MATH249 - Complex Variables

Basics of Complex Analysis; contour integration; holomorphic, meromorphic functions;
entire functions; the Gamma and Zeta functions. Largely following Stein and Shakarchi’s
Complex Analysis.

Based on lectures from Winter 2026 by Prof. Henri Darmon.
Notes by Louis Meunier
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§1 ComrLEx NUMBERS

The complex numbers are the set
C:={a+bi:abe R},

where i2 = —1. This set is readily equipped with operations of addition, subtraction,
multiplication and division; given two complex numbers a + bi, ¢ + di, these operations are
determined by the rules
(a+bi)+ (c+di)=(@+c)+ (b+d)i
(a+ bi)(c+di) =ac—bd+ (ad + bc)i
1 a-bi
a+bi a2 4%

assuming in the final line that a2 +b% +0,ie thata+bi # 0in C.In particular, in the division
line, we obtain the result by multiplying the top and bottom by the conjugate of z := a + bi; we
denote

Z=a-bi,
noting that in particular,
2z = a% + b? = z)%.
Any complex number z = a + bi may be written in so-called polar form
z=r(cosB +isinf), r:= \/m = |z, 0 := arg(z) = arctan(b/a),

with the 0 read modulo 27t. This is a useful representation for the sake of multiplication; given
z; = r;(cos(6;) +isin(6;)),i = 1,2, we have

212y = -+ = I1tp[cos(6; + 05) +isin(6; + 65)].
In particular,
2122] = |z1llz2],  arg(z122) = arg(z;) + arg(z,).
—Theorem 1.1: cos(f) + isin(f) = exp(if)
Proor. Taylor expand both sides. n
In particular, this theorem gives a clear way to define the exponential of a complex number
et = e¥e¥ = ¢¥(cos(y) + isin(y)),
so that in particular, for any z € C,
Re(z)

le*| = e arg(e*) = Im(z).

§1.1 Fundamental Theorem of Algebra

1.1 Fundamental Theorem of Algebra



<Theorem 1.2 (Fundamental Theorem of Algebra): If f(z) = a,z" + a,,_12" "' + - + a1z + ag

is a polynomial with complex coefficients ag, a4, ...,a,,_1,a,, then there exists a z € C such that
f(z)=0.

Proor. (A First Proof) Remark that if [z] = R > 1 (much larger than zero), then we have

a,2"] = la,|R",
‘an_lz”_l + -+ a1z + ﬂ0| < |an_1|R"_1 + -+ |ﬂ1|R + |€lo|
< (lan-al + lag ol + -+ + lag] + lag R,
Let zy € C be a point for which [f (zg)| is a minimum; this must exist for |[f| must be
very large outside of the disc of radius R centered at the origin. Namely, |zo| < R. We

claim z; a root of f. We may assume without loss of generality that z; = 0, by replacing
f(z) with f(z — z). We write

f(z) =ag+ - + @2k + - +a,z",

a a
=ag + akzk(l + 2y —”z”_k>.
g g

where a;. # 0 the first nonzero coefficient with k > 1. If we can show a4y = 0, we are
done. Assume otherwise. Let

With this value of z, we have
f(z) =ag —aogk(l + oo ) ~ ag(1 = ).
=o(¢)

By choosing ¢ sufficiently small, this implies
If )] <lao| = |f(0)],

which contradicts the assumed minimality of zy = 0, unless of course ay = f(zy) =0,

providing the claim. [

Proor. (A Second Proof) We want to view f (z) as a mapping C — C. Assume f (z) =
Z" +a,_1z""' + - + a1z + ay. When [z| large, we know

If (z) — z"| < Clz|"1,

for some constant C independent of z. Remark that the map ¢ : z — z" maps a circle of
radius R to a circle of radius R"; in particular, if we take a point z = Re’? on the circle
of radius R of angle 6 with the origin, and let § vary from 0 to 277, one “rotation” in the
pre-image world will lead to n “rotations” in the image world. Similarly, for z — f(z),
the image of the R-radius circle may not be a circle, but a “fudged” circle; the curve of
the image will still be some periodic curve. As we let R — 0, though, the image will go
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to the singular point aj. Thus, at some value of R, the image of the R-radius circle

would have to pass through the origin, and thus this point must be a root of f (z). [ |

Proor. (A Third Proof) We use a result that we will prove later in the class, Liouville’s

Theorem, which states that any bounded differentiable function f : C — C must be
constant.

Suppose p(z) a polynomial with no roots in C. Let f (z) = ﬁ (this is well-defined,

since by assumption p has no roots); this is bounded on C, and has derivative %f (z) =
—l; ((Zz)). By Liouville’s, f must be a constant and thus p must be a constant. ]

§1.2 Analytic, Holomorphic Functions

= Definition 1.1 (Holomorphic/Analytic): A functionf : C - C is said to be holomorphic is it
has a well-defined derivative, i.e. if the limit

1imf(z+h) —f(2)
h—0 h

exists and is well-defined (in the sense that it is independent of the “path” h takes to 0).
We may writef : C - C as
f@) =f(x+iy) = u(x,y) +iv(x,y),

where u,v : R? - R. We can calculate f'(z) in two different ways.

1. Restrict hto R:

flz) = ,li’%‘f(z + h}i —f(@ _ lim u(x+hy) +iv(x+hy) —u(x,y) —iv(x,y)

h-0, h
heR heR
= lim ux+hy) —ulxy) +ilim v(x +hy) —v(xy)
h=0, h ) ?
heR heR

Ju dv
= a(xry) +1a—x(x/y)~

2. Rescrict to h purely imaginary values:

£y = lig LEFI ZF@ gy, wloy 1) + oGy +h) —ulxy) — vl y)

h—0, ih h—0, ih
heR heR
10u v

= 7a—y(x/y) + a_y(x’y)

dv

ou
= a_y(x’y) —za—y(x,y)

These two computations must of course agree, which imply (equating real, imaginary
parts)

ou Jdv Jdu ou

n oy oy
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These are the Cauchy-Riemann equations. Viewing the pair f = (1,v) as a mapping R? —

R?2, the Cauchy-Riemann equations imply that the Jacobian of f is given in the form

]f(x,y) = (—ab Z), a,beR.

<Proposition 1.1:

* Iff,g are holomorphic and 4,b € C, then af + bg are also holomorphic, and moreover
(af +bg) =af" +bg'

o Withf(z) := 2", f'(z) = nz"7!

* As aresult, any polynomial on C is holomorphic

—Theorem 1.3: If f satisfies the Cauchy-Riemann equations, then f is holomorphic.

Proor. Write f = u + iv as before. Let h = hy + ih,. Then,
u(x+hy,y+hy) =u(x,y) +hiou+hyo,u + g (h), ¢1(h) > 0ash -0,
with similar for v with a remainder ,. Then, by Cauchy-Riemann,
flz+h) =f(2) + (00 —id,u)(hy + ihy) + (W, (k) = o(|h]).
Dividng both sides by I and sending h — 0 gives the result. |
§1.3 Power Series
We say a series )~ a,2", where a,,z € C, converges if limy,_, ZZ::O a,z" exists as a complex

number. We say it a converges absolutely if limy;_, ., ZZ::OWHHZI" exists.

