MATH358 - Advanced Calculus

Differentiation, integration in R"

Based on lectures from Winter 2026 by Prof. John Toth.
Notes by Louis Meunier
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§1 DIFFERENTIATION
We say () C R" a domain if it is open and connected.
= Definition 1.1 (Differentiation): Let f = (f1, ...,fm)T : Q) > R™, ()adomainin R"” and f; :
O — R. We say f differentiable at x, € Q) if there exists a linear map L : R” — R" such that

lim [If (x) — f(x0) — L(x — xp)l _o.
=y [lx — ol

Remark 1.1: Note that the first norm on R, the second on R”.

Remark 1.2: In terms of ¢, J, the definition says that Ve >0, 36 > Osuch thatifx € QN
B(xq, 6), then [[f (x) — f (xg) — L(x — xp)|| < €lx — xo]|-

—Theorem 1.1: L as above is unique if it exists.

Proor. Suppose Ly # L, both satisfy the definition. Then, for all ¢ > 0, there exists § >
0 such that if 0 < ||x — xg|| < 4, then

[(Lq = Ly) (x = xp)|l S [If (x) = f(x0) — Ly (x = x0)[| + [lf (x) = f (x0) — Lo (x — xp)|

< gllx = xoll,

by differentiability (and the previous remark). In particular, ||(L; — L,)u|| < ¢ for all
unit vectors u, which implies ||(L1 — L,)u|| = 0 and thus L = L,. [ |

< Definition 1.2:If f differentiable at x,, we’ll write Df (x) = L for the differential of f at x.

= Proposition 1.1: f differentiable at x, implies f continuous at x. In fact, f is Lipschitz at x,.

Proor. Let § > 0 such that ||x — x| < ¢ implies ||f (x) — f(xg) — Df (xg) (x — xg)|| < |Jx —
x|, which implies

If ) = £ (xo) | < IDf (x0) (x = xo) | + [lx = xoll < (LI + Dl — xol,

which readily proves the statement. [

—Proposition 1.2: f differentiable at a point x iff each of its component functions are
differentiable at x.

< Definition 1.3: For f : O C R"” —» R, define the partial derivative
of; . it oer i By X)) = i1 oy Xy s Xy |
;LTI o h ’

1

if the limit exists.
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f
—Proposition 1.3: Letf : 3 C R” — R be differentiable at x,. Then, a—ﬁ(xo) exists for each

i=1,..,nandj=1,...,m and

of
L = Df(xo) = (a—ﬁ(xo))l ;

]

n
m

INIA
INIA

We call this matrix the Jacobian or derivative of f at x.

Proor. Write L = (aj-) in the standard basis ey, ..., ¢,, for R". Let ¢ > 0, fix some i with
1 <i < n,and set x := xy + he;, with || < 6 sufficiently small. By differentiability,

IFeo £ () ~Lx—xo)l _ (& [0 ~f0) )"
- Z T 4 .

e — ol 4 2

Since the limit as & — 0 of the above ratio must be zero, the limit of each term in the

summation as 1 — 0 must be zero as well (being a sum of nonnegative terms), i.e.

]lll—>0 7 ‘ij‘ \V/]: 1,...,m.
of
But the limit on the left is just a_f. (xg), which proves all of the claims in turn. [ |

of
Remark 1.3: This proposition says that f differentiable at x; implies a_f. (xg) exists for all 7, j.

The converse need not be true. Consider

xy

(x,y) #0

fx,y) = { Ja2+y? :
0 else
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® Example 1.1: Another counterexample as in the previous remark is the function

x2y
fry) = |Prp WP FO0
(x,y) = (0,0)
Claim 1: f continuous at (0,0). We have, for (x,y) # (0,0),
Xy
X2 +y?

If (x,y) = f(0,0)] =

_ Xl
x? + y?

< |y| - 0as (x,y) - (0,0),
so we have continuity indeed.

Claim 2: d,f, d,f exist at the origin, and are equal to zero. Note that f (x,0) = 0 for x # 0, and
£(0,0) =0, so it follows that d,f (0,0) = 0. Similarly for ayf(O, 0).

Claim 3: f is not differentiable at (0, 0). Suppose otherwise. Then, L = Df (0,0) = (0,0), so
0— If (x,y) —£(0,0) — Df (0,0) (x, y)|
(x,y)—(0,0) I )l

If (x, )

= im
(xy)~0,0) [[(x,y)|

2
= lim ]
(x.y)—(0,0) (x2 +12) - [x2 + y2

_ e x2y|
 (xy)—(0,0 3/2°
() =00 (x2 4 y2)

Suppose y = x in the final term (i.e., we approach the limit on a diagonal), and x > 0, then this
ratio simplifies

o1 0

so we have a contradiction.

We can get a partial converse, however, if we assume continuity.

of.
—Theorem 1.2: Letf = (f,...,f,) : Q@ C R"” — R™. Suppose each a_f. is continuous at some
x0 € Q. Then, f is differentiable at x.

Proor. We use MVT, and suppose n = 2,m = 1 for simplicity of notation, so that f :
Q Cc R? - R. We writex = (x1,%,) € Q,x° = (x?,xg). Let ¢ > 0. By assumption, there
exists a § > 0 such that
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f of

d €
— 40 2 —_ (40 e —
v x||<5=‘axi(y) 5 ()| €5 i=12
We write
fQ) =f(x) = f(x1, %) —f(x?,xz) +f(x?,x2) —f(x(f,xg)
MVT dinate-wi - 0y 4+ L (0 9
( , coordinate-wise) = a—xl(zl,xz)(xl — xl) + a—xz(xl,zz)(xz - xz),

for some z; between x; and x! and some z, between x, and x3. Thus,

F = f(x%) = DF (x°) (x = 20) = f(x) = f(x°) = (94, f (x0), 05, f (x°) ) - (x = 20)
of of

= a—xl(Zl,x2><xl — x?) + a_x2<x(1)122><x2 - x%)

() =) = ) (12 - )

= [axlf(zyxz) — axlf(x?,xg)]<x1 - x?)

[ (82) - 9 (29)] (- 2).

By choice of z1, z, and for (xy,x,) in B(x?, ), we know (zq,x,) € B(x?,6) and
(x(l), 22) € B(xY,6) as well, so we can appeal to continuity. In addition, its clear that

|xl- — x?| < |x = xY||- Thus, using continuity, we find

[Feo) = F(x0) = DF () (x = 3)| < (5 + 5 ) = 2] = effe = °

7

so dividing both sides by ||x — x°|| immediately gives the result. |
of
F

say f is continuously differentiable (in ), and we write f € C1(Q).

< Definition 1.4: Suppose f : (3 C R” — R has continuous = at all points in (). Then, we

Remark 1.4: Continuity of partial derivatives is sufficient, but not necessary, for

differentiability. For instance,

flry) = [ N # OO0,
0 (xy) =00

On readily computes d,f (0,0) = 8yf (0,0) = 0, but along the parabola x = tz,y =t(t#0),

1
2 ——
axf (t 4 t) - 2’
so d,f can’t be continuous. However, f is still differentiable at (0, 0): we claim L = 0, then

) —£(0,0) — L(x, , 2y ’
f(xy) —f(0,0) ~L(x,y)l _ If(xy)llz x“y <_ Y _<lyl -

G, ) (x2 +12)2 (x2+y4)(x2+y2)% 2 + y2|2 (xy)=0
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= Proposition 1.4 (Basic Properties of Differentiation):
1. If f,g : QO - R™ both differentiable at x° € ), then sois F = f + ¢, and

D(f +)(x9) = DF (x2) + Dy (x9).
2. If f,g : O —» R™ both differentiable at x° € ), thensois F = fg: Q —» R, and
DF(x9) = £(x2)Dg(x0) + g (+)Df (x0).
3. f,g: Q — R both differentiable at x with ¢(x%) # 0, then so is F = ]:, and

DE(x° 0\D 0
DP(XO): <3(;)_f(x2 go(x)
8(x%) g2(x°)
4. (Chain Rule) Givenf : Q ¢ R" - Q) c R™ and g : QO — R, with f differentiable at x* and

g differentiable at y* = f (x0), then H = g o f : QO C R" — RF is differentiable at x°, and

DH(x%) = Dg(y°) - Df (x°),

“ 7

in which one should read the “-” as matrix multiplication.

Proor. 1,2, 3. left as an exercise. We prove 4., the Chain Rule, for it is realistically the
most interesting. Set L := Dg(y,) - Df (xg), and we’'ll write y = f (x) (so in particular
Yo = f(xp), as in the statement). We need to show

[H (x) — H(xp) — L(x = xo)l _0

lim
X=Xo [l — ol

Let us work the numerator:
H(x) = H(xo) = L(x = x0) = 8(y) — 8(¥o) — Dg(¥o)Df (x0) (x = xo)
=8) —8Wo) — Dg(¥o) (¥ = ¥o)
+Dg(Y0) (¥ — Yo) — Dg(yo) Df (x0) (x — x0)
=8) —8Wo) — Dg(¥o) (¥ = ¥o)
+Dg (yo) (f (x) — f (x0) — Df (x0) (x — x0))-
This means
=:(A)

IH (x) — H(xq) — L(x —x0)ll < llg(v) — &Wo) — Dg(y0) (v — yo)l
=:(B)

+IDg (o) lllf (x) — f (xg) — Df (x0) (x — x0)|-

By differentiability of f at x(, (B) — 0 as ||x — x| — 0. We also have that, since f

differentiable it is Lipschitz continuous, there is some C > 0 such that for |jx — x|

sufficiently small,

(A)

— < (Cllx—=x
e

(A) =y = ol - Ty = ol

1 Differentiation



Yoll = IIf (x) — f (x)]|| will become small as |jx — xg|| = 0, so that we have in all ”_—O” -0

as ||x — xg|| — 0. [ |

By differentiability of g, the ratio — 0as |ly — yoll = 0. By continuity of f, ||y —

Exercise 1.1: Let f differentiable in R2 and g(r,0) := (rcos8,rsin @) with (r,0) € (0, 00) x
[0,27r). Let F(r,0) = f(g(r,8)). Compute 9F and &£ aF
§1.1 Aside on Tangent Planes
Letf : O Cc R" — R differentiable on (). Then Df (x) = (;Tf(x), .y %(x)) =: Vf (x), called
1 2
the gradient of f. Let S := {(x,z) € QA x R : z = f (x)} be the graph of f. Then, for x* € R,

TxOS:{(x,z)eR”xR:z_ ia—f ) (% _x].O)}

is the tangent plane to S at x°.

To see this, let v € R” be a unit vector and x € Q). Define g(t) := f(x + tv) forf : 3 - R
differentiable (for t sufficiently small, x + tv remains in () by openness). We find

g'(t) = (Vf(x + tv),v)

for t sufficiently small.

= Proposition 1.5: Suppose Vf (x) # 0. Then, Vf (x) points in the direction of steepest increase

of f.

