢ — 4mk < 0

oscillates (z = e~ "t(cicos(wt) + casin(wt))

29 Using Power Series

29.1 Why?

It is a lot easier to work with and find solutions that can’t be expressed as
function when looking at a function as a power series when solving differential
equations.
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29.2 Examples
1.y"—y=0

Assume that y = ZZO:O cpx™ =co+ T+ 02x2...

Y =07 nepa" e 2e0m + 3eza”.
Sopmneyt =30 pepa” =0
Yoo o(n+ L)eppra™ =307 jepaz™ =0
Y((m+1)ept1 —en)z™ =0
Therefore, (n 4+ 1)c,41 — ¢, = 0 for all n.

Value for ¢y implies values for the rest; a recursive relationship.

Say: ¢g =1
61:1
Cg_%
63_312
€4 = Tgm
cn =%

Y =Y neo XTT =e*
2.y —ay —y=0
For this problem, our normal methods don’t work.
Say: y=> " jcpa™
Yy =i nea" !
Y= Yy nln — egan 2
Yoo on(n— 1),z 2 — 2307 ne,a™ Tt =300 Jepa™ =0
(simplify and rewrite starting at n =0)
Yoot o(n 4 2)(n 4 1)cppaz™ = 3 0  gnepz™ — > 7 jcpz™ =0
Yoot o((n+1)(n+1)cpgo — nep, — cp)z™ =0
(n+2)n+1)cpp2— (n+1)e, =0

e . . ) .
Cnt2 = 1113 (This is our recursive relationship)

Co = Cp
Cc1 =C
CQZ%J
Cg,:c?1
C4:C§O
05:%

You can separate this out by even vs odd terms.
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2n+1

_ cox?™) ax
Y=o (2n)(2”—%)(2’”—4)...(2) + 2o (2n+1)1(2n—1).4.(1)

. ZOO coz?™ ZOO ezt
- n=0 27n! n=0 (ntL!

2T nl

o ey
= Zn:O + .

n!
2n+1

2
= Coe% + ZZO:O %
Although we were able to find an elementary function for our left side,
there is none for our right side, and therefore must be left in power series
notation. In practice, we could approximate this value to any degree of
accuracy with previously discussed methods.
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