<Theorem 1.4: Given ) > a,2", there exists a number 0 < R < oo for which
1. if |z| < R, then )’ a,,z" converges absolutely;
2. if |z| > R, then ) a,,z"" does not converge.

Furthermore,

1
— =limsupla,|".
R " p| ﬂl

Proor. LetL = % and suppose |z| < R. There exists some ¢ > 0 such that
r:=(L+e)lz|<1.

1
There exists some N such that L + ¢ > |a,,|" for all n > N by definition of limsup’s; thus
1
zlla,|" < (L+e)lzl=r<1
= |z"|a,| < ™.

But since r < 1, it follows that ) |a,,|1zI" converges by comparing to the geometric series
>,
1
If |z| > R, there is an € > 0 so that there are infinitely-many n’s for which |a,,|* > % —
¢, and so
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1
la, |71zl >r > 1

hence |a,,||zI" > 1", so that ) |a,|lzI" diverges by comparison. Moreover, we have shown
that |a, ||zI"" does not converge to zero, which implies the series does not even converge

(“normally”). [ ]

® Example 1.1:

L Y o nz"hasR =0

2. Y 5 = e* withR = co.
oo 1

3. anozn = 12 hasR =1.

—Theorem 1.5: A power series f (z) = ZZ:O a,z" admits a derivative on its disc of
n—1

convergence, and f'(z) = )" 14,z

Proor. Write g(z) = Y~ na,z""! as the “potential” derivative we aim to show,
remarking that thls seires converges and moreover has the same radius of convergence

as f since lim n# =1 and thus lim sup a” = lim sup (nan) . Write

N o
f2) =Sy +En(2), Sn(@) =Y a,2"En(z)i= ) a,z".
n=0 n=N+1

Fix z5 € D (0). We showw —9(zg) » 0ash — 0. We can write

f(zo +h})l —f(20) —o(z0) = Sn(2g +hZZ_SN(ZO) ~o(zo) + En(zo +h})l_EN(ZO)

h) — h) —
_ {SN(ZO+ ]i Sn(20) —Sf\r(zo)}‘F{Sf\r(Zo) —g(zo)}+{EN(ZO+ })1 EN(ZO)}

= (A) + (B) + (O).

For all € > 0, there exists Ny |(B)| < € for all N > Nj.

There exists N, such that |(C)| < € for all N > N,, since we have

©= Y aftW =%

n=N+1 h

and
(zo +h)" —zf = h((zo + 1) 4 (2 + 1) P2y 4 e 4 (2 + 1) T 4+ z’g‘l).
Since |zg + |, |zg| < r < R for h sufficiently small, we know
|(zg + h)" = z§| < |h|nr" 1,
so that

(20 + )" = 2§
h

< nr*-1,

It follows that

1.3 Power Series 6



o0

(O < > laylnrL.

n=N+1

This is the tail of an absolutely converging series, hence as N — oo, |(C)| — 0, so we

have the claimed bound.

Finally, let N := max(Nq, N,). We see that for any fixed N, (A) — 0 as h — 0 by the
definition of the derivative, and thus we can take 1 = h(IN) sufficiently small so that
|(A)| < e. Combining all these bounds gives the proof. [

—Corollary 1.1: f(z) = ) a,z, is infinitely differentiable in its radius of convergence.

< Definition 1.2: A function f : () — C is called analytic if it is equal to a power series on
D,(zp) for all z; € Q), for some ¢ > 0.

< Corollary 1.2: f analytic = f holomorphic
Remark 1.1: We'll see later that these are actually equivalent notions.
§1.4 Integration Along Curves

< Definition 1.3: A parametrized curve is a function 7 : [0, 1] — C where 7 is differentiable
with continuous derivative, with 7' (t) # 0 for all t € [0, 1].

< Definition 1.4: We’ll say two parametrized curves 7, % are equivalent if there exists a
smooth function s : [0,1] — [0, 1] smooth with s’ (t) > 0 and such that ¥ = 7y o s.

We will consider curves as defined up to equivalency in this way.
< Definition 1.5: If 7y is a parametrized curve, define

1
ff(z)dz ::f Fr(H)y (1) dt.
0% 0

If v a piecewise smooth curve, i.e. y can locally be written as t — z(t) € C for t € [ay, 1) for
k =0,...,n — 1 for some sequence a; < a;,1, then

n+1 A ’
Lf(Z) dz := k;, Lk f(z()z'(¢) dt.

An obvious generalization holds for integration along more general intervals.

< Proposition 1.2: Path integrals are independent of choice of parametrization.

< Definition 1.6 (Length of a curve): Define, for 7y givenby z:1 — C,

length(7) := J:y|dz| = J‘Ilz’(t)ldt.

1.4 Integration Along Curves



—Proposition 1.3: Let f, g continuous and &, B € C. Then we have

1. Linearity:
[af +pg)dz=a | fdz+p| gdz
v v v
2.
dz = — dz,
Lf(z) z L_f(z) z

where ™ is the reverse path of 7.
3. |f7f(z) dz| < sup,c, [f (z)| length(7).

< Definition 1.7 (Primitive): A primitive of a continuous function f on a domain Q) is a
function F such that F’ = f on Q).

< Proposition 1.4: If f, continuous, has a primitive F on () and -y is a curve in () beginning at

w; and ending at w,, then

Lfdz:F@@)—F@m)

§2 HoromorrHIC AND MEROMORPHIC FUNCTIONS

§2.1 Cauchy’s Theorem

—Theorem 2.1 (Cauchy): If ¥ is a closed path contained in a region () C C and its interior,
and f is holomorphic in Q), then fv f(z)dz = 0.

It will take us some building to get here. In a simple case, though, we have a positive result:

= Corollary 2.1: If f has a primitive F on (), then Cauchy’s theorem holds for f for any -y a
closed path in int(Q2)

Proor. Apply the last proposition; now, F(w,) = F(w; ), so we have the result. [ |

With some more work, we can also establish the proof for y some simple contour.

= Proposition 2.1 (Gorsut's Lemma): Let y be a closed triangle in (2 and f a holomorphic
function on Q). Then f7 f(z)ydz=0.

Proor. I'll add it later. Basically, follows from subsequent subdivision of the triangles

and approximation of the total integral of f over these triangles. |

< Corollary 2.2: If R a closed rectangle and () and f holomorphic on Q, then [, f(z) dz = 0.

Proor. A rectangle can be written as two triangles, with the “inner region” cancelling.

2.1.1 Primitives

—Theorem 2.2: Let f be holomorphic on an open disc (). Then, f has a primitive on that disc.

2.1.1 Primitives



Proor. Assume wlog that () centered at the origin. Fix z € () and let -y, be the path
that first travels horizontally from 0 to Re(z) along the real axis, then vertical to z.

