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§1 Introduction

§1.1 Some Linear Algebra

1.1.1 Inverting Block Matrices

Let

𝑀 ≔ (𝐴
𝐶

𝐵
𝐷) ∈ ℝ(𝑝+𝑞)×(𝑝+𝑞),

i.e. 𝐴 ∈ ℝ𝑝×𝑝, 𝐵 ∈ ℝ𝑝×𝑞, 𝐶 ∈ ℝ𝑞×𝑝 and 𝐷 ∈ ℝ𝑞×𝑞 (where we use the convention that if 𝐴 ∈
ℝ𝑚×𝑛, then 𝐴 has 𝑚 rows and 𝑛 columns, so in particular maps ℝ𝑛 → ℝ𝑚). If 𝐴 is invertible, let

𝑀 \ 𝐴 ≔ 𝐷 − 𝐶𝐴−1𝐵 ≕ Schur Complement (of 𝐴 with respect to 𝑀).

Then,

𝑀−1 = (𝐴−1 + 𝐴−1𝐵(𝑀 \ 𝐴)−1𝐶𝐴−1

−(𝑀 \ 𝐴)−1𝐶𝐴−1
−𝐴−1𝐵(𝑀 \ 𝐴)−1

(𝑀 \ 𝐴)−1 ).

Similarly, if 𝐷 invertible and 𝑀 \ 𝐷 ≔ 𝐴 − 𝐵𝐷−1𝐶, then

𝑀−1 = ( (𝑀 \ 𝐷)−1

−𝐷−1𝐶(𝑀 \ 𝐷)−1
−(𝑀 \ 𝐷)−1𝐵𝐷−1

𝐷−1 + 𝐷−1𝐶(𝑀 \ 𝐷)−1𝐵𝐷−1).

1.1.2 Eigenvalues and Singular Values

Given 𝐴 ∈ ℝ𝑛×𝑛 symmetric, there exists 𝑈 ∈ ℝ𝑛×𝑛 orthogonal (i.e., 𝑈𝑇 = 𝑈−1) such that

𝐴 = 𝑈 diag(𝜆)𝑈𝑇,

where 𝜆 = (𝜆1, …, 𝜆𝑛) for 𝜆𝑖’s the eigenvectors of 𝐴. In particular, if 𝑈(𝑖) enumerate the columns 

of 𝑈, we have

𝐴𝑈(𝑖) = 𝜆𝑖𝑈(𝑖),

i.e. the 𝑈(𝑖)’s are the eigenvectors of 𝐴.

Given 𝑋 ∈ ℝ𝑛×𝑑, 𝑛 ≥ 𝑑, then there exists an orthogonal matrix 𝑉 ∈ ℝ𝑑×𝑑 and 𝑈 ∈ ℝ𝑛×𝑑 with 

orthogonal columns, and a matrix of singular values 𝑠 ∈ ℝ𝑑
+ = {(𝑣1, …, 𝑣𝑑) ∈ ℝ𝑑 | 𝑣𝑖 ≥ 0∀𝑖 =

1, …, 𝑑} such that

𝑋 = 𝑈 Diag(𝑠)𝑉𝑇.

Remark 1.1 :

1. if 𝑢𝑖 ∈ ℝ𝑛, 𝑣𝑗 ∈ ℝ𝑑 are the columns of 𝑈, 𝑉 resp., then 𝑋 = ∑𝑑
𝑖=1 𝑠𝑖𝑢𝑖𝑣𝑇

𝑖
2. if 𝑠𝑖 a singular value of 𝑋, then 𝑠2

𝑖  an eigenvalue of 𝑋𝑋𝑇 and 𝑋𝑇𝑋.

§1.2 Concentration Inequalities

Here we study the question of how the magnitude of the average of 𝑛 independent, mean 0 

random variables behaves compared to their average magnitude, specifically with respect to 𝑛.

We know that the central-limit theorem states that for 𝑧𝑖 iid with variance 𝜎2, √𝑛( 1
𝑛 ∑ 𝑧𝑖 −

𝔼[𝑧]) converges in distribution to a 𝒩︀(0, 𝜎2); this is an asymptotic result, which gives no 
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information about the rate of this converge with respect to 𝑛, which is what we care about in our 

study.

↪︎Proposition 1.1 (Markov's) :  Let 𝑌 be a nonnegative r.v. with finite mean. Then,

ℙ(𝑌 ≥ 𝜀) ≤
1
𝜀 𝔼[𝑌], ∀𝜀 > 0.

↪︎Proposition 1.2 (Chebyshev's) :  Let 𝑋 be a r.v. with finite mean and variance, then

ℙ(|𝑋 − 𝔼[𝑋]| ≥ 𝜀) ≤
Var[𝑋]

𝜀2 , ∀𝜀 > 0.

↪︎Corollary 1.1 :  If 𝑧𝑖, 𝑖 = 1, …, 𝑛 are iid with variance 𝜎2, then

ℙ
(


|
 1
𝑛 ∑

𝑛

𝑖=1
𝑧𝑖 − 𝔼[𝑧]

|
 ≥ 𝜀

)
 ≤

𝜎2

𝑛𝜀2 .

↪︎Proposition 1.3 (Union Bound, Max/Tail Bound):

1. ℙ(⋃𝑓 ∈ℱ︀ 𝐴𝑓 ) ≤ ∑𝑓 ∈ℱ︀ ℙ(𝐴𝑓 )
2. ℙ(sup𝑓 ∈ℱ︀ 𝑍𝑓 ≥ 𝑡) ≤ ∑𝑓 ∈ℱ︀ ℙ(𝑍𝑓 ≥ 𝑡)

↪︎Proposition 1.4 (Jensen's Inequality) :  If 𝐹 : ℝ → ℝ convex and 𝑋 an r.v. with finite mean,

𝐹(𝔼[𝑋]) ≤ 𝔼[𝐹(𝑋)].

1.2.1 Hoeffding Inequality

↪︎Proposition 1.5 (Hoeffding Inequality) :  Let 𝑧1, …, 𝑧𝑛 be independent r.v.s with 𝑧𝑖 ∈ [0, 1] 

a.s.. Then, for any 𝑡 ≥ 0,

ℙ
(
 1

𝑛 ∑
𝑛

𝑖=1
𝑧𝑖 −

1
𝑛 ∑

𝑛

𝑖=1
𝔼[𝑧𝑖] ≥ 𝑡

)
 ≤ exp(−2𝑛𝑡2).

Remark 1.2 : Read this result as a fast (exponential) convergence of the empirical mean to the 

true mean as the sample size 𝑛 grows.

Proof. First we claim that

𝑧 ∈ [0, 1] a.s. ⇒ 𝔼[exp(𝑠(𝑧 − 𝔼[𝑧]))] ≤ exp
(
𝑠2

8 )
. (†)

We’ll assume 𝑧 is centered for the sake of notation. Let 𝜑(𝑠) ≔ log(𝔼[exp(𝑠𝑧)]). 

Remark that
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𝜑(0) = 0

𝜑′(𝑠) =
𝔼[𝑧 exp(𝑠𝑧)]
𝔼[exp(𝑠𝑧)]

𝜑″(𝑠) =
𝔼[𝑧2 exp(𝑠𝑧)]

𝔼[exp(𝑠𝑧)] − (
𝔼[𝑧 exp(𝑠𝑧)]
𝔼[exp(𝑠𝑧)] )

2
.

In particular, if we define a new probability density

̃𝑧 ↦
𝑒𝑠 ̃𝑧

𝔼[𝑒𝑠𝑧]

with respect to that of 𝑧, and let ̃𝑧 be distributed with respect to this distibution, then

Var( ̃𝑧) = 𝜑″(𝑠).

Note that ̃𝑧 ∈ [0, 1] a.s.. In addition, we have that

Var( ̃𝑧) = inf𝑣∈[0,1]𝔼[( ̃𝑧 − 𝑣)2]

≤ 𝔼
[
( ̃𝑧 −

1
2)

2

]
 =

1
4𝔼

[



(

 2 ̃𝑧 − 1⏟

≤1 a.s. )



2

]



≤
1
4,

so that 𝜑″(𝑠) ≤ 1
4  for all 𝑠. Thus, by Taylor expanding 𝜑, we find

𝜑(𝑠) ≤ 𝜑(0) + 𝜑′(0)𝑠 +
𝑠2

2
1
4 =

𝑠2

8 ,

using the bound above and the fact 𝜑′(0) = 0 (checking the above formula). Thus,

𝜑(𝑠) = log(𝔼[exp(𝑠𝑧)]) ≤
𝑠2

8 ,

from which the claim (†) follows by taking exp of both sides.