Proor. For v a unit vector, the directional derivative in the direction of v is D f (x) =

(Vf (x),v) = |[Vf(x)||cos(8) where 0 the angle between Vf (x) and v. This is maximized

_ . _ Vf(xp)
when 6 = 0, i.e. whenv = Gl [ |

We can rewrite the graph S as the level set {(x,z) € O x R | g(x,z) = 0} where g(x,z) := z — f (x).
Heuristically, Vg (x, zg) should be normal to the surface S at (xg, zy) (for steepest increase). As
such, we define

T(xy20)S = {Vg(xo,20) - (x —xp,2 —2z9) = O}
Note that
Vg(xo,20) = ( Iy, f (X0), -+ =9y, f (x0), )
so that
Tixyz0) = {z—29=Vf(xg) - (x —x0)},
which gives the definition from above.

§1.2 Clairault’s Theorem

Here, the question is, given f : (3 C R" — R twice differentiable, when can we exchange
order of second-order partial derivatives, i.e. when is

1.2 Clairault’s Theorem



9%f d*f

ax]'axi - axiax]' !

Vij=1,.,n2

We need to establish first a generalization of the mean-value theorem. First, note that if
y:(ab)->R", ¢:QCR" >R

are two differentiable functions with y((a,b)) C (), then by the chain rule, if we put H(t) :=
g(r®),
oH
= = Ds(r®) -Dy (), Dy®) = (11(1), .., 7 (D)
—Theorem 1.3 (Mean-Value Theorem): Let B C R" be aball and f : B — R be differentiable
for all x € B. Then, for any x,y € B, there exists z € B (in particular, we can find z which lies

along the line segment between x and y) such that
f&) =f(y) =Df@) - (x —y).
In particular, [f (v) — £ (y)| < [IDf @)l — yll.
Proor. Let x,y € B fixed and let 7y () := tx + (1 — t)y for t € [0, 1]. We see that y(t) €
Bforallt € [0,1], and that Dy (t) = x — y. Set F(t) := f(y(t)) (i.e., we restrict f to its

values along the straight line along x and y), noting F : R — R. So, by 1-dimensional
mean-value theorem, there is some t* € [0, 1] such that

fx)=f(y) =FQ1) —F(0) = F(t") = Df(t*x +(1- t*)y) Dy (b)

=:zEB

=Df(z) - (x —y).

Letf : O c R" —» R™ differentiable. Remember that Df : () - R"",

< Definition 1.5: We say f twice differentiable at x if Df exists locally to x and Df is
differentiable at x. We write

D 2f = D(Df),
and similarly

D¥f := D(DF-1f)

with an analogous definition.

< Definition 1.6: Givenf : Q) C R" - R, we see that f € C*(Q) for k € Z, if all the partial

derivatives to order k exist and are continuous in Q).

1.2 Clairault’s Theorem



< Definition 1.7: If f : O C R” — R twice differentiable, the Hessian matrix is given by

0%f 0%f 0%f
0x10x1 0x10x5 o 9x4 0x,,
He(x) = : : :
0%f 23%f 03%f
0x,,0x1 0x,0xy o 0x,,0x,,
(xy) (x2-y2) (x,1)£(0,0)
Exercise 1.2: Letf(x,y) := { ™ 2?2 YFET and compute Hy (%, ).
0 (x,y)=(0,0)

—Theorem 1.4 (Clairault): Letf : O C R" — R be twice differentiable at x € (). Then,

82f 82f
axian ax]'axi

(x) = x), Vij=1,..,n

2

—Corollary 1.1: If gx are all continuous at x € Q fori,j =1,...,n, then ajgx (x) =
82f ] L=y
ax ax; (x).

Proor. (Of Clairault’s) It’s enough to consider n = 2. Fix (x,y) € (), and note that for
s,t € R sufficiently small, (x + s,y + t) € () by openness. Set

A, t)y:==f(x+s,y+t)—f(x,y+t)—f(x+sy)+f(xy)
=g(x+5) —g(x), &) :=f(u,y+1t)—f(uy).

By the mean-value theorem, there is some ¢ ; between x and x + s suh that

d
A(S/t) - (és t) f(és t/ ) a_£<§s,t/y> 5. (:l:)
By assumption, a—{c is differentiable at (x,y), so
of of 02

ax(zlr 2) = a(xry)(zl —x) + @(xr]/)(zz —y) +Ei(z1,22), (1)

where
|E1(21,22)|

Vi 02 + (22— )

-0, as(z1,22) = (%, y).

Evaluating (1) at (z1,2,) = (& s,y + t) and (& 1, ), and plugging into (1) yields

92
A(s, t) = (8 g (Xt +E (& py +1t) — E1<§s,tf.’/))s'

Lets =t and let t — 0. We claim that

2f A(s ty 0%
(x y) = l st 8x8y

(x, ).

1.2 Clairault’s Theorem



The first equality is obvious from the assumptions on the error terms. On the other
hand, we can switch the order of the middle terms in A(s, t) and write

Aty =f(x+s,y+t)—f(x,y+t)—f(x+5s,y)+f(x,y)
=hs(y +1t) —hs(y), hg(u):=f(x+su)—f(xu.

Repeating the same argument as above with g;, we get that

82
A(s, t) = (W(X,y)s + E2(x + 5, Hs,t) - EZ(xl Us,t))t’

where 7, ; lies between y and y + ¢, and

Ex(x+5s,15¢)| < s>+ 12, |Ea(x,7754)| < V% + 12,

Setting s = t here, we get

i 60 0? (x,7)
sis0 st dxay * Y-
s=t
This proves the claim. |

§1.3 Inverse Function Theorem

—Theorem 1.5 (In 1D): If f : (a,b) — (c,d) is differentiable with f'(x) > 0, then there exists g :
(c,d) — (a,b) differentiable such thaty = f(x) & x = g(y) (i.e.x = g(y)).

In higher dimensions, we recall some preliminaries before proving.

—Theorem 1.6: Let (X,d) a complete metric space and f : X — X a contraction mapping,
with d(f(x;),f(x1)) < ad(x,y) for all x,y € X for some 0 < & < 1. Then, there exists a unique
xo € X such that f (xy) = xo.
We will write M,, := {n x n matrices} = R"*, and Al == 1/2?,7:1 azzj where A := (al-]-) e M,,. We
use
GL(n) := {A € M,, : det(A) # 0} = det™ (R \ {0}), det: M, — R.
Remark that since R \ {0} is open, and the map det is continuous (it can be written as a
polynomial in the entries ai]»’s of the matrix A), we know that GL(n) an open subset of M,,.

Consider the map
f:GL(n) - GL(n), f(A):=A"L
<Lemma 1.1: GL(n) C M,, openand f € C¥forallk = 1,2, ....

Proor. We already proved the first statement in our remarks above.

Let A(jli) be (n — 1) x (n — 1) matrix with its jth row and ith columns deleted, then
recall

1.3 Inverse Function Theorem
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adj(A) = ((=1)" det A(jli)).

By Cramer’s formula from linear algebra,

fA) =A"1

1 .
Jet(A) I,

which is in C* since det(A) C¥ (being a polynomial in the coefficients of A) and
det(A) # 0. [ ]

<Theorem 1.7 (Inverse Function Theorem): Letf : QO C R"” — R” be C. Let x, € Q and
assume Df (xy) € GL(n). Then, there exist domains U and V of x; and f (x() resp. such that
f(U) =V and f|;; has a C! inverse map f~! : V — U. Moreover, forany y € V and x = f =1 (y),

Df~'(y) = [Df (x)]7 1.

Remark 1.5: By the first lemma above, if f € Ck k> 1, we get the same regularity for f -1,

Proor. By translation, its enough to assume xy = f (xy) = Yo = 0 and Df (xy) = Id by
replacing f with [Df 0]t f, so we have a mapping

f:Q-R" f(0)=0,Df(0)=1d.
Fix y € V and set
gy () ==y +x—f(x),
remark that
gy(x) =x ey =[fx),
so it suffices to show g, as a mapping R" — R" is a contraction mapping, and
Dg,(0) =1d —1d = 0.
Iff € C'(U), then g, € C'(U) so that Dg, € CO(U) (similar if f € C* = ¢, € C¥).

Since Dgy € C%(U), there exists some 6 > 0 sufficiently small such that | Dgq (x)|| < Y
for all x € B;(0). By mean-value theorem, there exists some z € B5(0) such that

80(x) — 80(0)
=0
< [|Dgo () |llxl
Ixll o
<

—_ 2 2/

g0 (|| =

which implies we can view
80 : B5(0) = B;s/2(0).
It follows that
8y : Bs(0) = B5(0), Vy € Bs)2(0),

1.3 Inverse Function Theorem 11



using the fact g, = y + go and the triangle inequality. By MVT once again for any
x,x" € Bs(0), there exists y € Bs,,(0) such that

= |lgo(x) = go(x")l
< [IDgo(y)llllx — x|

8y x) = g, (x")

=)
- 2

hence g, : Bs — Bj is a contraction mapping. By the fixed-point theorem, there exists a
unique point x € Bs(0) such that gy(x)=xey= f(x). That is, there exists an inverse
mapf‘1 : Bs,2(0) = B;(0). Moreover, for any x,x" € Bs(0),

e = X[ < [If () = f ()1 + 110 () — go (X))
<@ —f @)l + 5~
i.e.
[l = x| < 2[f (x) = f(x)].
From here, we know that for y,y" € B;,,(0),
") =@l <2ly -yl = f € CO(Bs2(0)).

Next, we need to show that Df 71 (y) exists for y € B, (0) for small § > 0. Since
Df (0) € GL(n), we know Df (x) € GL(n) if x € B5(0) (possible after shrinking § > 0).
Set

W = f~1(Bs/2(0)),
and choose R > 0 suff. small so that
Br(0) C W.
Since [Df]‘1 e CY (%) and B (0) is compact,
I[Df )]~ < K, x € B,(0).

Then, giveny,y’ € B;/»(0) and with x = f~1(y),x" = f~1(y’), we find
I =) - IDF T =y v = DO e = £ ()|

ly = vl If x) = f (x|
C —x) |PrE (o —f () = DF @) (=)
TIfGO) = fD]| Ix — x|
< ol —F) ~ D) =)
flx — x']|

which converges to zero by differentiability of f. This proves the claim Df ~(y) =
[Df (x)]~! where y = f(x). m

1.3 Inverse Function Theorem 12



Remark 1.6: The inverse function theorem is local. In general we can’t expect to find a single

global inverse. For instance, let

f(x,y) := (&Y cos(x),e’ sin(x)).
One easily verifies

det(Df (x,y)) =e Y #0.

However,

f(x+2km,y) =f(x,y),Vk € Z,
so there is certainly no hope of a global inverse, for f is not even injective.
< Theorem 1.8 (Implicit Function Theorem): Let F: ) C R} x Rj¥ — Ry’ bea C* map.

Denote X = (x,y) € R" x R™, and let Xy = (xg,yo) € Q with F(X,) = 0. Writing F =
(F4,...,F,,), assume that

oF, oF,

a_;Vl cee a;y_m
D,F(Xo)=| : =~ i [(Xo0)

oF,  OF,

a_yl cee aym

is invertible. Then, there exist neighborhoods U and V of x; € R" and y; € R™ resp. and a
unique C¥ map f : U — V such that

F(x,f(x)) =0, Vxel.