Define
F(z) := f f(w) dw.
Yz

We claim F'(z) = f(z). Let h € C be small so that z + I € (), and consider the
difference

F(z+h) —F(z) = L f(w) dw — L f(w) dw.
z+h z

These integrals have f being integrated from 0 horizontally to Re(z + &) then vertically
to z + h, then, in the opposite orientation, from z to Re(z), then Re(z) to 0. In particular,
the two components z — Re(z) cancel in these two integrals, being oppositely oriented,
so we are left with the contour from z vertically to Re(z), horizontally to Re(z + &), the
vertically to z + h. Connect z to z + Re(h) via a horizontal line, and z to z + h via a
diagonal. This forms an (oriented) triangle and a rectangle, plus an extra diagonal,

which by Gorsut’s lemma must all integrate out to zero (draw it). Thus,

F(z+h) —F(z) = jf(w) dw,
1

where 7 the diagonal from z to z + h. Since f continuous, f (w) = f(z) + (w) where
P(w) - 0as w — z; thus,

F(z+h) —F(z) =f(2) fﬁdw+ sz(w) dw

= f(2)h + fv (w) dw

F(z+h) — F(z2)
h

= f(z) = }E)% - }g% % L? P(w) dw.

But since
! < ! = 0
- jﬁ $(w)| < 3 suplgl ] = suplyl =,
we have proven the claim. [

—Theorem 2.3 (Cauchy's Integral Formula): Let f holomorphic on () containing the closure
of a disc D. Let C be the boundary of this disc, then for any z € D,

L f(©)
f(2) ZZ—m.ICmdg-

Remark 2.1: The same result holds for more general curves C as long as z € int(C); how/
when the results extend should be clear from the proof.

2.1.1 Primitives



—Corollary 2.3: f'(zy) = % e (zf_(% dz, and more generally,

£ (20) = f( /@ g,

1
27ti 7% — g

So in general, f holomorphic = f is infinitely differentiable.

n!”f”CR(Zo)

< Corollary 2.4: |f"(z)| < —¢=

—Theorem 2.4:f is analytic centered at z = z,.

Proor. We can write

fw) dw,

f& = 27Ti jc

for some circle C containing z. We can expand

I 1
w—z (w-zy) — (z—z)
1 1
- ’ Z—z
w=zo 1_w—z(2)
1 &f[z—z]"
_w—z()];)lw—zol
= (z—2p)"
n:O(w—Zo)n+1

so that

— Zp
I $ f(w)
- %,;o[fc w-z0)"" dw](z o
< 1 f(w)
- 1;)5171(2 _ZO) ’ Ay 27Ti f (ZU z )n+1 d

But we also realize that

f(n) (zo)

a, =
" n!

from our previous result, hence we conclude

o = 310 )

n=0

(z —Zo)nr

as we expect from the real-valued analog.

2.1.1 Primitives

, where C,(z() the circle of radius R centered at z,.
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Remark 2.2: In particular, this implies, from our previous result, that |a,,| < =, where C a

Rn 7
constant uniform in 7 and R the radius of the circle upon which we’re integrating. In

particular, this means

1/n Cl/n
R 7

2]
. 1 . .
which we see converges to z as n — oo, hence our series above has radius of convergence at
least R; i.e., the power series for f converges on any Dg(zy) C Q.

Thus, we’ve shown that holomorphic = analytic, and thus the two are equivalent (with
appropriate assumptions on the space upon which they are defined, etc) since we showed the

converse earlier.

—Theorem 2.5 (Lioville's Theorem): If f is holomorphic on C and bounded, then f is

constant.

Proor. We know that for any z; € C,

i< Ve,

for any circle C with z, center and of radius R. Since f bounded, this means
1
' (z0)] < 7 SUPIfl  O,R = oo.
C

This means f'(zy) = 0 everywhere and thus f is constant. We could take R — oo since f

holomorphic everywhere hence on every disc Dg(zg) for R > 0. [ |

§2.2 Rigidity of Holomorphic Functions

—Theorem 2.6: Suppose that f holomorphic in () and vanishes on a sequence of distinct
points z4, ..., z,, € Q) with a limit point z,, € Q). Then, f = 0 on an open disc about z,

Proor. Let D be a disc centered at z., and contained in (). We write

y f(n)rg )(z 2 ) = ay(z—z )V i INtntl(, o i

n=N ’ n=o N

f(z) =

(1)
where N > 1 the minimal integer such that fN)(z,) # 0 and a,, := ! n(f“’). We see that
if D sufficiently small, both

(z—2zs)", (1 4 I (z—2zo) + )

an

has no additional zeros in a sufficiently small disc centered at z; but this contradicts
the fact that z,, — z, i.e. there should be infinitely many zeros when n — co. This is a
contradiction, and hence there is no minimal N for which £ (z_,) doesn’t vanish.
Hence, it must be that f identically zero on this small disc. |

2.2 Rigidity of Holomorphic Functions
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= Proposition 2.2: If f holomorphic and f (z) = 0 on a small disc D C Q) thenf = 0 on Q).

Proor. Let
U=int({ze€ Q:f(z) =0}).
This set is open and nonempty (D C U). It is also closed; to see this, let {z,,} C U with

limit z. Then by the previous theorem, f (z) = 0 and moreover this is true in a
neighborhood of z, and thus z € U so U closed. But () connected, so () = U. [ ]

This basically says that local behavior of holomorphic functions gives us information about the
global behaviour.

= Corollary 2.5 (Principle of Analytic Continuation): If f, ¢ are holomorphic on (Q and f (z) =
g(z) for either
(a) z in a nonempty open subset of (), or
(b) a sequence {z,} and its limit point Then f = g on Q).
Proor. Consider f — g and apply the previous. [ |
2.2.1 Special Cases

1. Letf(z) = e and let g(z) be any other holomorphic extension of e*. Then, f = g on R, and
thus agree everywhere; this is the unique extension of the exponential, i.e. e*™/ = ¢*(cosy +
isiny).

2. Consider the Riemann zeta function,

(=Y

n>1

converges for k = 2,3, .... If we allow k = u + iv € C, we can write

1 1 1 ,

J—exp og| - (u +iv)
1 1 1 1
|%|—exp og - u =

) s 1 > 1
friol < ket = 5 L
n=1 n=1

which converges when u > 1. Thus, { (s) for s € C converges (absolutely) whenever Re(s) >

thus

so that

1. Riemann showed that { (s) admits a holomorphic extension to C — {1}.

§2.3 Singularities of f (z)

< Definition 2.1: If f (z) is holomorphic on D, (zy) — {zg} for some r > 0, then z; is called a
singularity of f (z).

2.3 Singularities of f (z)



< Definition 2.2:
1. zg is called a removable singularity if f (z) extends to a holomorphic function on D, (z,)

2. If j% has a removable singularity at z, then z is called a pole of f (z)

3. Otherwise, z is called an essential singularity of f.

® Example 2.1:

1. f(z) = smzﬁ has a removable singularity at 0 (taking f (0) = 1 extends f to a holomorphic
function everywhere).

2. f(z) = % has a pole at 0.

3. f(z) = ¢ at 0 has an essential singularity.

= Proposition 2.3 (Local expansions at zj): If f is a nonzero holomorphic function near z,

with f (zg) = 0, then there exists a unique m > 0 such that
f@) = (z-29)"8(2),
where g(z) # 0.
We call m the order of vanishing of f at z.