Next, let 𝑡 ≥ 0 and put 𝑧 = 1
𝑛 ∑ 𝑧𝑖. Then,

ℙ(𝑧 − 𝔼[𝑧] ≥ 𝑡) = ℙ(exp(𝑠(𝑧 − 𝔼[𝑧])) ≥ exp(𝑠𝑡))

(Markov's) ≤ 𝑒−𝑠𝑡𝔼[exp(𝑠(𝑧 − 𝔼[𝑧]))]

(Indep.) = 𝑒−𝑠𝑡 ∏
𝑛

𝑖=1
𝔼[exp(

𝑠
𝑛(𝑧𝑖 − 𝔼[𝑧𝑖]))]

(†) ≤ 𝑒−𝑠𝑡 ∏
𝑛

𝑖=1
exp

(
 𝑠2

8𝑛2 )
 = exp

(
−𝑠𝑡 +

𝑠2

8𝑛)
.

This bound held for all 𝑠, so in particular holds at 𝑠 = argmin{−𝑠𝑡 + 𝑠2

8𝑛} = 4𝑛𝑡. 
Plugging in this value for 𝑠 gives the result. ■
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↪︎Corollary 1.2 (2-sided Hoeffding):  With the same hypotheses as the previous proposition, 

we have

ℙ(|
1
𝑛 ∑ 𝑧𝑖 −

1
𝑛 ∑ 𝔼[𝑧𝑖]| ≥ 𝑡) ≤ 2 exp(−2𝑛𝑡2), ∀𝑡 ≥ 0.

If instead 𝑧𝑖 ∈ [𝑎, 𝑏] a.s., we can replace the rhs with

≤ 2 exp
(
 −2𝑛𝑡2

(𝑎 − 𝑏)2 )
.

Remark 1.3 :

1. How is Hoeffding used? Start with a probability, then derive the necessary 𝑡 (usually, as a 

function of 𝑛) to achieve that bound. e.g., if 𝑧𝑖 ∈ [𝑎, 𝑏]𝑎.𝑠. and for any 𝛿 ∈ (0, 1), then with 

probability 1 − 𝛿,

|
1
𝑛 ∑ 𝑧𝑖 −

1
𝑛 ∑ 𝔼[𝑧𝑖]| <

|𝑎 − 𝑏|
√2𝑛

√log(
2
𝛿 )

2. An extension exists for martingales. If 𝑍𝑖, 𝑖 = 1, …, 𝑛 martingales with respect to a filtration 

{ℱ︀𝑖} and |𝑍𝑖| ≤ 𝑐𝑖 a.s., then

ℙ
(
 1

𝑛 ∑
𝑛

𝑖=1
𝑍𝑖 ≥ 𝑡

)
 ≤ exp

(
−

𝑛2𝑡2

2‖𝑐‖2 )
, 𝑐 ≔ (𝑐1, …, 𝑐𝑛).

↪︎Definition 1.1 (Sub-Gaussian):  We say an r.v. 𝑋 is sub-Gaussian if there exists 𝜏 ∈ ℝ+ such 

that

𝔼[exp(𝑠(𝑋 − 𝔼[𝑋]))] ≤ exp
(
𝜏2

2 𝑠2

)
, ∀𝑠 ∈ ℝ.

We define the sub-Gaussian norm by

‖𝑋‖𝜓2
≔ inf

{

𝑘 ≥ 0 : 𝔼

[
exp

(
𝑋2

𝑘2 )


]
 ≤ 2

}

,

i.e. the “best” sub-Gaussian parameter for 𝑋.

Remark 1.4 :  Interpretation: 𝑋 has tails decaying as fast (or faster) than a Gaussian.

Remark 1.5 :  Different texts may define this differently, i.e. with/without a 2 factor under the 𝜏2. The 

notational advantage of this definition is that a Gaussian random variable with variance 𝜎2 has sub-

Gaussian parameter 𝜎 .

↪︎Proposition 1.6 :  𝑋 is sub-Gaussian iff there exists a 𝑘 ∈ ℝ+ such that

ℙ(|𝑋 − 𝔼[𝑋]| ≥ 𝑡) ≤ 2 exp
(
−

𝑡2

𝑘2 )
, ∀𝑡 ∈ ℝ.
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↪︎Definition 1.2 (Sub-Exponential) :  We say 𝑋 sub-exponential if

ℙ(|𝑋 − 𝔼[𝑋]| ≥ 𝑡) ≤ 2 exp(−
𝑡
𝑘 ),

for some 𝑘 and for all 𝑡 ≥ 0. We define the sub-Gaussian norm by

‖𝑋‖𝜓1
≔ inf{𝑘 ≥ 0 : 𝔼[exp(

|𝑋|
𝑘2 )] ≤ 2},

i.e. the “best” sub-Gaussian parameter for 𝑋.

Remark 1.6 : This is a similar, but slower, tail bound than sub-Gaussian.

1.2.2 McDiamarid’s Inequality

For a measure space 𝑍 and nonnegative integer 𝑛, we say 𝑓 : 𝑍𝑛 → ℝ is a function of bounded 

variation with constant 𝑐 if for all 𝑖 ∈ [𝑛] ≔ {1, …, 𝑛} and points 𝑧1, …, 𝑧𝑛, 𝑧′
𝑖 ∈ 𝑍, then

|𝑓 (𝑧1, …, 𝑧𝑖, …, 𝑧𝑛) − 𝑓 (𝑧1, …, 𝑧′
𝑖, …, 𝑧𝑛)| ≤ 𝑐.

↪︎Proposition 1.7 (McDiamarid's Inequality) :  Let 𝑧1, …, 𝑧𝑛 be independent r.v.s on some 

measure space 𝑍 and 𝑓 : 𝑍𝑛 → ℝ be a function of bounded variation with constant 𝑐. Then,

ℙ(|𝑓 (𝑧1, …, 𝑧𝑛) − 𝔼[𝑓 (𝑧1, …, 𝑧𝑛)]| ≥ 𝑡) ≤ 2 exp
(
−

2𝑡2

𝑛𝑐2 )
, ∀𝑡 ≥ 0.

Remark 1.7 :  We can extend this to 𝑧𝑖 ∈ ℝ𝑑; if ‖𝑧𝑖‖2 ≤ 𝑐 a.s., then ‖ 1
𝑛 ∑ 𝑧𝑖‖2

≤ 𝑐
√𝑛

(1 +

√2 log(1
𝛿 )) with probability ≥ 1 − 𝛿.

1.2.3 Bernstein’s Inequality

↪︎Proposition 1.8 (Bernstein's) :  Let 𝑧𝑖, 𝑖 = 1, …, 𝑛 be independent with |𝑧𝑖| ≤ 𝑐 a.s. and mean 

zero. Then for all 𝑡 ≥ 0,

ℙ
(
 1

𝑛|
∑

𝑖
𝑧𝑖

|
 ≥ 𝑡

)
 ≤ 2 exp

(
−

𝑛𝑡2

2𝜎2 + 2𝑐𝑡/3)
, 𝜎2 ≔

1
𝑛 ∑

𝑖
Var(𝑧𝑖).

In particular, for 𝛿 ∈ (0, 1), then with probability ≥ 1 − 𝛿,

|
1
𝑛 ∑ 𝑧𝑖| ≤ √2𝜎2 log(2

𝛿 )
𝑛 +

2𝑐 log(2
𝛿 )

3𝑛 .

↪︎Proposition 1.9 (Extension of Bernstein's, sub-exponential) :  Let 𝑥1, …, 𝑥𝑛 be mean zero, 

independent, sub-exponential r.v.s with constants 𝑘𝑖, and let 𝑎 ∈ ℝ𝑛. Then, for all 𝑡 ≥ 0,

ℙ(|∑ 𝑎𝑖𝑥𝑖| ≥ 𝑡) ≤ 2 exp
(
−𝑐 min

{

 𝑡2

𝑘2‖𝑎‖2
2

,
1

𝑘‖𝑎‖∞ }



)
.
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↪︎Proposition 1.10 (Extension of Bernstein's, non-zero means) :  With the same hypothesis as 

Bernstein’s but without the zero means, we have

ℙ(|
1
𝑛 ∑ 𝑧𝑖 −

1
𝑛 ∑ 𝔼[𝑧𝑖]| ≥ 𝑡) ≤ 2 exp

(

−

𝑛𝑡2

2𝜎2 + 2𝑐 𝑡
3 )


.

1.2.4 Expectation of the Maximum

↪︎Proposition 1.11 :  Let 𝑧𝑖 be (possible dependent) mean-zero, ℝ-values r.v.s which are all 

sub-Gaussian with constant 𝜏2. Then,

𝔼[max{𝑧1, …, 𝑧𝑛}] ≤ √2𝜏2 log(𝑛).