In other words, the level set of F is locally to x, the graph of some function f of the same
regularity as F.

Proor. Define G : () —» R" x R™ by
G(x,y) = (%, F(x,y))-
Obviously G is CK. We can apply the inverse function theorem to G near X,; indeed,
I 0
DG X — nxn ,
(o) (DXHXo) DyF(Xo))

which means

det DG(Xy) = det D,F(Xy) # 0,
by assumption. Thus there exist neighborhoods W, W, of X, (xq, 0) respectively
(since (xp,0) = G(X,)) for which G exists (and is C) from W, — Wj. Then, there are

neighborhoods U C R"” of xy and V C R" of yy such that U x V C Wy;set Z = G(U x
V) (which is also open, with Z C W,). Thus we can view

G:UxV->Z Gl:Z->UxV,

which are both Ck maps. Since G(x,y) = (x,F(x,y)), we know that G l(x,w) =
(x,H(x,w)) for all (x,w) € Z.Here, H : Z - V is Ck since G is. Thus,

1.3 Inverse Function Theorem
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(x, F(x,H(x,w))) = G(x,H(x,w)) = (x,w),
using the definition of G in the first equality and the inverse fact in the second line.
Thus, it follows that
F(x,Hx,w))=w, VY(x,w)eEZ,
thus taking f (x) := H(x,0) gives the proof. [ ]
—Corollary 1.2: Let F: QO C R" - R bea Ck(Q) function. Let X = (x',y) € R"1 xR and

suppose (X, o) € Q with g—J;(xb, Yo) # 0. Then, there exist neighborhoods U and V of x €
R"~! and y, € R and a unique C*(U) function f : U — V such that

{F(x,y) =0} ={y=f(x")}, (x,y)eUxV.
<Theorem 1.9 (Morse Lemma): Letf : Q C R” — R be a C* function with k > 3. Let 0 € O
be a critical point, i.e. Vf(0) = 0. Assume further f(0) = 0 and sz (0) is invertible. There exist

opensets U,Vof0e UNnVand g Ck_z(ll),g U - Vwi’chg_1 V- U, g_1 e CZ(V),
such that

FEW) =i+ +y2— (i ++47)
for some L € Z N [0, n].

§1.4 Taylor’s Theorem in R"” and Lagrange Multipliers
Letf :QCR" - R, f € CH1(Q). Let X € Q) and [t| small. Consider

g(t) ::f(xo + t” 2”> x#x9, 80) =f(xp)-

€ Q) for t sufficiently small. By Taylor in 1-dimension,

IRk () (D]
tk

Since xy € () and () open, xy + t” ”

//( ) 2 g(k) (O)tk
2 eoe + T

g(t) =g0) +g'(0)t + + R (g) (1), <Mlitlast — 0.

Remark 1.7: This expansion suggests that one should be able to weaken the Ck*! assumption

on g if we only require

IRk (8) (l‘)l
ET

Indeed, we only really need ¢ € Ck~! and D(Dk_l) g(0) existing.

To get the Taylor expansion for f (x) around x,, we set t = |x — x| and apply chain rule to g(t).

First, we compute g(j ) (0); we get

g(O) :f(xO)/
8(llx = xoll) = f (x).

By chain rule,
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0

x =X X — Xg
- §, Gy v (223)
8 Z =zl = ) =]
Similarly,
"Ey = d (¢
g ()—Eg()
d X — Xq )Tx—xo
= —| Vfl xy+t
dt( v+ tpemaat) Feoe
X — X X — X X — X
=|D? (x +t 0 ) 0 ) 0
( S0 el e =xol ) =l
T
_( x—xp 2( x—xo)x—xo
= D Xg+t
(”x_xo”) P 0 el e = ol
n 9% x—xp \ (% =) (3= x7)
= W XO+t 5 ,
=1 Xi0X; ||x—x0|| llx — x|
so that

g0 = [ 7= on] P [

Similar computation can be used to compute g(e) for € up to k. In general, we find that

0 0
Xy — X X =X,

)
g®(0) = Z ax o, O Tl = xol

le

¢
Moreover, since ' = ||lx — x0||e the term in the Taylor expansion of g corresponding to gV (0)%
becomes - times the above, with the denominator |...|| terms cancelling. This leads to the

followmg theorem.

—Theorem 1.10 (Taylor in R”): Letf : QO C R" - R, f € Ck+1(Q)). Then, for any W e,

k n i
f(x):f(x0)+z,l! Z %(xil—xg)--(xq—xg) + R (f) (%),

where

R (f) )]

e — <9

< Mi|lx — x| asx — x°.
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Remark 1.8: The k-th order Taylor polynomial of f is the quantity

k n o
PP =F0) + Y 5 Y 5 (=) )
j= ij=

. = Ox; ---0X;
ll""//— 5 l/

before the remainder, and is a “good approximation” to f (x) for x near x°, provided

R
lim —l k(f)(xil =0.
=3 = x|

If we just make this assumption on the remainder term, we get the following more general

result with weaker assumptions:

<Theorem 1.11: Letf : QO C R” - R be C*~1(Q)) and assume D*~f is differentiable at x° €
Q). Then the kth order Taylor expansion for f about x° from the previous theorem still holds,

but with now

i RO _
e =2

Remark 1.9: Of course, we lose the rate of decay of the remainder, but we gain fewer
assumptions needed on f.

® Example 1.2: Letf(x,y) = e* + sin(xy). Then
f(©0,00=1,
fx(0,00 =1, £,(0,0)=0,

fXX(O/O) = 1/ fxy(o/o) = 1
fyx(oro) =1, fyy(o, 0) =0.

Thus,

2
fxy) =1+x+ 5 + 3y +Ra() (%),

with

R,(f)(x,y)

x2 + y2

< Myx? +y2.

§1.5 Lagrange Multipliers

The basic problem is, given f,g : O C R"” — R both Cl(), putting > := {x € Q: g(x) = 0}, to
find

maxfly, minfls.
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We call g : () —» R the “constraint function” (i.e., we are doing constrained optimization of f

subject to g).

—Theorem 1.12: Letf,g as above, and assume Dg(x?) # 0 for all x* € . Then, if f|y has a
max or min at x; € X, then there exists A € R such that

Vf (x9) = AVg(xo).

Proor. Let x* € X. Since by assumption Vg(x,) # 0, then we can assume (by possibly
relabelling the coordinates in R") that ;Tg (x0) # 0. We can write

= {g(x',x,) =0},
with x" = (xq,...,x,,_1). By IFT, X then is of the form
x, =h(x"),

for x' € R"* ! for (x',x,) € Qnear x° € &, where h € C! locally to x := (x?, ...,x2_1>.

Now, we set
F=flg,
so that
F(x") = f(x', h(x"))

locally to x. Since x” a local max/min of F, we know that VF(x") = 0. Applying chain
rule (valid since 1 € C') above, we also know that

9 9 -
0 = Vi (x5) = Vef (35, 55)) = ( S2-(0) + 32 (6) 3 (ko) )+ (b
n i=1
We also know that
0= G(x) = g, h(x")

for all x’ local to xg, and hence VG(x") = 0 local to x; as well, i.e.

9 n—1
0=VuG(st) = 55 (0) + S ()3 () ) . (@
i Xn =1

Since —(xO) # 0 by assumption, we use () to isolate

oh %) 1o ,
) =~ )| ) 1= 1t

Plugging these expressions into (1), we obtain

20 = | 52 (xo)]_l s

o, 0) = | 5 P

(xo)ax (xg), i=1,...,n—1.

n i

This implies
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o o f 72 (¥) ( o

d ) %)
V() = ( 3= (50) s (1), (1) ) = (50) s e (0), o (30) ) = AV o),

as claimed (remarking that equality for the first n — 1 entries follows from our work
above, and the last 7 is trivial since then the denominator of A cancels with the nth
entry of Vg.) |

< Theorem 1.13 (Max/min): Let Q C R” be a domain with bounded closure, with Q C Q)
and assume f, g : Q) » R are C1((2), where
00 = {x € O gx) =0}
(we say g the defining function of dQ2). Then,
1. if x° € 9Q) a local max/min of |5, then V£ (x0) = AVg(x?) for some A € R,

2. if x0 € int(Q) a local max/min of f in int(Q)), then Vf(xY) = 0, and
3. the global max (resp. min) of f | is largest (resp. smallest) value of f at all points in 1., 2.

Proor. Apply the previous result with £ = dQ). (]

—Theorem 1.14 (Multiple Constraints): Letf,g; : Q C R" - Ri=1,...,k are all CL(). Let
[h={xeQ|gx) =0, i=1,..k}
and assume
{Vg1(x), ..., Vgr(x)}

are linearly independent for x € I'y. Then if f|r, has max/min at x0 € T, there exist A4, ..., A¢
such that

VF (x9) = i/\ngi(xo).

® Example 1.3: Find the absolute max/min of f (xy, ..., x,,) = x; + x5 in D1 (0) = {|x|* < 1}.
We take g(x) = Ix|2 — 1. Since Vf(x) = (1,1,0,...,0) there cannot be any interior critical points.
By Lagrange, at x; € dD;, a max/min occuring implies

Vf (%) = AVg(x°) & (1,1,0,...,0) = 2A(xY, ..., x3).

Note that A can’t be zero, thus xg, ..., X0 = 0and x? = % = xg. Since x?, xg € dD;(0) as well,
0 0

2 2
we know (x1> + <x2> = 1. This implies A = + % and so 1 = x9 = i%. We see that

1 1 1 1
f(ﬁ' E’O""’O) =2, f(—ﬁ,—E,O,...,O) = —/2,

thus the global max of f is V2 and the global min of f is — V2.
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§2 RIEMANN INTEGRATION
§2.1 Integration over Box Domains in R"
A box B C R" is a closed and bounded subset of the form
B =[ay,by] % x[a,b,]

Given a function f : B —» R, we want to define the Riemann integral (we will drop the

“Riemann” specification from here on) of f over B, i.e. fB fdv.

We know that in n = 1, for a function & : [4,b] —» R (assume nonnegative for simplicity), then
b if it exists -
L (x) dx 2SS Tim izzlh(xi)Axi,

wherea = xy < x1 < -+ < x,,_1 < x,, = ba partition of [a,b] and Ax; = x; — x;_;. With this as

“motivation”, say, we will define the integral of f over B.

< Definition 2.1 (Partition of a box): Let B a box as above. A partition of B is an ordered set

D= {pi}?zy P; = {X?,...,X?/li},

where each P; a partition of [a;,b;] witha; = x¥ < x} < - < x;-ni_l <x/"=b,.

< Definition 2.2 (Refinement): Given two partitions P = {P;}, P = {P;}, we say that Pisa
refinement of P (and write Po P)if foreachj=1,...,n, P]- C Pj.