< Proposition 2.4: If f(z) has a pole at z = z, then there exists a unique integer m < 0 such
that

f@ = (z-20)"8()
where g(z) holomorphic near z; and non-vanishing at z,.

Proor. We know ]% holomorphic near z; so by the previous J% = (z—z9)"'g(z) so

f(z)=(z— ZO)_mg_l(z). Since g(z) holomorphic near z, so is g(z)_l. [ ]

< Definition 2.3: A function f which is holomorphic on Q) — {zy, ..., z;} and has poles at

zq, ..., 2x is called meromorphic on Q).

< Definition 2.4: For f (z) meromorphic, put ord, (f) = unique m € Z such thatf(z) =
(z —z9)"h(z).

Remark 2.3: ord, (f) = 0= f(zg) # 0, ord, (f) > 0= f(z9) =0, 0ord, (f) <0 = f hasapole
at Z0-

= Corollary 2.6: If f has a pole of order m then f admits a Laurent series expansion

a_ a_ 1 a_q
(z) = T+ e +ag+aqy(z—zg) + -
j (z —2p)" (z—zo)m_1 Z

Proor. For m > 1, write

f(z) = (z—29) "h(2),

2.3 Singularities of f (z) 13



where we can expand
h(z) =a_,, +a_,.1(z—2z9) + -

since 1 holomorphic. [

< Definition 2.5: The quantity

e 7> W
(z—20)"  (z—z9)"" Z—2g

is called the principal part of f (z) at z = z;, and is denoted PP(f). Thus, we may write f (z) =
P(f) + g(z) where g is holomorphic at z,.

Thus, if f is meromorphic at z,, we have two representations of f:

1. f(z) = (z —¢)"h(z) where h is holomorphic with h(zy) # 0 and m = ord, f <0

2. f(z) = PP(f) + g(z) where PP(z) is a polynomial in (z — zo)_1 with finite degree —ordZOf and
g(z) is holomorphic.

< Definition 2.6: If PP(f) = —=m_ 4 _Zom+l _ 4 .. 4 2L then we call a_; the residue of f.

(Z—Zo)m (Z—Zo)m_l z—zg’
Recall that

dz _ fo n#l
czt |2 n=1

where C any circle about the origin.

—Theorem 2.7 (Residue Formula): Suppose f (z) is meromorphic at z,, and let C be a

sufficiently small circle around z; contained inside the region of holomorphicity of f (z). Then,
1
res, f(2) = 5— fc f(z) dz.

Proor. Clear consequence of the second representation of f from above and the

previous remarks. n

= Corollary 2.7: Suppose f is holomorphic in an open set containing some toy contour y and

its interior, except at points z4, ..., zy, then

f f(z)dz = 2mi i reszkf.
v k=1

= Corollary 2.8: If zj a singularity of f of order n, then

n—1
res, f = lim ! ( d )(z —20)"'f (2).

z>%0 (n— DI\ dzr-1

—Theorem 2.8: If f holomorphic and bounded on Q) — {z}, then z; is a removable

singularity.

2.3 Singularities of f (z) 14



= Corollary 2.9: If z; an isolated singularity of f, then z, a pole iff |f (z)| - o as z — z,.

Thus, if z an isolated singularity, we have the following three situations:
1. zy removable if f bounded near z,

2. zgapoleif [f| > o asz — z,

3. neither of the above hold, and thus z, essential.

—Theorem 2.9 (Casorati-Weierstrass): Let f holomorphic on D, (zg) — {zg} where z5 an
essential singularity of f. Then, the image of D, (zg) — {z9} under f is dense in C.

Proor. Suppose not. Then there exists aw € C and é > 0 such that |[f (z) — w| > J for
allz € D,(zy) — {zo}. Letting g(z) := f(z);—w’ we see then that ¢ is holomorphic on the
punctured disk and bounded by % and thus g has a removable singularity at z.

If g(zg) nonzero, then this implies f — w holomorphic at zy which is a contradiction.

If g(zg) zero, then f (z) — w has a pole at z; also a contradiction. [

< Definition 2.7: A function f on Q) is called meromorphic if there exists points zy, z1, ... with
no limit point in ), and such that f holomorphic on Q) — {z, ...} and {z, ...} are poles of f.

< Definition 2.8: We say f has a pole at infinity if f (%) has a pole at the origin; similar
definitions follow for removable/essential singularities at infinity.

We say f meromorphic in the extended complex plane if it is meromorphic in C and has

either a pole or is holomorphic at infinity.

—Theorem 2.10: If f meromorphic in the extended complex plane, then f is a rational

function.

< Definition 2.9: For a holomorphic function f, we define the logorithmic derivative of f by
f/

D logf = JT/

which is holomorphic except possible where f vanishes; hence it is meromorphic wherever f

holomorphic.

< Proposition 2.5:

* Dlog(fg> = Dlog(f) + Dlog(g)

* reSzoDlog(f) = Ordzo (f) )

e If C a contour such that f never vanishes on C, then % [ C% dz = ZZO & Int(c) OTdz, (f)
(argument principle)

—Theorem 2.11 (Rouche): Suppose f, g are holomorphic on ), and |f (z)| > |g(z)|forallz € C

and both f, ¢ never vanish on C, then f (z) and f (z) + g(z) have the same number of zeros in
int(C).

2.3 Singularities of f (z)
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Proor. Consider f;(z) := f(z) + tg(z) for t € [0, 1]; this is holomorphic. Remark that f;
has no zeros on C, since [f;(z)| > ||f (z)| — t|g(2)]| > 0 by assumption. Define

fft (z)
27ti cft(z)

N(t) = #{zeros of f;(z) in C, with multiplicity} =

using the argument principle. Since N () : [0,1] — N clearly continuous in ¢ from
this representation, it thus must be constant i.e. number of zeros of f + ¢ = N(1) =

N (0) = number of zeros of f, as claimed. [ |

< Corollary 2.10: Suppose f (z) never vanishes on a contour C and let A € C such that |A| <
sup,eclf (z)|. Then,

# of zeros of f (z) in int(C) = # of zeros of f (z) — A in int(C)

=Theorem 2.12 (Open Mapping Theorem): If f : (3 — C is holomorphic and nonconstant,
and U open in ), then f (U) is also open.

Proor. Fix wy = f(zq) for zg € Q). There is a circle C centered at z such that f (z) —
wo # 0on C. Let 0 < € < inf,c|f (z) — wy|- Consider D, (w); we need to show that it is
contained in the image of f. Let w € D, (w), then |[w — wy| < €. Then

f@) —w=(f(z) —wy) + (wg —w),

so by the previous result, the number of zeros of f (z) — wy in int(C) is the same as the
number of zeros as f (z) — w in int(C). f (z) — wy has at least one zero here, since

f(z9) = wp, and thus f (z) — wq has at least one zero in int(C) i.e. w € image(f). This
concludes the proof. ]

—Theorem 2.13 (Maximum Modulus Principle): If f is a nonconstant holomorphic function

on (), then f cannot attain a maximum inside Q).