Proof. For all 𝑡 > 0,

𝔼[max{𝑧1, …, 𝑧𝑛}] ≤
1
𝑡 log)𝔼[exp(𝑡 max(𝑍𝑖))] (Jensen's)

=
1
𝑡 log(𝔼[max{exp(𝑡𝑍𝑖)}]) (exp increasing)

≤
1
𝑡 log(𝔼[∑ exp(𝑡𝑍𝑖)]) (max leq sum)

≤
1
𝑡 log

(
𝑛 exp

(
𝜏2 𝑡2

2 )


)
 (sub-Gaussian)

=
log(𝑛)

𝑡 +
𝜏2𝑡
2 .

The proof follows by taking 𝑡 ≔ 𝜏−1√2 log(𝑛). ■

§2 Introduction to Supervised Learning

§2.1 Training Data Predictions

The goal of supervised learning is to take a series of observations (𝑥𝑖, 𝑦𝑖) ∈ 𝒳︀ × 𝒴︀  for 𝑖 ∈ [𝑛] 

(called training data) and to predict a new 𝑦 ∈ 𝒴︀  given a (previously unseen) 𝑥 ∈ 𝒳︀  (testing data).

We write

• 𝒳︀  for our space of inputs, typically embedded in ℝ𝑑 (where 𝑑 tends to be very large; think 

images encoded as large matrices of pixels, text, videos, etc)

• 𝒴︀  for our space of outputs or labels for the data

The challenges in supervised learning are twofold:

1. 𝑦 ∈ 𝒴︀  may not be a deterministic function of 𝑥 ∈ 𝒳︀
2. inputs may live a high-dimensional space, hence it is computationally expensive to work with 

them

We make two primary blanket assumptions of our problem:

1. we aim to maximize the expectation of some measure of performance with respect to some 

testing distribution we put on our data
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2. we assume (𝑥𝑖, 𝑦𝑖) are iid, with the training data having the same distribution as the testing 

data

↪︎Definition 2.1 (Machine Learning (ML) Algorithm):  An ML algorithm is a function from the 

data set, (𝒳︀ × 𝒴︀)
𝑛

 to a function 𝒳︀ → 𝒴︀ .

§2.2 Decision Theory

The question we aim to answer here is, what is the optimal performance of an algorithm, 

regardless of the finiteness of the data? I.e., if we havd perfect knowledge of the underlying 

probability distribution of our data, how should we design our algorithm?

We assume for now a fixed (testing) distribution 𝑃𝑥,𝑦 on 𝒳︀ × 𝒴︀  with 𝑃𝑥 marginal distribution 

on 𝒳︀ .

2.2.1 Supervised Learning and Loss Functions

↪︎Definition 2.2 (Loss Function):  A loss function is a mapping ℓ : 𝒴︀ × 𝒴︀ → ℝ where ℓ(𝑦, 𝑧) 

some measure of how close a true label 𝑦 is to a predicted label 𝑧.

⊛ Example 2.1 :

1. (Binary classification) Let 𝒴︀ = {0, 1}, or even 𝒴︀ = {0, …, 9}. A typical loss on such labels is 

the “0-1 loss”, ℓ(𝑦, 𝑧) ≔ 𝟙{𝑦≠𝑧}.

2. (Regression) Let 𝒴︀ = ℝ, then two typical loss functions are the mean-square loss

𝓁︀(𝑦, 𝑧) ≔ (𝑦 − 𝑧)2

or absolute loss

ℓ(𝑦, 𝑧) ≔ |𝑦 − 𝑧|.

2.2.2 Risks

↪︎Definition 2.3 (Expected Risk) :  Given a prediction function 𝑓 : 𝒳︀ → 𝒴︀ , a loss function ℓ :
𝒴︀ × 𝒴︀ → ℝ and a probability distribution 𝑃 on 𝒳︀ × 𝒴︀ , the expected risk of 𝑓  is defined by

ℛ︀(𝑓 ) ≔ 𝔼𝑥,𝑦[ℓ(𝑦, 𝑓 (𝑥))] = ∫
𝒳︀×𝒴︀

ℓ(𝑦, 𝑓 (𝑥)) d𝑃(𝑥, 𝑦).

↪︎Definition 2.4 (Empirical Risk) :  Given a prediction function 𝑓 : 𝒳︀ → 𝒴︀ , a loss function ℓ :
𝒴︀ × 𝒴︀ → ℝ and (𝑥𝑖, 𝑦𝑖)

𝑛
𝑖=1 ∈ 𝒳︀ × 𝒴︀ , the empirical risk is given by

ℛ̂︀(𝑓 ) ≔
1
𝑛 ∑

𝑛

𝑖=1
ℓ(𝑦𝑖, 𝑓 (𝑥𝑖))

= ∫
𝒳︀×𝒴︀

ℓ(𝑦, 𝑓 (𝑥)) d𝜇(𝑥, 𝑦), 𝜇(𝑥, 𝑦) ≔
1
𝑛 ∑

𝑛

𝑖=1
𝛿{(𝑥𝑖,𝑦𝑖)}.

Remark 2.1 : Heuristically, ℛ̂︀(𝑓 ) should approach ℛ︀(𝑓 ) as 𝑛 → ∞.
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⊛ Example 2.2 :

1. If 𝒴︀ = {0, 1}, ℓ(𝑦, 𝑧) = 𝟙{𝑦≠𝑧}, then

ℛ︀(𝑓 ) = 𝔼[𝟙{𝑦≠𝑓 (𝑧)}] = ℙ(𝑦 ≠ 𝑓 (𝑥)) = probability of missclassifying

2. 𝒴︀ = ℝ, ℓ(𝑦, 𝑧) = (𝑦 − 𝑧)2,

ℛ︀(𝑓 ) = 𝔼[(𝑦 − 𝑓 (𝑥))2], mean-square error (MSE)

2.2.3 Baye’s Risk, Predictor

Here, we answer the question: what’s the best predictor 𝑓  we could find, assuming we knew 

everything about the underlying distibution on 𝒳︀ × 𝒴︀?

We can write, by law of total expectation,

ℛ︀(𝑓 ) = 𝔼[ℓ(𝑦, 𝑓 (𝑥))]

= 𝔼[𝔼[ℓ(𝑦, 𝑓 (𝑥))|𝑥]]

= 𝔼𝑥′∼𝑝[𝔼[ℓ(𝑦, 𝑓 (𝑥′)) | 𝑥 = 𝑥′]]

= ∫
𝒳︀

𝔼[ℓ(𝑦, 𝑓 (𝑥′)) | 𝑥 = 𝑥′] d𝑝(𝑥′).

Define the conditional risk given 𝑥′ ∈ 𝒳︀  by

𝑟(𝑧|𝑥′) ≔ 𝔼𝑦[ℓ(𝑦, 𝑧) | 𝑥 = 𝑥′],

so that we can write

ℛ︀(𝑓 ) = ∫
𝒳︀

𝑟(𝑓 (𝑥′)|𝑥) d𝑝(𝑥′) =𝒳︀ finite ∑
𝑥′∈𝒳︀

𝑟(𝑓 (𝑥′)|𝑥′)ℙ(𝑥 = 𝑥′).

In particular, in the finite case, we can see that to minimize the risk ℛ︀(𝑓 ), we can minimize the 

individual conditional risks 𝑟(𝑓 (𝑥′)|𝑥′) for each 𝑥′ ∈ 𝒳︀ . The so-called Baye’s predictor is a 

function 𝑓∗ which for each 𝑥′ minimizes 𝑟(𝑓 (𝑥′)|𝑥′). Formally,

↪︎Proposition 2.1 (Baye's Predictor/Risk) :  The expected risk is minimized at a Baye’s predictor 

𝑓∗ : 𝒳︀ → 𝒴︀  such that, for all 𝑥′ ∈ 𝒳︀ ,

𝑓∗(𝑥′) ∈ argmin𝑧∈𝒴︀𝔼[ℓ(𝑦, 𝑧) | 𝑥 = 𝑥′].

The Baye’s risk is the risk of a (any) Baye’s predictor, written

ℛ︀∗ ≔ 𝔼𝑥′∼𝑝[ inf
𝑧∈𝒴︀

𝔼[ℓ(𝑦, 𝑧) | 𝑥 = 𝑥′]] = 𝔼[ℓ(𝑦, 𝑓∗(𝑥′))].

Remark 2.2 :

1. Finding an 𝑓∗ is an impossible task in practice. Instead, we’ll usually assume 𝑓  takes some 

parametrized form, and optimize these parameters.

2. Baye’s predictor may not be unique, but all Baye’s predcitors have the same risk

3. Baye’s risk is usually nonzero, unless the dependency between 𝑥 and 𝑦 is deterministic.
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↪︎Definition 2.5 (Excess Risk) :  The excess risk of a predictor 𝑓  is the value ℛ︀(𝑓 ) − ℛ︀(𝑓∗) ≥ 0.