< Definition 2.3 (Subbox): Given a partition P of B, let

_ ii—1 iy i,—1 i
Bil/izl-"/in g B = [xl ,xl ] X eee X I:xr? ,xn ]

be a subbox of B, for some {iy, ..., i,} partition indices for P (i.e., 1 <i; <m;forj =1,...,n). We

define then

for the length of the jth interval in the subbox, and

AV, ;= AxieAx

Lreeori

as thus the volume of the subbox B, ; .

Heuristically, then, we’d like to define [ B fdVas

my My .

. . .. 1 in . .

e Jim D DS (e )V
11:1 lnzl

The key question, then, is when does the sum on the right-hand side exist?

2.1 Integration over Box Domains in R”

19



< Definition 2.4 (Lower/Upper Riemann Sum): Letf : B - R be bounded and P, a partition
of B. Define the lower Riemann sum of f over B corresponding to partition P by

L(f, ) Z Z ( inf f(x))AV i
11—1 """
Similarly define the upper Riemann sum (of f over B corresponding to partition L) by

u(,P) : Z Z( sup f(x))AV e

ii=1 i,=1\X€B;

Remark 2.1: This infs/sups are well-defined since f bounded.

—Lemma 2.1: Letf : B » R be bounded and P > P arefinement. Then,

L(f, P) <L(f, ) < U(f, P) < U(f, ).

Proor. The intermediate inequality is obvious.

Since P D P, then there exists Nl-j € Z* and iy, ..., iy, (indices of the refined
partition) such that

with ~used to denote objects belonging to the refinement. Thus,

inf f(x) < _inf fx), sup f(x) > _sup f(x).

XEB; . xeB; /
n Yo xEB; . .
1 11,21 "y, iq,.ip XEBlllfl'"'ln,en

Summing over the iy, ..., 7,,’s and multiplying by the appropriate volumes gives the

result. [ ]

< Definition 2.5: Letf : B - R bounded. Define
U(f) = nf{U(f, P)},  L(f) = Sl;)P{L(f/@)}‘

Remark 2.2: If f bounded with m < f < M over B, then

mvol(B) < U(f, ) < M vol(B)
for any partition P, similar for the lower Riemann sum. This implies these two quantities
above are well-defined (infs/sups taken over bounded sets). Moreover, we take inf/sup

respectively for the upper/lower sums because of the respective monotonicity properties we

proved in the previous lemma.

2.1 Integration over Box Domains in R”



< Definition 2.6 (Riemann integrable): Letf : B > R be bounded. Then, we say that f is
Riemann integrable (RI) over B if L(f) = U(f), in which case we define

hf&h:LG):UG)

—Lemma 2.2: Letf : B - R be bounded then f is Rl over B iff V ¢ > 0, there exists a partition

P of B such that
ul,P)—L(f,P)<e.

Proor. (<) We know U(f, P) > U(f) and L(f, P) < L(f), so this is immediate since

then we conclude that for all ¢ > 0,
U(f) <U(f, P) < L(f, P) +e < L(f) + e

Since this holds for all ¢ > 0, this implies U(f) — L(f) < e for all ¢ > 0 and thus must
be equal, since U(f) > L(f) always.

(=) For any & > 0, there exists a $; with L(f, 1) — L(f) < 5 and 2, with U(f) —
U(f, ;) < 5. Let 2 = #; U P, then the result follows by monotonicity and triangle
inequality. |

—Theorem 2.1: Letf : B —» R be in Co%(B). Then f is Riemann integrable.

Proor. Since f continuous on a compact set it is uniformly continuous. Thus for any

¢ > 0, we can find a partition 2 such that for every subbox B; _ ,; , we have
€

sup f(x) — énf S < Vol

X€B;, . xe

i

This readily implies U(f, P) — L(f, ) < ¢, so the result follows by the previous

lemma. [ ]

—Lemma 2.3 (Mean Value Theorem for Integrals): Letf : B —» R be continuous. Then, there
exists xg € B such that [, f dV = f(xg) vol(B).

Proor. Let m := infg|f|, M := supplf|. Then

m - vol(B) < fo dV < M - vol(B).

Then we can just apply the intermediate value theorem to f. [

§2.2 General Riemann Integration

We’ve defined the Riemann integral for f continuous over box domains, but we wish to define

the integral for more general domains. Let (2 a bounded domain in R" and let B a box with Q) C

B.Extendf:() > RtoF:B - R by

_fx) xeQ
F“”‘% xeB\QY

2.2 General Riemann Integration
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Heuristically, then, we wish the integral to satisfy the following:

jdevzfovarfB\QPdvzjﬂfdv.

< Definition 2.7: Given f : () - R bounded, set
dVv:=| FdV,
Jof 4v=J,

whenever the right-hand side exists.

This leaves the obvious next question - what happens when f not continuous? When is the
integral defined?

—Definition 2.8: LetI' C R" is of content zero if for all € > 0, there exist closed box domains
BY,...,BS;, C R"such thatT C UZ:=1 BY and Zf\il vol(B?) <e.

Remark 2.3:
1. The closed boxes can be replaced with open boxes

2. If Dy, ..., Dy are content zero so are their union

—Theorem 2.2: Suppose f : BC R” — R bounded. Let

I'(f) := {x € B : f discontinuous at x}.

Then, if T'(f) has content zero, then [, f dV exists.

Proor. We prove using the lemma following the definition of Riemann integrability.
Let e > 0 and put M := supg|f|. Since T'(f) has content zero, there exists B, ..., BY; C
R" such that

N 2o N 0 €
T(f) C ZL=-J1 Bi/ and ;VOI(BZ-> < m

1

Let Py be a partition of B such that each subrectangle B;  ; is either in some B]Q, or
doesn’t intersect any such B}) ie.B; i N (Ui\il B?) = @. Let A be the union of these
boxes that don’t intersect Uf\il BY. A is compact, being bounded (A C B) and closed
(finite union of closed sets). Thus f|4 is uniformly continuous, and so there exists a
refined partition 1 of 2 such that for each subrectangle Q € D that is a subset of A,

. &
Sgpf‘%ff S 2vol(B) + 1)’

Then

u(f, D) -L(f,P)= Y (supf —~ mff) vol(@ + ) (supf —~ inff) vol(Q)
QcAa\ Q Q QeD,0¢A Q Q
< e vol(B) oM € <
_Z(VOI(B)+1)+( M1 sE

2.2 General Riemann Integration
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® Example 2.1: Let QO C R"~! compactand g : Q) — R continuous. Then T := {(x/,g(x")) :

x" € O} is has content zero.

< Corollary 2.1: Suppose f : B — R bounded and I'(f) the union of finitely many graphs of
continuous functions over closed, bounded domains in R”~!. Then f is integrable over B.

—Corollary 2.2: Let (3 C R" closed and bounded and suppose d() the union of finitely many
graphs of CY functions over closed domains in R”~1. Suppose f : ) —» R bounded and T'(f) N
() has content zero. Then [, f dV exists.

There is a special case of the previous result that is of practical importance. Let (2 C R" closed
and bounded and suppose Q) C Q) a bounded a domain. Let G € C! (f)) be a defining function
for 0}, i.e.

00 ={Gx)=0:x€Q}, VG(x)#0Vxe .

By inverse-function theorem, d() is the finitely many (since compact) graphs of C!-functions
over closed and bounded domains in R”~1. Thus, we have the following:

—Corollary 2.3: Let () := {G(x) < 0,x € R"} be bounded and assume VG(x) # 0 whenever
G = 0. Suppose f : 3 —» R bounded and T'(f) N () has content zero. Then [ f dV exists.

§2.3 Basic Properties of Integrals

—Proposition 2.1: Assume () C R"” bounded and f,g : Q) —» R are both Riemann integrable

over (). Then,

L [f(f+8)dV = [fdV + [,gdV
2. [qafdV =af,fdV, a€R

3.f<g= [ofdV < [,8dV
4. If O = O U O, with each ); bounded with (); N (), having content zero, then

fodV = fﬂlfdv+ fﬂzfdv.

§2.4 Fubini’s Theorem

Given Q) C R" bounded etc, how do we actually compute [, f dV? Consider B = [a,b] x
[c,d] c R? (2 dimensions is sufficient to demonstrate the main results).

Givenf : B - R bounded, we define the iterated integrals

b od b[ (d
[ s avar= [ [re v ax
a vJc a Cc
similarly for the other order. We assume formally for now that both 1-dimensional integrals

involved exists, i.e. that fab f(x,y) dx exists fory € [c,d] and fcd f(x,y) dy exists for x € [a,b].
Fubini essentially says that both of these iterated integrals are equal to [, f dV.
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Remark 2.4: For ) C R? we often denote [,fdV = [f,f dA.

<Theorem 2.3 (Fubini for Box Domains): Suppose f : B — R is Riemann integrable with B =

[a,b] x [c,d].

1. Assume fcd f(x,y) dy exists for all x € [a,b]. Then the iterated integral fab fcd f(x,y)dydx
exists and equals [, fdV.

2. The same statement, but with the other iterated integral.

Prook. For any € > 0 choose P of B such that U(f, ) — L(f, P) < e. This partition

induces partitions

Pr={xp=a<x < <x,_1<x,=b}, @y:{y0:C<y1<"'<ym—1<ym:d}'

Set F(x) = fcdf(x,y) dy = Z]Til fyyjf_lf(x,y) dy. We compute

U(F,@x):Z( sup F(x))Axl-, L(F,Qx):Z(x inf JF(x))Axl-.
xe 1 ¢

i=1 [x;_1,%;]

Thus, we find

g

M= =

U(F, Py) = sup Y [7 flxy) dy)Axi

i [xi1x] j=1 Yj-1

INA

~
Il
[ty
~.
Il
—_

sup fw f(x,y)dy}Axi

| x€[x;_1,x;] "Yi-1

sup sup f(xy) |Aydx,

_xe[xi—llxi] ye[yj—lfyf]

I
s
M=z

~
Il
—_
~.
Il
[y

I
M=
M=

sup f(x,y) [ABy, By = [x;i_1,x;] % [yj—lly]']

| (x,y)EB;

i

= U(f, D).

Il
—_
—.
Il
Uy

Similar work shows L(F, P) > L(f, ) and thus
U(F,P)—L(F, ) <U(f,P) - L(f, P) <e
which gives the proof. [
2.4.1 Fubini for More General Domains
< Definition 2.9: A domain Q) C R? is called y-simple if it is of the form
O={a<x<bp;(x) Sy < pr(x)},

for some @1, 9, € C°([a,b]). Similarly it is called x-simple if
O={csy<dy(y) Sx<(y)}

for some 4, ¥, € C°([c,d]). Finally, it is called simple if it is both x- and y-simple, and
elementary if it is x- or y-simple.

2.4.1 Fubini for More General Domains
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<Theorem 2.4 (Fubini): Suppose Q) C R? is bounded and f integrable over Q).

1. If Q is y-simple and for all x € [4,b], [ ‘p2<(xx))

f(x,y) dy exists, then
P2(x)
Lyde._J;J;ijKLy)dydx

2. The analogous statement for x-simple.
3. If both x- and y-simple, we can compute the Riemann integral with either iterated integral
inl. 2.