Proor. Suppose otherwise, that f attains a max at z; € (). Take a small disc D
centered at z(, then since f open, f (D) is open and so there exists some neighborhood
of f (zg) in the image of f. This implies there exists some z € D such that |f (z)| >

f (zg)|, which is a contradiction. [ |

= Corollary 2.11: If f holomorphic and nonconstant on () bounded, then |f (z)| obtains its
maximum on 9Q).

§2.4 Primitives and the Logarithm

We aim to extend the definition of the logarithm to complex numbers. We know log(x) =

f 1x % for x € R, so heuristically, we’d like

dz
log(z) = L —

2.4 Primitives and the Logarithm 16



where 7y any “nice” path joining 1 to z. However, there are a lot of choices of such paths - is this
well-defined, i.e. independent of choice of path? Suppose we have two paths 7, y, from 1 to z,
with the region bounded by the difference of these curves containing zero, then

f-—— = =2mi,
7 Z T2 Z

assuming things are correctly oriented. Thus in general, this doesn’t make sense... so for
“general” 7, f“r % are only well-defined up to integer multiplies of 277i; we say that the complex

logarithm is multi-valued.

< Definition 2.10: Let &, 8 be two points in a region (). Let *, 71 be two paths joining « to .
We say 7, 71 are homotopic if there exists a family of paths 7, for t € [0, 1] satisfying:

L Y%=0=% YT=1="
2. 7(0) =a, 7, (1) = Bforall t
3. (t,8) = Y(s) is jointly continuous in (t,s).

< Proposition 2.6: Being homotopic is an equivalence relation on the set of paths between «
and

Remark 2.4: This is a domain-dependent notion.

—Theorem 2.14: If 7, and y; are homotopic in a region () and f is holomorphic in (), then

Lof(z) dz = Llf(z) dz.

< Definition 2.11: We say an open region (2 is simply connected if any two paths with the same
endpoints are homotopic.

=Theorem 2.15: If f holomorphic on () and () is simply connected, then there exists a
holomorphic function F on ) such that %F (z) =f(2).
Proor. Fixzy € (Y and let F(z) = fyf(z) dz for any 7 from z; to z. [ ]

Now, we know f (z) = % holomorphic on C — {0} but this domain is not simply connected so we
can’t expect f to have a primitive (indeed, as we saw above, this isn't the case). However, we can
try to take a subset which is simply connected; for instance

C-R0cC—-{0

is simply connected, and thus there must exist a primitive on this (sub)domain.

< Corollary 2.12: There is a unique, holomorphic function on C — R=? satisfying
d 1

1. £F@@) =3,

2. F(1) =0.

We call this primitive of % the logarithm and is denote log.

2.4 Primitives and the Logarithm 17



Remark 2.5: “When we write log, we always mean the natural log; log base 10 is only for

business school.” - Darmon

<Theorem 2.16: ¢°8) =z

Proor. Compute %ze_ 108(z) — 0 and plug in z = 0 in the original (now constant)

expression to conclude. [

Note log(re’®) = logr + i0 where —7t < § < 7w on Q.

—Theorem 2.17: Let () a simply connected domain containing 1 and not containing 0. Then
there exists a branch of the logarithm F(z) such that

1. F holomorphic on ()

2. ef® =z forallz € Q

3. F(r) = logr where r is a real number near 1.

Proor. The candidate function to take is F(z) = f7 f(w) dw where f (w) = % and vy any

curve connecting 1 to z. |

—Theorem 2.18: If f a nowhere vanishing holomorphic function on a simply connected
domain (), then there exists a holomorphic function ¢ on Q such that f(z) = e8®.

Proor. Fix zg € (). The candidate function to take is g(z) = f7 % dw + ¢y where 7y

connects z to zy and ¢ is such that e = f(z). [ |

§2.5 Mean Value Property

—Theorem 2.19: Suppose f (z) holomorphic in () and Dg(z,) C Q). Then

f(z0) = % foznf(zo + Re'?) do.

Proor. Apply Cauchy integral formula. |

< Corollary 2.13: Write f = u + iv. Then

1 (2 .
u(zo) = 5~ -[0 nu(zo +rel?) do

where f is holomorphic in Dg(z) for 0 < r < R.

§3 ENTIRE FUuNcCTIONS

The goal of this function is study entire functions, and in particular, to study if, given a

prescribed set of zeros, we can define an entire function.

§3.1 Jensen’s Formula

3.1 Jensen’s Formula
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<Theorem 3.1: Let Q) an open set containing Dy and suppose f is holomorphic in Q with
f(0) # 0, with f vanishing nowhere on Cy. Let z4, ..., z)y be the zeros of f counted with
multiplicity. Then,

N

log(If (0)]) = Z ("") iﬂjoznlogyf(zze“’)me.

Proor. Couple ways to prove this. At some point you'll need to use the equality

27T .
jo log (11 —ac®])d6 =0, iflal < 1.

—Lemma 3.1: Let zq, ..., zy be the zeros of f inside Dy, then

[ nin< = Zlog(|—|)

where n(r) := number of zeros of f inside D,.

Proor. We can decompose
N R R dr
log| |—
;; g<|zk|> Z szl r

(assuming the zeros are ordered in norm), and so if 7, (r) = 1 if r > |z;| and O else, then

Z;il N (r) = n(r), then we can write

kiflzz ﬂ_Zf e _j (an)) f i

Zkl r

§3.2 Order of Growth

< Definition 3.1: Let f an entire function. We say f has order of growth < p if there exist
constants A, B > 0 such that

If(z)| < AP vz e C.
The order of growth of f is the infimum over all such p.
—Theorem 3.2: Let f be entire with order of growth < p. Then

1. n(r) < Crf for some C and all r sufficiently large;
2. If z4,2,, ... are the zeros of f with z; non-zero for all k, then for every s > p,

= 1
D, s

k=1 |z |

Proor. One does some bounds using the previous lemma. [

3.2 Order of Growth
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§3.3 Infinite Products

< Definition 3.2: Given a sequence {a,,} of complex numbers, we say that the product

n 1+ay,)
n=1
converges if limy;_, ., ]—[nN=1 (1 +a,,) exists.

< Proposition 3.1: If ) |a,| < oo, then [ ], (1 +a,) converges, and in particular converges to

zero iff one of its factors is zero.

Proor. For all n sufficiently large, |a,,| < % and thus wlog this holds for all n. So,

log(1 + a,,) exists via the usual power series. Thus
N N N
[0 o) = Favatsm — (Zvattsn
n=1 n=1
We see that
log (1 +a,,)| < 2la,|
so since ) |a,| converges, so does |ij=1 log(1 + an)| to some B, which implies the

partial product converges to e”. n

—Proposition 3.2: Let {F, } a sequence of holomorphic functions on () such that there exists

constants c,, > 0 such that
Fu(z) =1 <c,VzEQ, ) ¢, < .
Then:

1. F(z) = H:’:l F, (z) exists as a holomorphic function in (2
2. If F,, does not vanish for any 7, then

F(z)

F(z) & Fr@
i;am'

<Proposition 3.3:

sin(mz) =2 z2
=)

§3.4 Weierstrass’s Theorem

—Theorem 3.3 (Weierstrass): Given a sequence {a,,} of complex numbers with |a,| - oo as
n — oo, then there exists a function f that vanishes only at z = a,,. Moreover, any other such
entire function is of the form f(z)e8® for some g entire.