Remark 2.3 :  Thus, if we knew the conditional distribution (𝑦|𝑥) for each 𝑥, the optimal 

predictor is known. ML can be succinctly be described as dealing with the general case in 

which we do not know (𝑦|𝑥) for all 𝑥, and can only work with given samples of data.

⊛ Example 2.3 :

1. (Binary classification) With 𝒴︀ ≔ {−1, 1} and ℓ(𝑦, 𝑧) = 𝟙{𝑦≠𝑧} the 0-1 loss, we can see that

𝑓∗(𝑥′) ∈ argmin𝑧′∈{−1,1}𝑃(𝑦 ≠ 𝑧 | 𝑥 = 𝑥′)

= argmax𝑧∈{−1,1}ℙ(𝑦 = 𝑧 | 𝑥 = 𝑥′)

=

{



1 ℙ(𝑦 = 1 | 𝑥 = 𝑥′) > 1

2
−1 ℙ(𝑦 = 1 | 𝑥 = 𝑥′) < 1

2
anything ℙ(𝑦 = 1 | 𝑥 = 𝑥′) = 1

2

.

Putting ℒ︀(𝑥′) ≔ ℙ(𝑦 = 1 | 𝑥 = 𝑥′), this implies

ℛ︀∗ = 𝔼[min{ℒ︀(𝑥), 1 − ℒ︀(𝑥)}].

2. (Regression) With 𝒴︀ = ℝ, ℓ(𝑦, 𝑧) = (𝑦 − 𝑧)2, we see that

argmin𝑧∈ℝ𝔼[(𝑦 − 𝑧)2 | 𝑥 = 𝑥′] = argmin𝑧∈ℝ

{





𝔼[(𝑦 − 𝔼[𝑦 | 𝑥 = 𝑥′])2 | 𝑥 = 𝑥′]
⏟

independent of 𝑧

+(𝑧 − 𝔼[𝑦 | 𝑥 = 𝑥′])2
⏟

minimize this }





= 𝔼[𝑦 | 𝑥 = 𝑥′].

Hence, 𝑓∗(𝑥′) = 𝔼[𝑦|𝑥 = 𝑥′], and so

ℛ︀∗ = 𝔼𝑥′∼𝑝[ inf
𝑧∈ℝ

𝔼[(𝑦 − 𝑧)2 | 𝑥 = 𝑥′]] = 𝔼𝑥′[(𝑦 − 𝔼[𝑦|𝑥 = 𝑥′])2] (conditional variance)

§2.3 Empirical Risk Minimization

We don’t know the underlying distributions we work with (of course, otherwise we’d be 

done), and we need to work with samples, and need to simplify what kind of prediction 

functions we consider (since we don’t know the underlying distribution, thus can’t find the 

Baye’s predictor in general).

We’ll assume a parametrized family of predictor functions (called our model),

𝑓𝜃 : 𝒳︀ → 𝒴︀, 𝜃 ∈ Θ,

where Θ ⊂ ℝ𝑑 typically. Heuristically, as 𝑑 increases, if we could find the best 𝑓𝜃 predictor for 

𝜃 ∈ Θ, that predictor will approach the Baye’s predicotr.
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↪︎Definition 2.6 (Empirical risk with respect to a parameter) :  The empirical risk w.r.t 𝜃 ∈ Θ is

𝑅̂(𝑓𝜃) ≔
1
𝑛 ∑

𝑛

𝑖=1
ℓ(𝑦𝑖, 𝑓𝜃(𝑥𝑖)).

We consider the optimal parameter minimizing this empirical risk as

̂𝜃 ∈ argmin𝜃∈Θ𝑅̂(𝑓𝜃),

and so our “optimal” prediction function with respect to Θ is 𝑓 ̂𝜃.

⊛ Example 2.4 :  A typical linear least-squares problem takes this form,

min
𝜃∈Θ=ℝ𝑑

1
𝑛 ∑

𝑛

𝑖=1
(𝑦𝑖 − 𝜃𝑇𝜑(𝑥𝑖))2,

so that here, 𝑓𝜃(𝑥) = 𝜃𝑇𝜑(𝑥𝑖) and our loss function is the square loss.

2.3.1 Risk Decomposition

Given a ̂𝜃 ∈ Θ (not necessarily optimal w.r.t Θ), we would like to break down the excess risk 

of the predictor 𝑓 ̂𝜃 w.r.t the Baye’s predictor to see the difference in error coming from our choice 

of model (we call this approximation error, i.e. how far our model is from approoximating our 

true predictor function) versus from the choice of 𝑓 ̂𝜃 over the “true” best predictor with respect 

to Θ (as defined in the previous section. This is called the estimation error, and should be thought 

of as how well any underlying optimization algorithm used to find ̂𝜃 performed compared to 

the theoretical best).

Mathematically, we can write

ℛ︀(𝑓 ̂𝜃) − ℛ︀∗
⏟

Excess Risk
how good our estimator is

from the best possible

= {ℛ︀(𝑓 ̂𝜃) − inf
𝜃∈Θ

ℛ︀(𝑓𝜃)}
⏟

Estimation Error
how good our estimator is compared

to the best the model can do

+ { inf
𝜃∈Θ

ℛ︀(𝑓𝜃) − ℛ︀∗}
⏟

Approximation Error
how good our model (theoretically) is

compared to the best possible

.

Note that the approximation error is due to the modelling choice, and is independent of the 

specific 𝑓 ̂𝜃. Vaguely, “as Θ grows, the approximation error should shrink”.

The estimation error can further be broken down into three parts; let 𝜃′ ∈ Θ be the minimizer 

of 𝜃 ↦ ℛ︀(𝑓𝜃′) (e.g., ℛ︀(𝑓𝜃′) = inf𝜃∈Θ ℛ︀(𝑓𝜃)), then
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ℛ︀(𝑓 ̂𝜃) − ℛ︀(𝑓𝜃′)⏟
Estimation Error

= {ℛ︀(𝑓 ̂𝜃) − ℛ̂︀(𝑓 ̂𝜃)} ← How good the model risk is
on data vs true risk of model

Empirical Optimization Error
How bad our choice of predictor is

compared true best in terms
of performance on the data

(for ̂𝜃 )

→ +{𝑅̂(𝑓 ̂𝜃) − 𝑅̂(𝑓𝜃′)}

+{𝑅̂(𝑓𝜃′) − ℛ︀(𝑓𝜃′)} ←
How good the model risk is
on data vs true risk of model

(for 𝜃′ )

≤ 2sup
𝜃∈Θ

|ℛ︀(𝑓𝜃) − ℛ̂︀(𝑓𝜃)|
⏟

should ↓ as 𝑛↑

+ {𝑅̂(𝑓 ̂𝜃) − 𝑅̂(𝑓𝜃′)}⏟
↑ as Θ↑

(Θ gets too large to optimize over)

.

In brief, we expect that as the parameter space Θ grows, the esimation error increases, but the 

approximation error decreases. But as 𝑛 (number of samples) increases, we expect the estimation 

error to decrease (and there is no effect on the approximation error). Thus, there is a subtle 

interplay between 𝑑 ≔ dim(Θ) and 𝑛.

§2.4 Statistical Learning Theory

“Statistical learning theory” asks how to provide guarantees of performance of an algorithm 

on previously unseen data.

We assume we have data

𝐷𝑛(𝑝) ≔ {(𝑥1, 𝑦1), …, (𝑥𝑛, 𝑦𝑛)}

which are assumed to be iid from some unknown distribution 𝑝 which is part of some family 𝑃 

of distributions.

An algorithm then is a mapping 𝐴 from 𝐷𝑛(𝑝) to a prediction function 𝐴(𝐷𝑛(𝑝)) = 𝑓 : 𝒳︀ → 𝒴︀ . 

Our goal is to find an algorithm such that the excess risk of the prediction function given by 𝐴 is 

“small”, in a sense we’ll define in the next section.

2.4.1 Measures of Performance

↪︎Definition 2.7 (Expected Risk) :  The expected risk of an algorithm 𝐴 on sample size 𝑛 and 

probability distribution 𝑝 is the quantity

𝔼[ℛ︀𝑝(𝐴(𝐷𝑛(𝑝)))],

where the expected value is taken over all possible 𝑛-size subsets of the training data. We say 

that an algorithm is consistent in expectation if the above quantity converges, with 𝑝 fixed, to 

ℛ︀∗ as 𝑛 → ∞.

↪︎Definition 2.8 (Probability Approximately Correct ∗) :  We say an algorithm 𝐴 is Probability 

Approximately Correct (PAC) if for any given 𝛿 ∈ (0, 1) and 𝜀 > 0, there exists 𝑁 ∈ ℕ such 

that for all 𝑛 ≥ 𝑁,

ℙ(ℛ︀𝑝(𝐴(𝐷𝑛(𝑝))) − ℛ︀∗ ≤ 𝜀) ≥ 1 − 𝛿.