Proor. Suppose ) y-simple. Choose a box domain B = [a,b] x [¢,d] for which Q) C B.
Then

[lraa=ff raa r={f 02

Note F Rl since f is. By Fubini on box domains,
@2 (x) @2(x)
ﬂpm_ffFuw@m—szPuw@m—jfzfuw@m

since F(x, -) is zero outside y € [¢q(x), ¢, (x)]. The proof for x-simple domains follows

similarly. [ |

® Example 2.2: Compute [f, xdA where O = {(x,y) : 0 < x < V7,0 < y < sin(x?)}. It's clear
(x,y) — x continuous on () and since () is bounded and y-simple, the double integral exists

and moreover can be computed using Fubini’s. We have
JTT psin(x?)
ﬂﬂdi = fo fo xdy dx
J7T
= fo nxsin(xz) dx [u=x?]
1,7
=5 fo sin(u)du = 1.
® Example 2.3: Compute I = fo f e dx dy. We can’t compute the inner mtegral in closed-
form. But, if we let O := {(x,y) : 0<y <1,y < x <1}, we find that I = [f e ¥ dA. We can

rewrite this domain as Q) = {(x,y) : 0 < x < 1,0 < y < x}, and thus by Fubini’s (everything

that needs to be continuous is continuous),

0
1

= xe* dx
0

= E(E— )

2.4.2 Fubini in R"

Given a box domain B C R”", write

2.4.2 Fubini in R”
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&fdv = L(f), jdev = U(f)
(here, f needn’t be RI).

<Theorem 2.5: Let B = B; x B, be a box domain in R” where B; C R¥, B, ¢ R" ¥ are also
boxes. Suppose f : B — R is Riemann integrable. Set

0x) = szf(x,y) dV(y), u(x) = Ef(x,y) dV(y), x€B,
and

(W)= [, feyave, @) = [ fry)ave, yes,

Then, £(x) and u(x) are Riemann integrable over B; and {(y) and #i(y) are Riemann integrable

over B,. Moreover,

fodV - fB (o0 dV (x) = fB w(x) dV (x),

Jfav =], tdve) = [ a)dve).

Proor. The proof follows in the same way as in R? by noting the following:
L(f, P) < L(&(x), Py), U(ulx), P,) < U, P).
This implies, suping/infing over all P,
L(f) < L), Ux)) < UF)
and thus since f Riemann integrable,
0=U(f) = L(f) = Uu(x)) = L)) = 0= Uux)) = L))

thus {(x) Riemann integrable and in particular L(f) = L(€(x)) = UE(x)) = U(f).
Similar holds in the y-variables. |

Remark 2.5: If for all x € By, f (x,y) is integrable in B, (i.e. fBzf(x,y) dV (y) exists), then

fodV - .[Bl ljng(x’y) dV(y)] dV(x).

Similarly, if fB1 f(x,y)dV (x) exists for all y € B,, then
fo dv = jB[ fBlf (x,y) dvm] dV (y).

2.4.3 Fubini’s in R3
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< Definition 2.10: A bounded domain W C R3 is called z-simple if there exists an elementary
region Q C R? and 71,17, € C°(Q) such that

W=A{(xyz):(xy) EQmxy) <z<mnxy)}

Analogous definitions hold for x-, y-simple as in the R? case. We additionally say W

elementary if it is simple in some axis.

<Theorem 2.6 (Fubini in R3): Suppose W C R? is bounded and z-simple and f : W — R is

RI. Assume that for all (x,y) € Q, f:z((; ;)) f(x,y,z) dz exists. Then, it is Riemann integrable

over () and

fﬂ fdv = f “Uz(xy) f(x,y,z)dz|dV(x,y).

171 (xy)

Similar holds for x-, y- simple domains.

Proor. Follows as in R2. |
§2.5 Change of Variables Formula

Let O C R" be a bounded domain. We defined |, f dV by looking at L(f, £) and U(f, )
where P was a rectangular partition. Can we use other partitions of ) that are not rectangular?

< Definition 2.11: Let ) C R” be a domain with content zero boundary. A reqular partition

Lreg = {Dk}k 1 is a collection of subdomains of D;. C () such that

1. Q= Uk:l Dy and Content(dD;) =0forallk =1,...,N, and
2. Content(Dy, N Dy) = 0 for k + (.

< Definition 2.12: f : 3 » R is bounded where () a bounded domain and P, = {Dk}k 1 a

regular partition of (). Define

N N
<f reg) Z (Supf) VOl(Dk)/ ( reg) Z (%ff) VOI(Dk)'

k=1\ Dk k=1

—Lemma 2.4: Letf : B —» R. Then f is Riemann integrable over B iff for any € > 0 there exists
a regular partition 2., of B such that

U(f, Preg) = L(f, Preg) <

Proor. (=) is immediate, since a rectangular partition is regular and we already know

the analogous statement for such partitions.

(<) Fix e > 0 and let P,., = {Dy} is such that

reg —
U(f, Preg) = L(f, Preg) < €
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Then, I := J, Dy has content zero by assumption and so there exist boxes By, ..., B,
such thatT' C U]. B; and Z]. Vol(B]-)
P such that

ST M =) where M := supg|f|. Pick a box partition

Y. vol(B) < sy
B;,ep M+1)
B,NI'+2

and for each B; C  with B; N I' = @ we have that B; C Dy for some { (obtained by
refining). Note that if B; is such that B; N T,

0 <supf —inff < supf — inff.
B, B; D, Dy
Then

uif,?)—-L(f,P)= Z (supf - inff) vol(B;) + Z (supf - inff) vol(B;)
B,eP i B; B,eP Bi
B,N[+o B,N[=o

i

<M ) V01(B)+Z(supf mf) vol(Dy)

B,ep Dy
B; ml“#@
&

< 2e.
]
—Theorem 2.7 (Change of Variables): Let (2, ()’ C R” bounded domainsand let T : )’ - Q)

be a C! map that is bijective from ()’ onto Q. Then, for any f : ) - R which is Riemann-

integrable over (), then

fo dv = fQ,(f o T)|det DT|dV.

To prove, we need to first observe how the volume of a box B changes under application of T.
Let B’ C Q) be a small rectangular box. Since T C!, by Taylor expansion, we have for any y, €
B’ c R",

T(y) = T(yo) + DT (y0) (¥ — ¥o) + E1(¥,¥0)

. IE1 (v yo)ll
where lim,,_,
Y=Yo  ly—yoll

= 0. Since DT (y,) is linear,
vol(T(B")) = |det(DT (yy))| vol(B") + E,(B")

where for any ¢ > 0, there exists § > 0 such that ||[E; (v, yo)| < €lly — yol| whenever 0 < |y — yo|| <
J. Suppose B" = {y € R : max 1|y] y]Q| < 5} (a box of side length ¢). Using the fact that |y —
Yol < vamaxiy|y; — 7). Then

Ex(8) < (el — )" < (evimarly; — ] ) < ()" (marf = f] ) = (3"e") vol(5) < Cye vol(3),
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where C,, some dimensional constant. Thus,

[E2(B')]
vol(B’)

~ 0as ly — yoll - 0.

Remark that since T € C}(B’), |det(DT)| € C°(B’) and so uniformly continuous in B’, so given
e > 0, we can find § > 0 such that |E,(B’)| < e vol(B") and ||det(DT (yy))| — |det DT (y)|| < ¢ for
any y € B" with |y — yol| < 6 (?) and thus, for all € > 0, there exists a B’ of sidelength < 4,

vol(TB') = |det DT (y)| vol(B') + E(B'), |E(B')| < & vol(B')

Proor. We use the observations above and the previous lemma on regular partitions.
For any & > 0, we can find 6 > 0 and a box B" with sidelength < § such that

vol(TB') = |detDT (y)| vol(B’) + E,(B’),

for any y € B’, where |E,(B’)| < € vol(B').

Choose a box partition P’ = {B]’} on (Y. Since T : ' — ) a C! bijection onto (),
Preg = {D; = T(B;)} is a regular partition on () (why?). We assume that U(f , @reg) -
L(f, @reg) < eand |E5(B;)| < e vol(B;) for all B; € ', by refinement and since f
integrable. Then,

) = U((f o T)|det(DT)|, £') — 2Me vol((Y'),

u (f' ’@reg

and similarly
L(f, Preg) < L((f o T)|det(DT)|, ') + 2Me vol(QY')
where M = supq|f|. This implies
€ > U(f, Preg) = L(f, Preg) = U((f o T)|det(DT)|, £') — L((f o T)|det(DT)|, P') — 4Me vol(€Y')
= U((f o T)|det(DT)|, £') — L((f o T)|det(DT)|, ') < e(1 + 4M vol(QY')).

Since ¢ arbitrary, this proves the result. |

® Example 2.4 (Polar Coordinates): Take x = rcos 8,y = rsinf,sor = \/ x?+y2. LetT(r,0) =
(x,y) from QO - Qwith Q' = {(r,6) € (0,a] x [0,27)} and Q = {(x,y) : x? + y* < a?}. Then

] rosyray] FY) A= [ £ cos(@),rsin(@)detDD)| dr do,

where

_ cosf —rsinf)) _
det(DT) = det((sme - cos 0 )) =7.

By Fubini, then, we get

27T ra
ﬂ{szryzSQZ}f(x'y) dA = fo fof(f cos(0),rsin(0))rdrde.
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® Example 2.5 (Spherical Coordinates): Let x = psingcos 8,y = psingsin6,z = pcos ¢ and
T(p,9,0) = (x,y,z) with§ € [0,271), ¢ € [0, 1) and (0, a]. In this case
singpcos @ pcos@cosf —psingsinf
|det(DT)| = |det| singsinf pcosgsinf psingpcosf || = p2 sin ¢
cos ¢ —sing 0

so that

fﬂ{x2+y2+225g2}f(x’ y,z)dV = fozn jon j:f(p sin ¢ cos 0, psin ¢ sin 6, p cos @).

® Example 2.6: Compute [[(y — x) cos(xy) dA, with ) the region bounded by x +y = 1,x +
y=4xy=—-landxy=—-4andy —x>0.Letu =x+y,v=xyand T(u,v) = (x,y) with T :
' - ), where we now have () = {(u,v) € [1,4] x [—4, —1]}. Moreover, we have

(x+y)?—(x—y)P =dry=>u? - (x—y)? =4v =[x —y| = V2 — 4o.

Finally,

11 1
det(DT~1)| = | det = |x— detDT| = ——.
(D7) = 1det( (1) )i =l =yl » ldet DT = —

This implies

4 -1
ffa(x —y)cos(xy)dA = L f_4 cos(v) dvdu = 3[sin(—1) — sin(—4)].

§3 VEecTtoR FieLps, CURVES AND SURFACES

§3.1 Integration along Curves

< Definition 3.1: A curve in R" is a continuous function 7 : [ -» R” where I C R some

interval.

< Definition 3.2: Let ¢ be a C! curve defined on I = [0, L]. Define the integral over 7y of a

real-valued function as

L
Lf £ = fo FOr)ly' (] dt.