3.4 Weierstrass’s Theorem
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For the second part, remark that if f;, f, are as in the theorem, ’chenji—1 has removable
2

singularities at all the {4,,}’s and has no roots; so 0 i entire, so there exists a “logarithm” g of 7

fa
such thatjfi = 3. This proves the second claim.
2

To construct such a function, we need some lemmas.
< Definition 3.3 (Canonical Factors): Define
Eo(z) =1—2z, Ei(z) =(1- z)ez+zz/2+"'+zk/k, k>1.

We say E; the k-th degree canonical factor.

—Lemma 3.2: If |z| < % then |1 — E;(2)| < clzf*+1 for some ¢ > 0; we can take c to be

independent of z and k.

Suppose we have a zero of order m at the origin, and a4, a,, ... enumerate non-zero zeros with

multiplicity. Define the Weierstrass Product by
fz)=2" ]| E.(z/a,).
n=1

We claim f satisfies the conditions in the theorem.
§3.5 Hadamard’s Theorem

Hadamard’s theorem specializes Weierstrass’s theorem for a function of a known growth

order.

—Theorem 3.4 (Hadamard): Suppose f is entire and has order of growth p,. Let k be an
integer such that k < py < k + 1. If a1, a,, ... are the non-zero zeros of f and f has a zero of

order m at the origin, then
f@ =@z [ ] Ex(z/a)
n=1
where P is a polynomial of degree at most k.

§4 Gamma AND ZetA FuncTiONs

§4.1 The Gamma Function

< Definition 4.1: For s € R, define

['(s) := fooo e~trs—1dt.

—Proposition 4.1: I extends to an analytic function in the half-plane Re(s) > 0, in which it is

still given by the integral formula above.

—Proposition 4.2: If Re(s) > 0, thenI'(s + 1) = sI'(s).

4.1 The Gamma Function

A
2
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Proor. Not fgl/e e~ft*~1ds — T'(s) as ¢ — 0. Integrate by parts in these finite integrals
and proceed by induction. n

—Theorem 4.1: T has an analytic continuation to a meromorphic function on C, with its only
singularities being simple poles at the negative integers s = 0, —1, -2, .... The residue at a

given pole s = —n is (—1)"/n!.

Proor. We can extend I' on each half-plane Re(s) > —m for m a positive integer. We do
so inductively. Define

Since s — I'(s + 1) holomorphic on Re(s) > —1, F; is meromorphic here. It has a
simple pole at s = 0 with residue one, since I'(s) = 1. Moreover, by the previous
lemma, F; (s) = I'(s) whenever Re(s) > 0. Thus F; is a meromorphic extension of I' to
Re(s) > —1. Similarly, we can define

I'(s+m)

Fin($) = (s+m—=1)(s+m—2)-s

which is meromorphic in Re(s) > —m and has simple polesats =0,-1,-2,...,—m +1
with residues

I'im—n) _ (m—n-—1)! (=D

reSs=nbn®) = G T D e 1= D (D (—m

This process extends I' to a meromorphic function everywhere. By uniqueness of

analytic continuations, F,, = F; foreach 1 <k < m. [ |

Remark 4.1: The identity I'(s + 1) = sI'(s) remains true on all of C, for s not a pole, i.e. s #

0,—-1,-2, ..., by construction.

Alternatively, note that if Re(s) > 0,

1 oo
I'(s) = fo et dr + L et dr

_ ( 1)11 ® —tys—1
Zn'(n+s)+j1 e~ts=1dt,

by expanding the exponential in a power series and integrating each component. This formula
extends to a meromorphic function on C with the desired formulae.

—Theorem 4.2: Foralls € C,T'(s)['(1 —s) = In particular, F( ) = JTt.

sm(ns)

Proor. It suffices to prove for 0 < s < 1, for then the result holds on all of C by

analytic continuation. So we can use the integral formula,

4.1 The Gamma Function



I'l—-s)I'(s) = jooo e fps—1 (t fooo e Yt(vt)~S dv) dt
= foo Jm e~ t1+0) =5 4o ds
0o Jo

0o 7—S
- fo 1v+ v do

7T 7T

- sin(7r(1 —s)) ~ sin s’

where the final integral can be computed by changing variables v = ¢* and using

contour integration.

—Theorem 4.3:
1. 1/I'(s) is an entire function with simple zeros at s = 0, —1, -2, ... and no other zeroes
2. [1/T(s)| < cpec2illosts!

Proor. Since % =TI(1- S)Sinfs), the simple poles of I'(1 —s) ats = 1,2, ... are
cancelled by the simple zeros of sin(7ts), so the only zeros are at the nonpositive

integers.

The bound is a little annoying to prove.

—Theorem 4.4: Foralls € C,

1 -~ S
— — ¢85 (1 + —)e_s/”,
I'(s) 71:[1 n

where 7y the Euler-Mascheroni constant

N

. 1
’y:l\l]l_r)r;o;a—logN.

Proor. Follows from Hadamard’s theorem, which implies, since 1/I'(s) entire with

simple roots at the nonpositive integers, that

1 = s
L P (1 + _>e—s/n/ +
I'(s) ,ljl n (1)

where, by the previous theorem, 1/I'(s) of growth order 1, so we can take P(z) = Az +

B a polynomial of degree 1. Since

limsI'(s) =1,
s—0

so if we divide both sides of (1) by s and let s — 0, we find that the RHS converges to

eB

the end anyways). Finally, since I'(1) = 1, we find that evaluating both sides ats =1,

we get

4.1 The Gamma Function

,s0 we need B = 0 (or any integer multiple of 277, but this yields the same answer in
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implying A = 7 plus some integer multiple of 277i. But if we take s to be real in the

original 1, since I'(s) real, it must be that A = 7. [ ]

§4.2 The Zeta Function

< Definition 4.2: The Riemann zeta function is the series defined by, for real s > 1,
= 1
{(s) = Z n_

Similar to the gamma function, we will explore the analytic continuation of { to C and its
properties.

—Proposition 4.3: The series above converges for s € C with Re(s) > 1, and moreover, the
function ¢ is holomorphic on the half-plane Re(s) > 1.

Proor. Writes = o + it for o,t € R and so

s = |e—slog(n)|e—(710g(n) ——

Thus, for 6 > 0 and sufficiently small so that ¢ > 1 + 6 > 1, then
N1

N1
Z_S —Zn1+6’

which converges as N — co. Since this bound is uniform in s with real part greater
than 1 + §, this means the resulting series { (s) uniformly converges on Re(s) > 1 + 4,
and thus to a holomorphic function, for every § > 0. Since § > 0 arbitrary, this means
 (s) defines a holomorphic function on all of Re(s) > 1. [ ]

—Proposition 4.4: Fors > 1,

I(s) = ]‘[1 =

where the product is over all primes.

This is also true for s € C with Re(s) > 1.

4.2 The Zeta Function
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Proor. Fix s > 1. We will show that each side majorizes the other.