2.4.2 Notions of Consistency over Classes of Probability distributions
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Remark that our definition of consistency in expectation gave no guarantee over rate of 

convergence, especially not with respect to the specific distribution.

↪︎Definition 2.9 :  An algorithm is uniformly consistent if for all probability distributions on 

(𝑥, 𝑦), the algorithm is consistent.

↪︎Definition 2.10 (Minimax risk) :  The minimax risk is defined to be, given 𝒳︀ × 𝒴︀ ,

inf
𝐴: algorithm

sup
𝑝∈𝑃:

class of dists.

{𝔼[ℛ︀𝑝(𝐴(𝐷𝑛(𝑝)))] − ℛ︀∗}.

Remark 2.4 :  This is hard to evaluate in general, but is easy to upper bound (just fix any 𝐴 and 

evaluate the inner supremum, i.e., look at the worst-case performance of the algorithm). 

Lower bounds are much harder to compute, since they need to hold for any possible 

algorithm.

§2.5 “No Free Lunch”

No, this section is not about SSMU shutting down Midnight Kitchen…

Here, we make clearer the remarks of the previous section in terms of performance of 

algorithms for arbitrarily distributed data. Namely, we show that, for a specific loss function and 

input/output space, for any size of data 𝑛, we can construct a distribution on our data such that 

any algorithm we can come up with will perform “poorly” (i.e. it’s excess risk is bounded away 

from 0). Hence, there is no “free lunch”, i.e no “easy algorithm” that will work without further 

assumptions on what our possible probability distributions could be

↪︎Proposition 2.2 (No Free Lunch): Consider a binary classification with 0 − 1 loss and with 

𝒳︀  infinite. Let 𝒫︀  be the class of all probability distributions on 𝒳︀ × {0, 1}. Then, for all 𝑛 and 

for all algorithms 𝐴,

sup
𝑝∈𝒫︀

{𝔼[ℛ︀𝑝(𝐴(𝐷𝑛(𝑝)))] − ℛ︀∗} ≥
1
2.

Remark 2.5 :  As we’ll see in the proof, the bounds we obtain will not give any rate in 𝑛, 

asymptotic or not. Indeed, the probability distribution for each 𝑛 will crucially depend on a 

certain parameter 𝑛 being much larger than 𝑛. Indeed, we can state (but will not prove) the 

much stronger statement as follows.

↪︎Theorem 2.1 (Devroye, '96) :  Consider the same setup as Prop. 2.2. Then, for any decreasing 

sequence 𝑎𝑛 → 0 with 𝑎1 ≤ 1
16 , then for any algorithm 𝐴, there exists a 𝑝 ∈ 𝒫︀  such that for all 

𝑛 ≥ 1,

𝔼[ℛ︀𝑝(𝐴(𝐷𝑛(𝑝)))] − ℛ︀∗ ≥ 𝑎𝑛.

I.e., the supremum over 𝒫︀  has excess risk going to zero arbitrarily slowly.
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Proof. (of Prop. 2.2) Fix 𝑛 ∈ ℕ and assume wlog ℕ ⊂ 𝒳︀  (by relabelling otherwise). 

Let 𝑘 ∈ ℤ+, and, given a 𝑘-length vector 𝑟 = (𝑟1, …, 𝑟𝑘) ∈ {0, 1}𝑘, define a joint 

probability distribution 𝑝 on (𝑥, 𝑦) such that

ℙ(𝑥 = 𝑗, 𝑦 = 𝑟𝑗) =
1
𝑘 , 𝑗 = 1, …, 𝑘.

In particular, in this case, 𝑦 is a deterministic function of 𝑥; given 𝑥 = 𝑗, 𝑦 = 𝑟𝑗. In 

particular, this means ℛ︀∗ = 0.

Denote ̂𝑓𝐷𝑛
≔ 𝐴(𝐷𝑛(𝑝)) as the classifier under 𝑝 given by algorithm 𝐴, and write 

𝑆(𝑟) ≔ 𝔼[ℛ︀𝑝( ̂𝑓𝐷𝑛
)] as the expectation of the expected risk under this given 

probability distribution of the classifier given by the algorithm 𝐴 for the given vector 

𝑟 ∈ {0, 1}𝑘. We aim to pick 𝑟 such that we maximize this quantity; if we can pick 𝑟 such 

that this quantity is larger than 1
2 , we’ll be done (why?).

This is hard to do directly, so we’ll instead lower bound the max probabilistically; 

given any distribution 𝑞 on {0, 1}𝑘, we certainly have

max
𝑟∈{0,1}𝑘

𝑆(𝑟) ≥ 𝔼𝑟∼𝑞[𝑆(𝑟)].

Thus, we’ll design some 𝑞 so that this quantity on the right is large. Specifically, let 𝑞 be 

uniform on {0, 1}𝑘, i.e. each 𝑟 = (𝑟1, …, 𝑟𝑘) a vector of 𝑟𝑗’s each independent, unbiased, 

Bernoulli r.v.‘s. Then,

𝔼𝑟∼𝑞[𝑆(𝑟)] = ℙ( ̂𝑓𝐷𝑛
(𝑥) ≠ 𝑦) = ℙ( ̂𝑓𝐷𝑛

(𝑥) ≠ 𝑟𝑥),

which follows from the fact that we can write

𝔼[𝑆(𝑟)] = 𝔼𝑟[𝔼[ℛ︀𝑝( ̂𝑓𝐷𝑛
)]]

= 𝔼𝑟[𝔼𝑝[𝔼𝑥,𝑦[ℓ(𝑥, ̂𝑓𝐷𝑛
(𝑦))]]]

= 𝔼𝑟,𝑝,(𝑥,𝑦)[𝟙𝑦≠ ̂𝑓𝐷𝑛(𝑥)] = ℙ(𝑦 ≠ ̂𝑓𝐷𝑛
(𝑥)),

just by unpacking all of the definitions. Continuing from above, we can write then

𝔼𝑟∼𝑞[𝑆(𝑟)] = 𝔼𝑝[ℙ( ̂𝑓𝐷𝑛
(𝑥) ≠ 𝑟𝑥) | 𝑥1, …, 𝑥𝑛; 𝑟𝑥1

, …, 𝑟𝑥𝑛
] (total expectation)

≥ 𝔼[ℙ( ̂𝑓𝐷𝑛
(𝑥) ≠ 𝑟𝑥, 𝑥 ≠ 𝑥1, …, 𝑥𝑛) | 𝑥1, …].

By Baye’s rule,

ℙ( ̂𝑓𝐷𝑛
(𝑥) ≠ 𝑟𝑥, 𝑥 ≠ 𝑥1, …, 𝑥𝑛 | 𝑥1, …, 𝑥𝑛) = ℙ( ̂𝑓𝐷𝑛

(𝑥) ≠ 𝑟𝑥 | 𝑥 ≠ 𝑥1, …, 𝑥𝑛; 𝑥1, …, 𝑥𝑛)⏟
=1

2

⋅ ℙ(𝑥 ≠ 𝑥1, …, 𝑥𝑛 | 𝑥1, …, 𝑥𝑛),

since, supposing we didn’t observe 𝑥, 𝑥 has equal probability of being labeled 0, 1. 

Thus, all together,
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𝔼[𝑆(𝑟) ≥
1
2𝔼[ℙ(𝑥 ∉ {𝑥1, …, 𝑥𝑛} | 𝑥1, …, 𝑥𝑛)]

=
1
2ℙ(𝑥 ∉ {𝑥1, …, 𝑥𝑛})

=
1
2𝔼[ℙ(𝑥 ∉ {𝑥1, …, 𝑥𝑛} | 𝑥)]

=
1
2𝔼

[
∏

𝑛

𝑖=1
ℙ(𝑥 ≠ 𝑥𝑖 | 𝑥)

]
 (independence)

=
1
2(1 −

1
𝑘 )

𝑛
.

We have 𝑛 fixed; as 𝑘 → ∞, this quantity → 1
2 , proving the result. ■

§3 Linear Least Squares

§3.1 Framework

Goal: Consider 𝑓𝜃 : 𝒳︀ → 𝒴︀ ⊂ ℝ, for some parameter 𝜃 ∈ Θ ⊂ ℝ𝑑, and minimize the empirical 

risk

min
𝜃∈Θ

1
𝑛 ∑

𝑛

𝑖=1
(𝑦𝑖 − 𝑓𝜃(𝑥𝑖))2.

Specifically, we’ll study when 𝑓𝜃 is linear in 𝜃, but not necessarily 𝑥, i.e.