§3.2 Integration of Vector Fields

< Definition 3.3: A vector field on R" is a function F : ) C R" — R". We usually assume F C°
on ().

How can we integrate a vector field along a path <? (think: the work done by F along )
Let 7y : [4,b] - R" be a C! path, and consider
As; =y (t; + Aty) — ()
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for At; small. This is a vector.
Thus, since 7 is C1,
ASI' = ')//(tl)Atl + R(t, Ati),

IR(t,At)l

where — 0 as At;. We get:

F(y () - As; = F(y(t:)) [ (t)At; + R(E;, At;) .

Takeing P = {ti}il of [a,b], we can repeat this over every partition. This motivates:

< Definition 3.4: Define the total work done by F along 7y by
N
J (B (ds) == lim B () (7(1)) (sy),
i=1
as defined above. This is equal to

b
[ ®ow) ryod,

assuming the Riemann integral exists, where 7 lives on [a, b].

< Definition 3.5: Let 7 a piecewise smooth path and F a vector field defined in a
neighborhood of . The line integral (also called path integral) of F along 1y is

b
fF-ds:j F(y (1) -/ () dt.
02 c

If 7y is regular, i.e. 7' (¢t) #0,1let T(t) = ﬁ be the unit tangent field. Then, we see that

[ Fods=] Py T,
04 04
where ds = |7/ (t)| dt the “arclength element”.

Formally, we write vecds = vec T ds.

< Lemma 3.1: If v a piecewise-smooth path and % a reparametrization of 7, then if F a C°

vector field, then

LF-ds :eLyF-ds,

where ¢ = +1 if an orientation-preserving reparametrization, and ¢ = —1 if an orientation-

reversing reparametrization.
3.2.1 Conservative Vector Fields

< Definition 3.6: A vector field F : QO — R" is conservative in () if there exists a C! function f :
) - R such that F(x) = Vf(x) for allx € Q.
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—Theorem 3.1: Suppose F a conservative vector field in a neighborhood of a piecewise-

smooth path <. Then

[ Frds=Fr(®) ~fr@).

< Corollary 3.1:If 7y closed, then fﬂyF -ds = 0.

Proor. (Of Theorem)

b
f F-ds:f VF(y(8) -7/ (1) dt
0% a

b d
= [ G
=f(r (1) —f (v@).

If C = y; C; a finite union of curves C;, we extend our definition to
F.ds= F-ds.
S
3.2.2 Poincaré Lemma
The question we aim to address here is, when is F : (J - R" conservative?
A necessary condition is as follows.
< Theorem 3.2: Let F = (Fy,...,F,)) a C! conservative vector field. Then,
%=
— () = =—(x
ax]' 8xi
foralli,jand x € Q).
Proor. We have F = Vf for f € C1(Q); then O _ OF so the claim follows b
R E. - ’ ax] - ax]'axil y
Clairault’s. [ |

When is this condition sufficient?

§3.3 Poincaré Lemma

< Lemma 3.2: Suppose g(x,y) is C! in Q x A where Q) C R" open and A C R" is compact.
Then,

([ s ) = [ st dy

foranyi € [n] and x € Q).

Proor. Fix r > 0 so that B, (x) C ). Let h € R with |h| < r. By the mean-value
theorem,
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)
g(x +he;,y) —g(x,y) = a—f(xh,y) -h, x" € B,(x).

Since B, (x) x A is compact, % is uniformly continuous on this set. Thus for any € > 0,
there exists § > 0 such that
|8xig(xh,y) - 8xig(x,y)‘ <e VI <é,yeA

Then,

difference quotient for integral

J,8(x+he,y)dy — [, 8(x,y) dy 9, dg
- - [ dustay) dy| < an—xl_(x ,y)—a—xi(x,y)‘dy
< evol(A),
for all ¢ > 0 with |h| < 4. Since ¢ arbitrary, this proves the claim. [ |

This tells us when we can differentiate under an integral sign.

< Definition 3.7 (Star-Shaped Region): () C R" star-shaped if there exists p, € (), which we

call a center, such that the line segment {(p(, x) connecting p, to x is contained entirely within
Qforallx € Q.

<Theorem 3.3 (Poincaré Lemma): Suppose () C R" is star-shaped and F is a C1(Q), R")
vector field. Then, F is conservative iff

8_xj ~ 0x;
foralli,j=1,..,n.
Remark 3.1: The statement holds for more general, so-called “contractible domains”, but we
limit our exposition here.

Proor. We know the “=" direction already. Conversely, suppose wlog that py = 0 is a
“center” of our star-shaped domain. The idea to construct our f such that F = Vf is to
integrate F along the straight-line curve connecting x to 0 for each x. Formally, define
7, (t) = tx,0 <t <1, and define

1 nooa1
= F.ds = F(tx) -xdt = F(t -dt.
fe = Fods= [P x ;fo (),
We need to compute the gradient of this function. Since (t,x) — F;(tx)x; clearly C L and

[0, 1] compact, we can apply the lemma and differentiate in x under the integral sign,
and we find
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of (V& | 9F;
8_xj(x) = fo ;[a_xj(tx)txi +Fi(tx)5i,j] dt
1 " oF;
- fo Fi(tx) + izzltxia—xj(tx) dt
‘ ' 1 oF; 1 1 X BF]-
(integrate by parts on first summand) = fo 1; txia—xj(tx) df + [tF]-(tx)]O — fo ti; 8_xl-xi(tx) dt
N | e~ 2

—_[Oi; Xi a_xj(x)_a_xi(x)

=0 by assumption

dt + F]-(x) = F]-(x),

as claimed. =

§3.4 Integration on Surfaces

< Definition 3.8: A parametrized surface S C R3 is the image ofamap ® : D — S,
S={(x(u,0),yu,0),zu,v)) =®w,v): (u,v) €D},
where D C R? some bounded domain. If ® is CK we call S a C* surface. Note that
@, = (94X, 94y, 9u2), Py = (9%, Y, 9,2)

are tangent to S.

< Definition 3.9: For a regular C! parametrization ® : D — S, define
area(S) := ﬂDHCI)u x @, || dA,

when it exists.

< Definition 3.10: Let S = ®(D) a C! parametrized surface and suppose f € C%(S). Then we
define

ffsf ds == ffo (D)@, x P, dA.

< Proposition 3.1: In the special case that S is the graph of a C! functiong: D — R (i.e. S =
{(x,y,8(x,v)) : (x,y) € D}), then this integral becomes

I fGxy.g(am)y1 +82 + g3 da.

Proor. This follows from computing

@, =(1,0,8), P, =(01g,)=PxP, = (-gu—8,1).
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< Definition 3.11: Given S = ®(D) a C! parametrized surface, we say S is regular if the
normal ®, x ®, never vanishes over D, i.e. if ,, ®, are never linearly dependent. If S

regular, we can choose

b xP
N=jp—u>"v
TPy, x Dyl

to be the unit normal; there are two choices of sign, leading to different orientations of S.

< Definition 3.12: Let F a C? vector field on a regular parametrized surface S = ® (D). Then,

we define

[l.E-ds:= [| F-NI@, x @l dudo= [| (Fod)- (@, xP,)dA.

Note that this is defined up to orientation of S; however, it isn’t clear from the definition that this

is independent of parametrization.

< Definition 3.13: Given ® : D —» S,® : D — S regular C! parametrizations of the same
surface, we say @ is a reparametrization of ® if there exists a bijective C! map h : D — D with
C! inverse, such that ®(s,t) = (® o h)(s, ).

We say & orientation-preserving if

(@, x D) (h(s,1) _ (BsxP)G, 1)
[(®0 x ) (s, D~ (B, x B7) 5,0

and reversing if the same equality holds with a negative in front of the second term.

< Lemma 3.3: Let ®, ® as above with h : D — D written as h(s, t) = (u(s,t),v(s,t)) €
CY(D, D) a change of parameters. Then & is orientation-preserving iff det( ot.0) ) > 0, and

A(u,0) (1) A
u,o u,o
36D ) < 0, where £

reversing iff det( the Jacobian matrix of h.

Proor. Follows from the chain rule upon computing &, and ®,, namely we find

d(u,v)
d(s,t)

&)S X 515t = det( )(q)u x D),

from which the claim readily follows. [ |

From this lemma, it readily follows that the previous definition of the integral of a vector field
over a surface is well-defined (modulo orientation) regardless of choice of parametrization, by
applying the chain of variables formula and the previous lemma. We'll often denote a
positively /negatively oriented surface by S*, S~ depending on the choice of sign of the normal

vector. As an immediate corollary, we find

fSiF-ds: —ﬂgl—“-ds.

§3.5 Green’s Theorem and its Consequences
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< Definition 3.14: A surface S C R3 is said to be a reqular surface with C! boundary 9S if S is

compact and if for all p € S, there exists 7,6 > 0 with B,(p) CR3and D = {-§ <u < §,—6 <

v < 8} C R? and a regular parametrization map ® : D — R3 such that either

1. SNB,(p) = ®(D), or

2. SCB,(p) = P(D*) where D, := {—0 < u < $,0 <v < ¢}. Points in 1. are called interior
charts of S and points in 2. are called boundary charts of S; the boundary of S is defined as
dS = {all boundary points of S}. The local parametrized surfaces are called coordinate

charts.

< Definition 3.15: A regular surface S C R? is orientable if the unit normal n € C°(S, R3).

In general there are two choices of unit normal at any point of a surface of R3 (“in/out”). Given
a regular orientable surface S C R3, we say it is positively oriented if:
1. If dS = @, the unit normal is pointing “outwards” towards the “unbounded” region of the

ambient R3
2. If dS # @, then we choose a “positive/counterclockwise” orientation for the curve dS which

induces an orientation on S by the right-hand rule.

We are now in the position to state and prove Green'’s, which relates line integrals of vector
tields over dD to double integrals over a planar domain D. We say that a bounded planar
domain D C R? is positive if the unit normal (with respect to orientation on boundary) is A =
(0,0,1) (equivalently, we can embed D into R3asa (planar) surface, then positive orientation is

the same as that defined above for surfaces).

<Theorem 3.4 (Green): Let D C R? be a positively oriented bounded piecewise C! domain
and F = (P,Q) : D —» R? a vector field on D. Then

0 oP
aDF'dS:ﬂD<a—§‘a—y>dA

Proor. On dD, we have the short-hand ds = idx + jdy = (dx,dy) wherei = (1,0),j =
(0,1). We can write

LDF -ds = faD(P,Q) - (dx, dy)
= faDde +Qdy.

Assume first D is a simple domain
D={a<x<bpm) sy} ={csy<dp(y) <x<¢a2(y)}
with boundary C. We claim — [[, 3—1; dA = [ Pdx. Write
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Ci={a<x<by=¢1(0)}

G ={asx<by=¢g,(0)}

By ={x=a,¢,(0) <y < p(a)}
By ={x=1b,¢1(0) <y < ¢2(b)}.