Let M > N positive integers. Given an integer n < N, we can write n uniquely as a
product of primes; each prime in this product must be less than or equal to N, and

each must distinct prime in the product must occur less than M times. So:

N .

1 1 1 geometric 1 1
< —_ < <
Yws(vgrm) s ==l

p<N p<N

which yields the first side of the inequality by letting N — oco. Conversely, we see see
that

1 1 1 = 1
ﬂ(1+r¥+3+---+ MS)SZ$,

p<N p p
since the left-hand side can be expanded to be a sum of distinct reciprocals of integers
raised to the sth power. Letting M then N go to infinity gives the result. [ |

4.2.1 An Aside on the Fourier Transform

We will need some results from Fourier analysis for our further work. See for

more details in a more rigorous setting.

— Definition 4.3: The Schwarz class of functions is
S :={f: C - C|f smooth,f of rapid decay},

where “rapid decay” means f and all of its derivatives decay faster than any polynomial at
infinity.

The Fourier transform of a function f € & is defined by

f:C-C,fz):= fj:o e~ 27HEXf (&) dx.

—Theorem 4.5 (Poisson Summation Formula): For a Schwarz function f,

i fn) = i fam).

n=-—oo n=—oo

Proor. Let F(x) := Y. " f(x+n). Thisis an absolutely convergent series, and F is 1-

n=—oo

periodic and smooth on x € [0, 1]. We can thus write F(x) in terms of its Fourier series,

F(x) = Z a,e?™*, g, € C,

n=—oo

where

4.2.1 An Aside on the Fourier Transform
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(e}

1 , 1 .
a, = fo e~ 27UNXE (x) dx = fo Z f(x + m)e=27nx dx

mM=—0o0

1 .
— f Z f(x + m)e—27rzn(x+m) dx
0 meZ

1 .
— Z J‘ f(x+m)e—27rzn(x+m) dx
mez 0

=3 |

meZ

= fj;f(x)e‘zmnx dx = f(n).

m+1 .
f(x)e—Zmnx dx

Thus

Zf(x +n)=Fx) = Zf(n)eZT[inx.

nez nez

Setting x = 0 gives the result.

—Proposition 4.5: Let f(x) = e~ be a scaled Gaussian. Then £ (&) = f(&).

Proor. This follows by contour integration over some rectangle with width 2R and
with one base along the real axis, and with small e-side lengths.

§4.3 The Theta Function and Zeta Function

We’ll need the following function in our further analysis.

< Definition 4.4: The theta function is the function, defined for ¢ > 0, by

[ee)

8(t) = Y e

n=—oo

= Proposition 4.6 (Properties of 9):
o ¥(t) =t7120(1/t)

s ()< Ct V2, t-0

o [9(t)—1|<Ce ™t >1

C is some positive constant.

Proor. For the first property, one remarks that if f; (x) := e=™t then fi(&) =
p12p= 5 (by using some rescaling properties of the Fourier transform and the

previous proposition on the stability of the Gaussian under Fourier transform). By
using Poisson summation,

i fr(n) = i fr(m),

n=—oo NnN=—oo

o0

= Y et =2 N et n,

Nn=—oo n=—oo

4.3 The Theta Function and Zeta Function



The left-hand side is ¢#(t) and the right-hand side is 1/ ﬁl?(l /t) as claimed.

The second property follows from the first. Since as s — oo, its clear that ¢(s) is
uniformly bounded in s by some constant C, so as t — 0 (and thus % — o0), 0(t) =
t=1291/t) < Ct=1/2,

The third follows from the bounds:

8 =1+ Z e— Tt
nez,n+0

=1+2) e

n>1

<1+2 Z e~ < 1 4 Ce 7,

n>1

for all t > 1 (using a geometric series). n

< Definition 4.5: Letf : R,y — C. The Mellin transform of f is, if it exists, the complex-valued

function of a complex variable

M(f)(s) := J;)oo x571f (x) dx.

® Example 4.1:T restricted to R is the Mellin transform of the function f (x) = e™*; indeed
this is how we defined it above.

—Theorem 4.6: Let f (1) = ¢(u) — 1. Then
M(f)(s) =2mT(s){(2s), VswithRe(s)>1

More concretely, if we let s ~ 3, then this identity says
1 poo
2 (s/2)(5) = 5 jo w219 w) — 1] du.

Sometimes the function A(s) := 77%/2T'(s/2){ (s) is called the “completed zeta function” for

reasons we’ll see shortly.

Proor. As in the previous theorem, remark that by symmetry,

d(u) —1 = e_nnzul
=1

—2 =
n

thus

M(f)(s) = i fooo e~ uys=1qy,
n=1

::I(n,s)

where the interchange of summation and integral follow from the estimates on the
growth of ¥, which ensure sufficient integrability. More rigorously, fix N > 1. Then, for
allu >0,
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1
< E|1/[Re(s)—1||19(1/[) _ 1| < CuRe(s)—le—nu’

N
us—1 Z e—rmzu
n=1

which, since Re(s) > 1, gives an absolutely convergent function. Thus each partial sum

is bounded by some L! function and we may thus apply the dominated convergence
theorem.

We can thus consider each integral I(n, s). By changing variables u = t/(7tn?), we

find
I(n,s) = (nnz)_s<fooo e tps—1 dt) = (nnz)_sl"(s),
and thus
M(f)(s) =T (s)m™® i (n2)™ =T (s)T5Z (2s),
as claimed. ]

This motivates the following:

< Definition 4.6: Define the xi function of a complex variable s with Re(s) > 1b
P y
g(S) = 7T_S/2F<%>C(S).

We view this primarily as a modification of the zeta function. We study its properties here.

—Theorem 4.7: ¢ is holomorphic on Re(s) > 1 and has an analytic continuation to all of C to
a meromorphic function with simple poles at s = 0,s = 1. Moreover,

¢(s)=¢(1—-s), VseC.

Proor.

With this, we can accomplish a (meromorphic) continuation of the zeta function.

—Theorem 4.8: The zeta function ¢ has a meromorphic continuation to the entire complex

plane. It’s only singularity is a simple pole ats = 1.

Proor. We can extend

G
C(s) =T oy
where as per the previous theorem, this agrees with ¢ on its usual region of definition
Re(s) > 1. ﬁ is entire with simple zeros at 0, -2, —4, ..., and ¢ (s)’s simple pole at

the origin cancels out. Thus the only singularity is due to the pole of {(s) ats =1,

which is simple. [ |
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Here, we show that our work in the previous chapter was not just an exercise in integration.

< Definition 4.7 (Prime Counting Function): Let
mt(x) := #{p : p prime and p < x}
be the prime counting function for x € R . Equivalently,

T(x) = Z Lorime (1)

n<x

—Theorem 4.9 (Prime Number Theorem): We have the asymptotic relation

T(x) ~

log(x)’
in the sense that

. 7T (x)
m ——————- =
x> x/log(x)

— Definition 4.8 (Von Mangoldt Function): Define

i) o= 0 n not a power of a prime
= log(p) if n = p™ for some integer m’
and
P:Ryy—>R, ¢ =) An),
n<x
and finally

o = [

We introduce this function as it has the following connection to the zeta function, as well as its

asymptotic behaviour connecting to the prime number theorem.