𝑓𝜃(𝑥) ≔ ∑
𝑑

𝑖=1
𝑎𝑖(𝑥)𝜃𝑖 = 𝜑(𝑥)𝑇𝜃,

where 𝜑(𝑥) = (𝑎1, …, 𝑎𝑑)𝑇(𝑥) ∈ ℝ𝑑. Our goal then will be to compute

min
𝜃∈ℝ𝑑{


ℛ̂︀(𝜃) ≔

1
𝑛 ∑

𝑛

𝑖=1
(𝑦𝑖 − 𝜑(𝑥𝑖)

𝑇𝜃)
2

}

.

or equivalently, writing 𝑦 = (𝑦1, …, 𝑦𝑛)𝑇
 and

Φ(𝑥) =
(



⋮
– 𝜑(𝑥𝑖)

𝑇–
⋮ )


 ∈ ℝ𝑛×𝑑,

then

𝑅̂(𝜃) =
1
𝑛‖𝑦 − Φ(𝑥)𝜃‖2.

§3.2 Ordinary Least Squares

Assume Φ from above has full column rank, i.e. 𝑑 ≤ 𝑛 (we say the problem then is 

“overdetermined/underparametrized”). This implies Φ𝑇Φ ∈ ℝ𝑑×𝑑 is invertible.
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↪︎Proposition 3.1 (OLS):  When Φ has rank 𝑑, the minimizer of what we now call the ordinary 

least squares problem (OLS) is unique, and given by

̂𝜃 = (Φ𝑇Φ)−1Φ𝑇𝑦.

In particular, we call the relation

Φ𝑇Φ ̂𝜃 = Φ𝑇𝑦

the normal equations.

Proof. By homework (this is just a quadratic). ■

§3.3 Statistical Analysis of OLS

There are two main assumptions on OLS we will study:

1. Random design setting: assume both the inputs and outputs are random

2. Fixed design setting: assume the inputs are fixed, but the outputs are random. In this case, 𝜑 is 

deterministic, and thus our goal is to minimize

ℛ︀(𝜃) = 𝔼𝑦
[


1
𝑛 ∑

𝑛

𝑖=1
(𝑦𝑖 − 𝜑(𝑥𝑖)

𝑇𝜃)
2

]
.

§3.4 Fixed Design

We assume the following:

1. Φ is deterministic, and Σ̂ ≔ 1
𝑛Φ𝑇Φ is invertible

2. ∃𝜃∗ ∈ ℝ𝑑 such that 𝑦𝑖 = 𝜑(𝑥𝑖)
𝑇𝜑∗ + 𝜀𝑖

3. 𝜀𝑖’s are independent with mean zero and variance 𝜎2. We define 𝜀 ≔ (𝜀1, …, 𝜀𝑛)𝑇 ∈ ℝ𝑛.

↪︎Proposition 3.2 (Risk Decomposition of OLS - Fixed Design):  Under the linear model and 

the assumptions above, for 𝜃 ∈ ℝ𝑑, ℛ︀∗ = 𝜎2 and the excess risk is given by

ℛ︀(𝜃) − ℛ︀∗ = ‖𝜃 − 𝜃∗‖2
̂𝜃 = (𝜃 − 𝜃∗)𝑇Σ̂(𝜃 − 𝜃∗).

If ̂𝜃 a random variable, then

𝔼 ̂𝜃[ℛ︀( ̂𝜃) − ℛ︀∗] = ‖𝔼[ ̂𝜃] − 𝜃∗‖
2

Σ̂⏟
bias

+ 𝔼[‖ ̂𝜃 − 𝔼[ ̂𝜃]‖
2

Σ̂
]

⏟
variance

.

Remark 3.1 : Since 𝑦 has some noise, it makes sense to assume ̂𝜃 could be random in its own 

right.

Proof. Using 𝑦 = Φ𝜃∗ + 𝜀, we readily see
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ℛ︀(𝜃) = 𝔼𝑦[
1
𝑛‖𝑦 − Φ𝜃‖2

2]

= 𝔼𝜀[
1
𝑛‖Φ(𝜃∗ − 𝜃) + 𝜀‖2]

=
1
𝑛𝔼𝜀

[



‖Φ(𝜃∗ − 𝜃)‖2
2⏟

⟂𝜀

+ ‖𝜀‖2
2⏟

⇝𝑛𝜎2

+ 2(Φ(𝜃∗ − 𝜃))𝑇𝜀⏟
mean zero ]




=
1
𝑛‖Φ(𝜃∗ − 𝜃)‖2

2 + 𝜎2

= 𝜎2 + (𝜃∗ − 𝜃)𝑇 Φ𝑇Φ
𝑛⏟

=Σ̂

(𝜃∗ − 𝜃)

= 𝜎2 + ‖𝜃∗ − 𝜃‖2
Σ̂.

It’s clear that this is minimized at 𝜃 = 𝜃∗ (uniquely, since Σ̂ invertible), which thus has 

risk ℛ︀∗ = 𝜎2.

Suppose now ̂𝜃 random. Then,

𝔼[ℛ︀( ̂𝜃) − ℛ︀∗] = 𝔼[‖ ̂𝜃 − 𝜃∗‖
2
Σ̂

± 𝔼[ ̂𝜃]]

= 𝔼[‖ ̂𝜃 − 𝔼[ ̂𝜃]‖
2

Σ̂
] + 2𝔼[( ̂𝜃 − 𝔼[ ̂𝜃])

𝑇
Σ̂(𝔼[ ̂𝜃] − 𝜃∗)]

⏟
=0

+ 𝔼[‖𝔼[ ̂𝜃] − 𝜃∗‖
2

Σ̂
].

■

3.4.1 Statistical Properties of the OLS Estimator

Recall the OLS estimator,

̂𝜃 = (Φ𝑇Φ)−1Φ𝑇𝑦 = Σ̂−1(
1
𝑛Φ𝑇𝑦), 𝑦 = Φ𝜃∗ + 𝜀,

where the only randomness comes from 𝜀.

↪︎Proposition 3.3 (Estimation Properties of OLS):  The OLS estimator ̂𝜃 has the following 

properties:

1. 𝔼[ ̂𝜃] = 𝜃∗, i.e. ̂𝜃 is unbiased

2. Var( ̂𝜃) = 𝔼[( ̂𝜃 − 𝜃∗)( ̂𝜃 − 𝜃∗)
𝑇

] = (𝜎2/𝑛)Σ̂−1, where Σ̂−1 is often called the precision 

matrix.

Proof. Since 𝔼𝜀[𝑦] = 𝔼[Φ𝜃∗ + 𝜀] = Φ𝜃∗, we find

𝔼[(Φ𝑇Φ)−1Φ𝑇𝑦] = (Φ𝑇Φ)−1Φ𝑇Φ𝜃∗ = 𝜃∗,

since Φ is deterministic.

Next, for the variance, compute
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̂𝜃 − 𝜃∗ = (Φ𝑇Φ)−1Φ𝑇𝜀,

so that

Var( ̂𝜃) = 𝔼
[
(Φ𝑇Φ)−1Φ𝑇𝜀((Φ𝑇Φ)−1Φ𝑇𝜀)

𝑇

]


= 𝔼[(Φ𝑇Φ)−1Φ𝑇𝜀𝜀𝑇Φ(Φ𝑇Φ)−1]

= 𝜎2(Φ𝑇Φ)−1Φ𝑇Φ(Φ𝑇Φ)−1

= 𝜎2(Φ𝑇Φ)−1 =
𝜎2

𝑛 Σ̂−1,

as claimed. ■

↪︎Proposition 3.4 (Risk of OLS):  The excess risk of the OLS estimator is

𝔼[ℛ︀( ̂𝜃)] − ℛ︀∗ = 𝜎2 𝑑
𝑛.

Proof. We plug in the previous result to Prop. 3.2. We find

𝔼[ℛ︀( ̂𝜃)] − ℛ︀∗ = 𝔼[‖ ̂𝜃 − 𝜃∗‖
2
Σ̂

]

= 𝔼[( ̂𝜃 − 𝜃∗)
𝑇

Σ̂( ̂𝜃 − 𝜃∗)]

= 𝔼[tr(( ̂𝜃 − 𝜃∗)
𝑇

Σ̂( ̂𝜃 − 𝜃∗))]

= tr(𝔼[Σ̂( ̂𝜃 − 𝜃∗)( ̂𝜃 − 𝜃∗)
𝑇

])

= tr
(
𝔼

[
Σ̂

𝜎2

𝑛 Σ̂−1

]


)


=
𝜎2

𝑛 tr(𝐼𝑑) = 𝜎2 𝑑
𝑛,

where we use the linearity of the trace, and the fact that tr(𝐴𝐵) = tr(𝐵𝐴). ■

Observations:

• In fixed design setting, OLS thus leads to unbiased estimation with excess risk of 𝜎2 𝑑
𝑛 .