C{,C3 are oriented a — b and B, B are oriented from ¢4 (a) to ¢, (a), ¢1(b) to ¢, (b)
respectively. By Fubini,

oP 2(X) 8P
.UD - J- jggl(x) ay
(FTC) = L (P(x, po(x)) — P(x, ¢1(x))) dx

= de—f de:f Pdx
CcJ cT CJuCt

= — de+f de—f Pdx
CzuCt Bf B

= — CoLCHU(BE Bide
3UCTU(B3)UBT

= —fCde,

where we use the fact that

de—j Pdx =0
BY B3

since x is constant on By and B, to add them in to our computations.

Similarly, one shows that

HD ax - faDQdy'

Combining these identities gives the proof.

For a more general domain, one case use the implicit function theorem and the
piecewise-C! assumption to reduce the domain to a union of simple regions, which

sum up to give the general result. n

—Corollary 3.2:

1
fandy = — faDydx =3 fandy — ydx = area(D),

where we use as in the previous theorem the notation, where if ¥ = (71,7,) : [ - R?isa

parametrization of 9D, then
dx =y (H) dt,

etc (and the input is evaluated on (x,y) = y(t)).

Proor. Set F = (0,x). By Green’s,
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jaDF -ds = deA = area(D).

On the other hand, the left-hand side is readily seen to be equal to [, x dy. Similar
proofs with F = (y,0), F = (—y, x) yield the other results. [

2
Exercise 3.1: Compute area(D) via Green’s, where D = {Z—z + z—z < 1}.

Sorution. The boundary is given parametrically in two parts, x € [—a,a] and y =

+by1 — x?/a?. The plus and minus of y give the same so by the previous corollary,
area(D) = 2b ja V1 —x2/a%dx = mab,
—a

where we compute the final integral via a trig substitution. [

<~ Corollary 3.3: Let D = D; \ D, where dD;, dD, are piecewise C! with orientations induced

from Dy + D,. If F = (P, Q) a C! vector field with == aQ ay on D, then

faDl F-ds = jaDzP -ds.

Proor. With the given orientations, dD = dD; — dD,. By Green’s, faD F -ds = 0 since
P, = Q,. On the other hand, by linearity and given the orientations, [, F -ds =
faDl F-ds— | ap, [ - ds. Combined, these give the answer. ]

—Theorem 3.5: With the same assumptions as in Green’s,

oP 0Q
faDF-nds: ﬂD$+8_

where 7 the inward normal vector to dD.

—yx
X2+y2

Proor. Suppose dD parametrized by (x(t),y(t)) for t € [a,b], so thatn =

b
[, Fends= [ (PQ)x®,ym) - ntx 1 +y 1) dt
b
= [ (Pt y(1), Qx(H,y1)) - (v (B, = (1)) dt

—f (x(8), y(1))y' (B) dt—f Q(x (1), y(B)x' () dt
= fa ﬁdS, [:= (-Q,P)

Green's = ﬂ a BQ

At the penultimate line, one can alternatively arrive at the conclusion by the abuse of

notation

Lb (x(®),y®)y" (1) dt = j de—ﬂ _dA
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also by Green’s. ]

3.5.1 Harmonic Functions
LetA = aa_; + aa—;z be the Laplacian operator in two variables. We call a function u € C?(Q)
harmonic provided Au = 0 in Q).
< Corollary 3.4: Let u be a harmonic function in a domain D C R? with piecewise C!

domain. Then [, Vu-nds = 0.
Proor. Take F = Vu in the previous corollary. [

< Corollary 3.5 (Green's Identities): Let ¢, € C*>(D), where D C R? with piecewise C!

domain with positive orientation. Then the following hold:
L ffeApdA = — [[ Vo -VipdA + [, ¢V -nds
2. [Ipledy —yAgldA = o gV -1 —yVg - nds

Proor.

1. follows from the previous-previous corollary applied to F = ¢Vi.

2. follows from 1. by swapping the roles of ¢, 1 and subtracting the following
identities from each other.

§3.6 Stoke’s Theorem

< Definition 3.16: Let F = (F;,F,,F3) : R® - R3 a Cl-vector field. Define

GG gy
curl F := det| dx 9, 0,
Fy Fp F3

= (8x2F3 - ax3F2, ax3F1 — 8x1F3, axle — 8x2F1>.

—Theorem 3.6 (Stoke's): Let S be a compact, oriented surface with positive orientation and
piecewise C! boundary dS. Let F : S - R3 a C! vector field. Then

J‘fscurlF-dS: faSF-ds.

Proor. Recall that for a vector field G, fs G-dS:= | p G - ndS where n the (in this case,
outward) unit normal to S.

Step 1: assume first S is C? and 98 is piecewise C!. Since S regular, for all p € 9S, S is
locally given by a graph over a a coordinate plane by the implicit function theorem.
For instance if, suppose, S is locally given by z = g(x,y), then ®(x,y) =
(x,v,8(x,y)) € S gives a local parametrization of S, and induces positive unit normal

—8xr 8y 1

J1+g2 +g2‘
y
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We can always pick g such that (0,0, ¢(0,0)) = p. By compactness, we can decompose

S into a finite union of “subsurfaces”

such that S N SP™ = @ for all k # ¢, and such that each Sy is locally a graph over a

coordinate plane for each { =1, ..., N. Then, we note that

Frds= i aSEF-ds, ffscurlF-dS:gﬂSecurlF-dS,

=1
since the overlapping boundary regions will cancel each other out by orientation.
Thus, it suffices to prove Stoke’s in the case that S is a graph. By rotation, translating,
and rescaling, we may assume that S is a C? graph over D C Rjzc,y withD =[-1,1] x
[0,1]. Then, on the one hand,

fs curl F-dS = ﬂD(ayF3 — 8,F,)(~8y) + (9.Fy — 9,F5)(~g,) + 9:F, — 9,F; dA.

We now consider the integral over dS. We see first that S = ®(dD) = {(x,y,8(x,y)) :
(x,y) € dD}. Thus, by chain rule, ds = (dx, dy, g, dx +dg, dy) SO

jasF -ds = faD(Fl + F3g,) dx + faD(Fz + F3gy) dy = jaD G-ds,
where
G(x,y) := (F1 + Fa8w F2 + Fagy),

where, crucially, each F; is evaluated at (x,y,g(x,y)). Applying Green'’s to this integral
and applying a lot of chain and product rule gives the result; one will expect higher-

order derivatives of g to appear, but these will (should!) cancel.

Step 2: Suppose now S € C! with pw-C! boundaries. The heuristic idea is to
“approximate” S with C? surfaces and show that this approximation respects the
identity. We won’t show the details. [

—Corollary 3.6: Suppose Sq, S, are two oriented surfaces with dS; = dS, = -, and suppose

S; and S, induce opposite orientations on +. Then, for any F € C!,

JL curl F-dS = — -Us curl F - dS.
1 2

< Corollary 3.7: With S as above, suppose S = @ and F € C'(S). Then [, curl F-dS = 0.

< Corollary 3.8: Suppose F = Vf for some f € C? and S is an oriented surface with 9S = 7, —
7>. Then

F.ds = F .ds.
71 T2
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Proor. One checks that curl(Vf) = 0.

§3.7 Divergence Theorem

<Theorem 3.7: Let W C R3 be a bounded, solid region in R> with a piecewise smooth
boundary S = 9W with positive orientation, and F a C! vector field on W — R3. Then,

fﬂwdideV=ﬂSF.ds,

where if F = (F1, F,, F3), div(F) = ox oy Jz

= Corollary 3.9: Under the same assumptions as above, if f,¢ € C2(W), then
JIJ. lsaf —faglav = [[ [gVf -dS - Vg -ds].

Proor. As in Stoke’s theorem, it suffices to prove for W a simple region. Clearly, it
suffices to prove that

d N
[, 52 av = [|_Fik-ds,

where k = (0,0,1), by linearity. Assume
W={(xyz):(x,y) €D,gxy) <z<h(xy)}

Fubini’s gives

oF h(xy) OF
wa 2av = [ fD fg(x,; =2 dzdxdy
- ffD[p3(x,y,h(x,y)) — F3(x,y,8(x,y))] dxdy.

We can decompose the boundary 0W = S into three parts,
—8xr 8y 1

V1+8%+87

~hy, —h,, 1

J1 +h3 + I3

S1={(x,y,8(xy)): (x,y) ED} = n=—

S5, ={(x,y,h(x,y)): (x,y) ED} = n =

53 = {(n,k) = 0}

The relevant integral over S3 is zero. Over Sq, we get
JI, FsCey h(x,y)) = Fa(x,y,8(x,y)) dxdy,
1

since k - n = 1 in each case.
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= Corollary 3.10: Suppose W, Wy, ..., W, C R" are regions as in the previous theorem, with
WinW;=g,i#j W,CW", peW"vj=1,.k

for some points py, ..., pg. If F a C! vector field on W — {p4, ..., p} and div F = 0 for all x €
W —{p1,...,px}- Then,

k
jawp-ds =;ffaij-ds.

Proor. Apply the divergence theorem to W — U;;l W;. n

Exercise 3.2 (Gauss's Law): Letr = (x,vy,z). Then
r _J4r 0e W
.Haw W ds = {0 else
3.7.1 Application to PDEs
Letf € C?(R?) with f compactly supported outside of [—R, R]®. The problem we study is to

solve

Au=f.

1

——— Then, K(x,y) is called a “fundamental
x—y|

<Theorem 3.8: For x,y € R3, set K(x,v) :=
solution” of A in R3 and satisfies:

1. A,K = 0in R® — {0}

2. givenf € C2(R?) with f compactly supported in [—R, R]3, the function

u@ = [ Kxyf@)dy, xeR?

is a solution to Au(x) = f (x).

Proor.
1
ue) = [ KGnf ) dy = [ =g f ) dy
1
= o~ (x — &) dx

Since f(x — ¢) = 0 for [x — {| > R, it follows that f(x — ) = 0if x| < % when || > M
for M > 1 large. Assume [x| < % with M > R, so in our integral we only need to
integrate over || < M:

u(x) = f (_%Igl)f(x —¢)dv(g), VixI< A;

B (0)

Since f € C2, we may differentiate under the integral sign, twice. This implies (adding

up these partials)

3.7.1 Application to PDEs
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-1
A = fBM(O) WAJ(’C =¢)dv(g)
By (0) 47T |§| ,;f(x —§)dV(¢) (chainrule).

We aim to apply Green’s identity, but need to deal with the singularity at { = 0. Let
0 > 0 small. We rewrite the integral as

Au(x) = fB ENES fw () =1, +I,, Ws:= By (0) \ Bs(0).

S5

We show that I; — 0 as § — 0. By change of variables to spherical coordinates and the
fact that Asf (x — ¢) bounded on compact sets,

C
L] < fB Edg

2
f f " j —p 2sin(¢)depdfdp (by change of variables, Fubini)

—C'52 =
=C'% 5_)00.