< Proposition 4.7:

RONE X0

{(s) &= n

Proor. Since (s) = Hp <1 - l)_l,
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log
1—ps

P
Zlog(p)p [1+pS+p 2 +p3 + ]
P

A(n)
nS

/4

=
\%
—_

where the final equality is proven akin to the product formula for the zeta function. =

< Proposition 4.8: If ¥(x) ~ x, then r(x) ~ x/log(x).

Proor. We can write

p = Y log(p)- {log(x)|

p: prime <x IOg(P)

< ) log = log(x) 7t (x),
p<x

which implies

7T(X) l/J(x)
x/ log(x) X

On the other hand,

Plx) 2 Z log(p)

> log(x*)[7t(x) — 7t (x™)]
> a - log(x)[7T(x) — x*],
for any a < 1. This implies
P(x) + alog(x) - x* > alog(x)m(x)

_ P(x) + alog(x)x* > 7T(x)
ax x/ log(x)

and thus in all, we have

l/f(x)< 7T (x) <¢(x)

a—1
x ~ x/log(x) T ax +log(x)x

Letting x — oo, the left-hand side goes to 1 by assumption, and the right-hand side

goes to % Since & < 1 was arbitrary, we let « — 1 and we obtain the result.

4.4 The Prime Number Theorem

30



—Theorem 4.10: The following are equivalent:
1. w(x) ~ x/log(x)

2. P(x) ~x

3. Py (x) ~ x?/2.

Proor. We’ve proven 2. implies 1. in the previous proposition; 3. implies 2. is a similar
argument that we omit. Thus, if we can prove 3. holds, then by this series of
implications the prime number theorem will hold. It turns out this slightly more

convoluted function will be the easiest to approach analytically. n

Remark 4.2: We may write

X
() = | pB)ydt= ) Alm)(x—n),
hyod=2,
since 1 is piecewise constant (between each positive integer); the right-hand side essentially
computes the area of each “horizontal rectangle” with height A(n) and base x — n that form
the area below the curve (x).

—~Theorem 4.11: Forallc € R, ¢ > 1, we have

C+ioo s+1 7
l'bl(x):LJ*-i- X g(S)

27Ti Je—ioo S(s+ 1) £(S)

ds,

where the integral should be interpreted as the contour integral over the vertical line in the
complex plane passing through c (or more rigorously, the limit as M — co of the integral over
the line segment between ¢ — Mi, c + Mi).

The notable part of this theorem is that the left-hand side doesn’t depend on ¢, so the integral on
the right-hand side has the same value for any ¢ > 1.

For the proof, we will need the following lemma, which we will assume first and prove after:

—Lemma4.1: Forallc >1in R anda € R,

1 pctico g8 d 0 a<l1
Z_m'L—z'oo se+D) 1—(%) az1

Proor (Of the Theorem). Fix a c > 1 and recall that —% =y % for Re(s) > 1.

Since ¢ > 1, this implies, if I the integral in the theorem, we find

1 povico xFL & A(n)
T 2mi fc—ioo s(s+1) &= n

1 & petico xSt An)
-7 5./ a),

=\ Je—ico s(s+1) n®

I ds

where we should justify our interchange of summation and integral (but won't,

sorry!). Simplifying slightly, we find
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1 O Cc+ico (x/n)s
[ = — A .
2711 T;x ) (-[C—ioo s(s+1) ds)
By the previous lemma, we see that if n > x, the integral in the summation vanishes,
so we only pick up finitely many terms, and thus

=y xA(n)(l - ;)

n<x

— Z An)(x —n) = ¢ (%),

n<x

as in the remark. This completes the proof modulo the lemma we took for granted

which we prove now. |

Proor (Of the Lemma). We can write

1 c+ico a’s c+iR a’°

i ds =: lim Iy.
c—ico S(s+ 1) Rl—>oo c—iR s(s+1) s Rl—r>r010 R

First assume a < 1. Consider the contour consisting of the line-segment from c — iR to
¢ + iR then along the R-radius semicircle (the right-hand side of the full circle...) .

aS
s(s+1)

By the residue theorem, since the poles of f (s) := are outside of the interior of

Define Jr as the right-hand integral. We claim then |Jz| — 0 as R — co. We have the
bound

|a®]
< -
Rl = LR Is(s + 1)|
Re(s)
= f T ds
e I5(s + 1)

[

1
<a ——ds
B LR s(s + 1)
C
< o7
~ R
for some constant C and R sufficiently large. This concludes the first result.

Now assume a > 1. The same proof no longer works since we crucially used the fact
that |a°| was decreasing with s when a < 1. Instead, use the left-hand half ¢y of the
semicircle with vertical diameter ¢ + iR, c — iR. In this case, the poles of the function f
at 0, —1 are indeed within the contour, and thus we find by letting R — oo, the residue
theorem tells us

I = resqf (s) + res_1f (s),
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for (by similar logic to the previous case), the integral over the semicircle goes to zero.
We compute resqf (s) = 1 and res_;f (s) = —% by direct computation. This implies I =
1- % and the proof is complete. |

—Proposition 4.9: {(s) has no zeros in Re(s) > 1. As a result, neither does A(s) =
=%/2T (s/2){ (s), the “modification” of the zeta function.

Proor. We can write

1 _1

to=[] (1 - E)
p prime

on this region. This is never zero since each term in the product is never zero for any s

with Re(s) > 1. The “as a result” claim follows from the fact that I" has no zeros on this

region either. [

—Proposition 4.10: A(s) has no zeros in Re(s) < 0 and thus {(s) = 0iffs =0, -2, —4, ....
These are called the trivial zeros of (.

Proor. The first claim follows from the functional equation A(s) = A(1 —s). The
second follows from the location of the pole of I'(s/2). [ ]

Thus the only possible nontrivial zeros of { that we need to consider are those (potentially
lying) in the so-called critical strip {0 < Re(s) < 1}. Remark that by the symmetry of { about %,

for any zero, there must exist another at the reflection over the line s = %

= Proposition 4.11 (Riemann Hypothesis): All of the nontrivial zeros of { (s) are at Re(s) = %

Remark 4.3: Ran out of time in the semester to prove this one...

Supposing the Riemann hypothesis, then for any % < 6 < 1, we can push the integral
representation of ¥;; since { would hae no zeros on this strip, we only deal with the simple pole

ats = 1 and hence we find

B 1 (é+ico  yxSt1 —={'(s)
Py (x) =resg_q(...) + % fé)‘—z’oo s(s+1) ((s)

xZ 1 J~5+ioo x5+1 _g’ (s)

:7_{_% s—ico S(s+ 1) ((s)
We see that
L'J<5+ioo st _77(s) o < LI(SHOO Re(s)+1 1 7' (s) ds
27i Js—ioo S(s+ 1) ((s) 27T J5—ioo Is(s + 1)I| £ (s)

¢'(s)
¢(s)

7

x0+1 Jv5+ioo 1
S—ico |S(S 4+ 1)|

27T

in particular, this integral is now independent of x.
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