• For excess risk being small compared to 𝜎2, need 𝑑
𝑛  to be small. This seems to exclude high-

dimensional problems where 𝑑 is close to 𝑛 (let alone 𝑑 > 𝑛 or 𝑑 ≫ 𝑛). Regularization (ridge) can 

help.

§3.5 Ridge Least-Squares Regression

When 𝑑 > 𝑛, Φ𝑇Φ is no longer invertible, and so the normal equations admit a whole 

subspace of solutions. We have two main solutions to this:

1. Dimension reduction: aims to replace the feature vector 𝜑(𝑥) with another feature vector of 

lower dimension
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2. Regularization: adds a term to the least-squares objective function, (i.e. ℓ1-penalty, which leads 

to lasso, or ℓ2-penalty, which leads to ridge)

↪︎Definition 3.1 (Ridge Least Squares Regression Estimator) :  For a regularization parameter 

𝜆 > 0, we define the ridge least squares estimators ̂𝜃𝜆 as the minimizer of

min
𝜃∈ℝ𝑑

{
1
𝑛‖𝑦 − Φ𝜃‖2

2 + 𝜆‖𝜃‖2
2} (ridge regularization).

We can express the ridge regression estimator in closed form; we don’t even need Φ𝑇Φ to be 

invertible as in the OLS case.

↪︎Proposition 3.5 :  With, as usual, Σ̂ = 1
𝑛Φ𝑇Φ ∈ ℝ𝑑×𝑑, then

̂𝜃𝜆 =
1
𝑛(Σ̂ + 𝜆𝐼)

−1
Φ𝑇𝑦.

Remark 3.2 : In particular, when 𝜆 = 0, we recover the OLS estimator assuming Σ̂ invertible.

Proof. This is essentially the same as the proof for the OLS; one recognizes that we 

have a quadratic in 𝜃. The invertibility of Σ̂ + 𝜆𝐼 follows from the fact that Σ̂ positive 

semidefinite, and thus has nonnegative eigenvalues, and thus Σ̂ + 𝜆𝐼 has strictly 

positive eigenvalues and is thus invertible. ■

3.5.1 Statistical Properties of Ridge Least Squares Estimator

↪︎Proposition 3.6 : The ridge least squares estimator, under the fixed-design assumptions, is 

equal to ̂𝜃𝜆 = 1
𝑛(Σ̂ + 𝜆𝐼)

−1
Φ𝑇𝑦 has excess risk

𝔼[ℛ︀( ̂𝜃𝜆)] − ℛ︀∗ = 𝜆2𝜃𝑇
∗ (Σ̂ + 𝜆𝐼)

−2
Σ̂𝜃∗⏟

bias

+
𝜎2

𝑛 tr(Σ̂2(Σ̂ + 𝜆𝐼)
−2

).
⏟

variance

Observations:

• The result above gives a bias/variance decomposition of the excess risk; this is related to the 

approximation/estimation error decomposition of the risk.

The bias term is part of the approximation error - it has the main influences of 𝜆, which only 

effects 𝜃 and is thus really a modelling assumption. The variance term captures the “noise” (𝜎2 

only appears here), and is really about estimation error.

• Bias: as 𝜆 ↑, bias ↑ and is equal to zero if 𝜆 = 0 (and Σ̂ is invertible, of course). In particular, the 

bias grows like 𝜆2, and as 𝜆 → ∞, the bias approximates 𝜆2 ⋅ 𝜃𝑇
∗ Σ̂−1𝜃∗ (which is independent 

of 𝑛).

• Variance as 𝜆 ↑, the variance ↓ and when 𝜆 = 0, the variance is 𝜎2

𝑛 ; this depends on 𝑛.

In particular, since the excess risk is the sum of these two, we expect a kind of parabolic 

relationship between excess risk and 𝜆, implying the existence of some optimal 𝜆.
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• The quantity tr(Σ̂2(Σ̂ + 𝜆𝐼)
−2

) is called the degrees of freedom, and is considered as an 

“implicit number of parameters”.

• As 𝜆 → 0, ̂𝜃𝜆 converges to the OLS estimator

• 𝜆 = 0 is not usually the optimal choice (i.e. yielding the best excess risk); we want to bias our 

estimator in general

3.5.2 Choice of 𝜆

Can we tune 𝜆 to achieve a better bound than our OLS?

↪︎Proposition 3.7 (Choice of regularization parameter) :  Let

𝜆∗ =
𝜎 ⋅ tr(Σ̂)

1/2

‖𝜃∗‖2√𝑛
.

Then,

𝔼[ℛ︀( ̂𝜃𝜆∗
)] − ℛ︀∗ =

𝜎 ⋅ tr(Σ̂)
1/2

‖𝜃∗‖2
√𝑛

.

Proof. Recall that the eigenvalues of 𝜆𝐼 + Σ̂ are of the form 𝜆 + 𝜇 for 𝜇 an eigenvalue 

of Σ̂. In addition, we will need to use the fact that tr(𝐴𝐵) ≤ 𝜆max(𝐴) tr(𝐵) (special case 

of Holder’s inequality).

We need first a bound on the eigenvalues of the matrix (Σ̂ + 𝜆𝐼)
−2

𝜆Σ̂. Let 𝜇 be an 

eigenvalue of Σ̂, so 𝜇 + 𝜆 an eigenvalue of Σ̂ + 𝜆𝐼. We know (𝜇 + 𝜆)2 ≥ 2𝜆𝜇 (AM-GM), 

and hence 𝜆𝜇(𝜇 + 𝜆)−2 ≤ 1
2  and so the eigenvalues of (Σ̂ + 𝜆𝐼)

−2
𝜆Σ̂ are always ≤ 1

2 , 

i.e.

𝜆max{(Σ̂ + 𝜆𝐼)
−2

Σ̂} ≤
1
2.

Therefore, we can bound the bias

bias = 𝜆𝜃𝑇
∗ (Σ̂ + 𝜆𝐼)

−2
𝜆Σ̂𝜃∗ ≤ 𝜆𝜆max{(Σ̂ + 𝜆𝐼)

−2
𝜆Σ̂}‖𝜃∗‖2

2 ≤
𝜆
2 ‖𝜃∗‖2

2.

Similarly, we can bound the variance,

variance =
𝜎2

𝑛 tr(Σ̂2(Σ̂ + 𝜆𝐼)
−2

) =
𝜎2

𝑛𝜆 tr(Σ̂[𝜆Σ̂(Σ̂ + 𝜆𝐼)
−2

])

≤
𝜎2

𝑛𝜆 tr(Σ̂)𝜆max{𝜆Σ̂(Σ̂ + 𝜆𝐼)
−2

}

≤
𝜎2

2𝑛𝜆 tr(Σ̂).

Together, these imply that, for any 𝜆 > 0,

𝔼[ℛ︀( ̂𝜃𝜆)] − ℛ︀∗ = bias + variance ≤
𝜆
2 ‖𝜃∗‖2

2 +
𝜎2

2𝑛𝜆 tr(Σ̂).
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We optimize the right-hand side, which is of the form 𝑓 (𝜆) = 𝑎𝜆 + 𝑏
𝜆 . One verifies that 

the minimum is 𝜆 = √𝑏
𝑎 , which has value 𝑓 (√𝑏

𝑎) = 2√𝑎𝑏. Since 𝑎 = ‖𝜃∗‖2
2

2  and 𝑏 =
𝜎2

2𝑛 tr(Σ̂), this implies

𝜆∗ =
𝜎tr(Σ̂)

1/2

√𝑛‖𝜃∗‖2
,

as claimed, and similarly, we get the actual excess risk of ̂𝜃𝜆∗
 upon plugging in the 

appropriate values. ■

Remark 3.3 :

1. Let 𝑅 = max𝑖∈[𝑛] ‖𝜑(𝑥𝑖)‖2. Then

tr(Σ̂) = ∑
𝑑

𝑗=1
Σ̂𝑗𝑗 =

1
𝑛 ∑

𝑛

𝑖=1
∑

𝑑

𝑗=1
(𝜑(𝑥𝑖)𝑗)

2
=

1
𝑛 ∑

𝑛

𝑖=1
‖𝜑(𝑥𝑖)‖2

2 ≤ 𝑅2.

Namely, the dimension 𝑑 of the parameter space plays no role in the excess risk, and thus 𝑑 

could be infinite, provided 𝑅 and ‖𝜃∗‖2
2 are finite (normally, 𝑅 grows with 𝑑, so need these 

extra assumptions).