Next we deal with I,. Note that - 7
0). Thus, by Green’s identity (and the fact that f vanishes identically on dB,,(0)),

b=, (~gm P -0V @ + [, e g - O ave@

=0

(Green's) = fagmf(x_g)vé(_%@) . dS(F) _fa35<o>( - lgl)véf(x— )-dS(¢)

=: 13 + 14.

is harmonic on W (i.e. away from the singularity at

We claim |[4] — 0 as § — 0. Note that |{| = 6 on dB;(0) and V¢f (x — ¢) is uniformly
bounded on compact sets. Thus,

C

C’
L] < —
|4|—5

dS‘:—-(SZ‘Si?OO

J

using that that surface area of a sphere in R3 is proportional to its radius squared.

5 4

Bs )

We finally just have to deal with I3. We compute, expanding the gradient, that

_ ¢
5= Jops0 O @(W) “d5e

_ 1
4783

1
" 4P faBg(O)f(x 6%

Since f € C!, for § sufficiently small, |¢| < & implies f (x — &) = f (x) + E(x, &) where
E(x, () goes to zero like 6 as § — 0, by Taylor expansion. Thus,

¢
L,B,s(mf(x - 8)¢- 3 dS;

3.7.1 Application to PDEs
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1

=1 fam(m F(x) +E(x,&)dS;

1
= — E
f(x) + 47.(52 9B, (0) (xl g) dsg s

<Cé2-supglE(x,8)| <C'83

where we use the fact that f 9B,5(0) dS = 4716%. Based on the bound on the integral

involving E(x, ¢), the remaining term goes to zero as § — 0. In short, we have that I; —
f(x) as § = 0. Combining all of this work gives the result, Au(x) = f(x) for all |x|] < %

Since M arbitrary, the result is proven.

3.7.1 Application to PDEs
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§4 PrAcTICE QUESTIONS

Question 4.1: Let f(x,y) =

everywhere in R2.

" when (x,y) # 0and f(0,0) = 0. Prove that f is differentiable

2+2

Sorution. If (x,y) # (0,0), one can take partial derivatives and find that they are both
continuous, thus f differentiable away from (0, 0). At (0,0), we claim Df (0,0) = 0. For
h= (hy,hy) € R?, we find

If(h1,h2) = £(O,0)] _ 1 3 <13 5 0
[l (12 +h%>1/2 e
T <1

Question 4.2: Given the curve C = {y* + xy + sinx = 1}, prove that C can be written as y = g(x)
for some C* function g near ( 5 0). Is the same true near (0,1)?
Sorution. Let G(x,y) = y? + xy + sinx — 1. This is clearly C'. We compute
VG(x,y) = (y + cosx,2y + x).

At (%,0),We see VG(%,O) = (0,%) ]

Question 4.3: Set f (x,y) =
integrable on B := [—1,1] x [— 1 1].

= 0. Prove that f is Riemann

SorutioN. Its clear that f (x, y) is continuous away from the line segments L, = {(x,0) :
-1<x<1}L,= {(0,y) : =1 <y < 1} C B. Thus, if we can show content(Lx U Ly> =
0, we’ll be done. Let € > 0. There exists some N such that [—-1,1] is covered by N
disjoint open intervals (x;, x;,1) of length ¢, by compactness. Let B; = (x;,x;,1) X

( 2}\], 2N) be correspondmg open boxes. Its clear then that L, C U 1 Bi,and
moreover vol(B;) = and thus Z _, Vol(B;) = e. This implies L, has content zero. It

follows identically that L, has content zero, which completes the proof. [ |

Question 4.4: Find the absolute minimum and maximum values of f (xy, ..., X,,) = x‘;’ + XD in
the closed unit ball By (0) C R”".

Sorution. (First Solution) Notice by triangle inequality |f (x)| < Y.\, x7|x;| < 1 over
B1(0) so —1 <f(x) <1,withf(-1,0,...,0) = =1and f(1,0,...,0) = 1 which means the
absolute min, max of f over By (0) are —1, 1 respectively. [

Sorution. (Second Solution) We use Lagrange multipliers. Let g(x) = x7 + - + x2 — 1.
We compute Vg (x) = 2x and Vf = 3(x%, ...,x%). Setting Vf (x) = AVg(x), we see that
2x; = 3Ax? foralli. Let M = {1 <i < n: x; # 0}. Note that not all x,’s can be zero so
#M > 1, which means, for all x; # 0, we find x; = 3% This implies
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1 1 3
Zx :W #M=>/\ +—=

iz VM 2

which implies

#M 8 27 1
fx) = Zx Z 27/\3 _i(#M)3/2ﬁ§_i—#M'

ieM

It’s clear that this is maximized by minimizing the size of M (which must have size at
least 1) and taking the positive root (choosing A positive), and minimized by
minimizing the size of M as well, but taking the negative root. Thus if f maximized,
minimized on 9B (0), it follows that f (x) = 1, —1 respectively. On the other hand, if

x € B1(0),0 =Vf(x) = 3(x%, ...,x,%) implies x; = 0 for all i and thus f (x) = 0. Thus the

min, max of f over B;(0) are achieved on the boundary, i.e. minf = =1, maxf =1. =

Question 4.5: Suppose f € C2(R") satisfies

2 2

0 d
f(X) =2V ||X|| = 1, ||Vf(X)|| = 1,@(3@ + -+ a—Z(X) > 0V x = Bl(O)
1

Prove that 1 < f(x) < 2 for all x € B1(0).

Sorution. Let x € B1(0) and y € dB;(0) the closest point (if multiple exist, choose
any) to x on the boundary; in particular |x — y|| < 1. By mean-value theorem, there
exists some z € B;(0) such that

fO) =2=f0) =f(y) =Vf@) - (x—y) 2 -IVf@lx -yl = -1 = f(x) 2 1.

This proves the first inequality. For the second, we know the inequality is satisfied on
the boundary. Suppose it fails inside B, (0). This implies, by compactness and
continuity of f, that maxg oy f(x) > 2 and moreover this max is achieved at some x €
B1(0). Being a maximum, this implies sz (x) negative semidefinite, so in particular its
eigenvalues are negative hence

%f 0%

— @)+ -+ = ).

0> Z eigenvalues of V2 (x) = tr(V3f (x)) = 2

x1

But by assumption, the quantity on the right is strictly positive, which is a
contradiction. Thus f cannot attain its maximum inside B;(0) and thus f (x) < 2
everywhere. This Completes the proof. [

Question 4.6: Let f (x,y) = zf(x y) # (0,0) and £ (0,0) = 0. Prove f differentiable on all of
R2,

Sowution. By applying the quotient rule, d,f, d,f both exist and are continuous away
from (0, 0) which implies f differentiable away from the origin.

We just need to check the origin. We claim Df (0,0) = 0. Indeed:
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If (x, ) = £(0,0) — Df (0,0) (x, )| |3y

|(x, )] x2 +12)°?
3
X
< —| |x|Z| sincey > 0

=yl = Oas|(x,y)| =0,

which proves the claim. |
Question 4.7: Evaluate [f, Vf -dS where O = {x® + y°® + z* <100} and f (x,y,2) = xyz.

Sorution. It’s clear that () a bounded solid region in R3 with smooth boundary, and f
smooth. Thus we may apply the divergence theorem, i.e. [[,, Vf -dS =
JIf div(Vf) dV. We compute

div(Vf)(x,y,z) = div(yz,xz,yz) =0,

thus the integral equals 0. |

Question 4.8: Let f(x,y) = Y (x,y) # (0,0) and £ (0,0) = 1. Show that f is Riemann
Y Y

x2+y2

integrable on B := [-1,1] x [—-1,1].

Sorution. Remark that (x —y)2 > 0 implies x? + y? > 2xy. Thus, for (x,y) # (0,0),
If (x,y)| < % Thus |f| < 1 on B, i.e. f bounded.

In addition, its clear that f is continuous everywhere on B except possible at (0, 0).
But this is a singleton which has content zero. Thus f is indeed Riemann integrable on
B. [

Question 4.9: Let F(x,y,z) = (y?z3,2xyz3, 3xy?2?).
(a) Show F conservative on R3
(b) Find f such that F = Vf

Sorution. It obviously suffices to show (b). Define f (x, y,z) = xy?z>. One checks this
works. |

Question 4.10: Let C:= {z? = x?> +y?’} N{z =1} and F := (sin(x) — y;,cos(y) + %3,xyz).
Compute [ F -ds.

Sorution. Its clear that C the smooth boundary of the regular surface S := {x? + y* <

1,z = 1} and F is smooth, so that we can apply Stoke’s theorem. We compute
curl(F) = (xz, —yz, x> + y?)
and thus

ICP-ds = Hs curl(F) -dS.
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It’s clear that S has upward unit normal (0, 0, 1), since it is the graph z = g(x,y) = 1 for
(x,y) € D := {x? + y* < 1} c R2. Thus our integral becomes

2 1
2 L2 dA — 3 -
H x-+y-dA = fo jo r>drdé by polar coordinates

Question 4.11: Let f : [a,b] x [¢,d] — R continuous with d,f continuous on [c,d] in the second
variable and g : [c,d] — [a, b] continuously differentiable. Define

G = [* flt ) ay

and compute G' ().

Sorution. Fixy € [c,d] and leth > 0.

Gly+m -Gy = [* sy e mar— [ sty a

(y+h) ) )
= [ ey rmydes [Ty +myde— [T f(ty) di

fg(y+h)

)
(linearity) = fltoy+mydt+ [ f(ty+ ) —fby)di =T+ I,

g

We deal with each integral in turn. Since f continuous and g continuous, then f (t,y +
h) =f(g(y),y) + E{(t,y,h) where E{(t,y,h) — 0as h — 0 for every t. This implies

L gly+h) —gy) 1 st

w =f&W)y) h 7)oy by

The left hand side converges to f (3(y), )8’ (y) as h — 0. The left-hand side is bounded
by sup,, E(t,y,h) (‘w ) The E; term converges to 0 as 1 — 0, and the right-

hand quotient remains bounded as i1 — 0 since g differentiable. Thus

I
7= fEW.Ng W), 0.
For I, note that for any ¢ fixed, there exists #(t,h) between y and y + h such that

[y + h}i —fty) _ a,f (t,1(t, ),

by the mean-value theorem. In particular, 7(t,h) — y as h — 0. Thus by continuity of
d,f, we have that d,f (t,1(t,h)) = d,f(t,y) + Ex(t,y,h) where E;(t,y,h) > 0ash - 0
for every t. Thus,

L _ jg(y)f(t,y +h) —f(t,y)
n h

) )
dt = L” 2,f (1Y) dt+jﬂ” E,(ty,h) dt.
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The right-hand integral can be bounded by |g(y) — a| - sup;|E; (¢, y, h)| which goes to

zero as h — 0 by above. Thus,

I, 8W)
i) d,f (t,y) dt,

thus in all we find

G'(y) =f(&W),y)8' (y) + Lg(y) dyf (t,y) dt.

Question 4.12: Compute [[_ F -dS where F = (3x +z,y% — sin(x?z), xz + yexs) and S = dR
where R is given by R := [0,1] x [0,3] x [0,2].

Sorution. It’s clear that everything is sufficiently nice so that we may apply the
divergence theorem. One checks

div(F) =3 +2y +x,

so that

ﬂsp.dszﬂRdidev

Fubini = jol Jj f02(3 +2+x)dzdydx

= 39.
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