2. We can compare this to the excess risk of the OLS estimator, which we found to be 𝜎2 𝑑
𝑛 . We 

see that

• With 𝜆∗, our excess risk of ridge goes to zero as 𝑛 → ∞ like 1
√𝑛

, which is slower than that of 

OLS (which goes like 1
𝑛 )

• However, the ridge estimator has risk proportional to 𝜎  while the OLS is proportional to 

𝜎2, i.e. OLS has a higher dependency on the noise variance

3. 𝜆∗ involves constants we don’t know, i.e. 𝜎 , ‖𝜃∗‖2 - in practice, we have to find 𝜆∗ by trial 

and error.

4. 𝜆∗ is not necessarily the best choice in the sense of minimizing the excess risk, since we 

found it by optimizing an upper bound of the excess risk.

5. 𝜆 is an example of a “hyperparameter” - something a user must choose. It should not be 

taken as an absolute - rather, it should be consider as a “guide” as to how to pick 𝜆.

§3.6 Random Design Analysis

Here, we assume the following:

1. Both 𝑥 and 𝑦 are random and each pair (𝑥𝑖, 𝑦𝑖) from a probability distribution 𝑝 on 𝒳︀ × ℝ
2. ∃𝜃∗ ∈ ℝ𝑑 s.t. 𝑦𝑖 = 𝜑(𝑥𝑖)

𝑇𝜃∗ + 𝜀𝑖
3. 𝜀𝑖’s are independent from 𝑥𝑗’s and each other, and are mean zero, variance 𝜎2.

In particular, remark that under these assumptions, 𝔼[𝑦𝑖 | 𝑥𝑖] = 𝜑(𝑥𝑖)
𝑇𝜃∗.
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↪︎Proposition 3.8 :  Under the above assumptions, for any 𝜃 ∈ ℝ𝑑, we have

ℛ︀(𝜃) − ℛ︀∗ = ‖𝜃 − 𝜃∗‖2
Σ, Σ ≔ 𝔼[𝜑(𝑥)𝜑(𝑥)𝑇],

and ℛ︀∗ = 𝜎2.

Proof.

ℛ︀(𝜃) = 𝔼𝑥,𝑦,𝜀[(𝑦 − 𝜃𝑇𝜑(𝑥))2]

= 𝔼[(𝜑(𝑥)𝑇𝜃∗ + 𝜀 − 𝜃𝑇𝜑(𝑥))2]

= 𝔼[(𝜑(𝑥)𝑇(𝜃∗ − 𝜃) − 𝜀)2]

= 𝔼[(𝜃 − 𝜃∗)𝑇𝜑(𝑥)𝜑(𝑥)𝑇(𝜃 − 𝜃∗) + 𝜀2 − 2𝜀𝜑(𝑥0)𝑇(𝜃 − 𝜃∗)]

= 𝔼𝑥𝔼𝜀[[⋯ | 𝑥]]

(independence) = 𝔼[𝜀2] + 𝔼[(𝜑(𝑥)𝑇(𝜃 − 𝜃∗))2]

= 𝜎2 + (𝜃 − 𝜃∗)𝑇Σ(𝜃 − 𝜃∗).

■

↪︎Proposition 3.9 :  Under the above assumptions, assume Σ̂ = 1
𝑛 ∑𝑛

𝑖=1 𝜑(𝑥𝑖)𝜑(𝑥𝑖)
𝑇 = 1

𝑛Φ𝑇Φ is 

invertible. Then, the expected excess risk of the OLS estimator is given by

𝜎2

𝑛 𝔼[tr(ΣΣ̂−1)].

Remark 3.4 :  We see Σ as the “expected covariance matrix” and Σ̂ as the “empirical 

covariance matrix”; in particular, these two were equal in the fixed-design case (as our inputs 

were deterministic) and thus the above quantity becomes

𝜎2

𝑛 𝔼[tr(𝐼𝑑)] =
𝑑
𝑛𝜎2.

Proof. Recall that 𝜎̂ = 1
𝑛Σ̂−1Φ𝑇𝑦, which, by assumption on the 𝑦’s, becomes

̂𝜃 =
1
𝑛Σ̂−1Φ𝑇(Φ𝜃∗ + 𝜀) = 𝜃∗ +

1
𝑛Σ̂−1Φ𝑇𝜀.

By the previous proposition, then, it follows that
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𝔼[ℛ︀( ̂𝜃) − ℛ︀∗] = 𝔼
[
(

1
𝑛Σ̂−1Φ𝑇𝜀)

𝑇
Σ(

1
𝑛Σ̂−1Φ𝑇𝜀)

]


=
1

𝑛2 𝔼[tr(Σ(Σ̂−1Φ𝑇𝜀𝜀𝑇ΦΣ̂−1))] (i)

=
𝜎2

𝑛2 𝔼
[
tr

(
ΣΣ̂−1Φ𝑇ΦΣ̂−1⏟

=𝑛𝐼 )


]
 (ii)

=
𝜎2

𝑛 𝔼[tr(ΣΣ̂−1)].

In (i) we use the fact that for any real matrices 𝐴, 𝐵, tr(𝐴𝐵) = tr(𝐵𝐴); in particular, here 

this case, 𝐴𝐵 ∈ ℝ so that 𝐴𝐵 = tr(𝐴𝐵) (where 𝐴, 𝐵 are the appropriate matrices 

above). In (ii) we use the linearity of the trace, as well as the fact that, by conditioning 

on 𝑥 first and using independence of 𝜀, 𝑥, we can factor out 𝔼[𝜀𝜀𝑇] = 𝑛𝜎2. ■

3.6.1 Gaussian Design

Here, we briefly study what more we can say in the case that 𝜑(𝑥) ∼ 𝒩︀(0, Σ) for some Σ ∈
ℝ𝑑×𝑑. We can write

𝜑(𝑥) = Σ1/2𝑍̂, 𝑍̂ ∼ 𝒩︀(0, 𝐼𝑑).

Generating 𝑛 (independent) 𝑍̂ ∈ ℝ𝑛×𝑑, we then form the random matrix

𝑍 ≔
(



– 𝑍̂𝑇
1 –

⋮
– 𝑍̂𝑇

𝑛 –)

 ∈ ℝ𝑛×𝑑.

This gives

𝑍Σ1/2 = Φ ∈ ℝ𝑛×𝑑 ⇒ Σ̂ =
1
𝑛Φ𝑇Φ =

1
𝑛Σ1/2𝑍𝑇𝑍Σ1/2.

Thus, apply the “trace trick” from the previous proposition again, we find that

𝔼[tr(ΣΣ̂−1)] = 𝑛𝔼[tr(Σ(Σ−1
2 (𝑍𝑇𝑍)−1Σ−1/2))] = 𝑛𝔼[tr((𝑍𝑇𝑍)−1)] =

𝑛𝑑
𝑛 − 𝑑 − 1,

which implies the excess risk ≈ 𝑑
𝑛𝜎2 (this equality above uses the fact that much is known about 

the spectral properties of the (𝑍𝑇𝑍)−1
, which we won’t discuss here).

§4 Empirical Risk Minimization

§4.1 Convexification of the Risk

For simplicity, we’ll focus on binary classification 𝒴︀ = {−1, 1} and the 0 − 1 loss. It’s annoying 

to work with such a discrete-valued loss function, and much easier to work with a real-valued 

function. However, we need to do this in such a way that the minimizers are the same. Instead 

of learning 𝑓 : 𝒳︀ → {−1, 1}, we’ll learn a real-valued function 𝑔 : 𝒳︀ → ℝ, and define 𝑓 (𝑥) ≔
sgn(𝑔(𝑥)), with
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sgn(𝑎) ≔ {1 𝑎 > 0
−1 𝑎 < 0.

If 𝑎 = 0, we uniform-randomly assign 1 or minus 1.

The 0-1 risk of 𝑓 = sgn ∘ 𝑔 (denoted, poorly, by ℛ︀(𝑔)) is

ℛ︀(𝑔) = ℙ(𝑓 (𝑥) ≠ 𝑦) = ℙ(sgn ∘ 𝑔(𝑥) ≠ 𝑦)

= 𝔼[𝟙{𝑓 (𝑥)≠𝑦}]

= 𝔼[𝟙{𝑓 (𝑥)≠𝑦}𝟙{𝑔(𝑥)=0} + 𝟙{𝑓 (𝑥)≠𝑦}𝟙{𝑔(𝑥)≠0}]

= 𝔼[𝟙{𝑓 (𝑥)≠𝑦}𝟙{𝑔(𝑥)=0}] + 𝔼[𝟙{𝑓 (𝑥)≠𝑦}𝟙{𝑔(𝑥)≠0}].

Now, if 𝑔(𝑥) ≠ 0, then 𝑔(𝑥)𝑦 < 0 implies that sgn(𝑔(𝑥)) and 𝑦 are opposite (in sign), and then 

𝑓 (𝑥) = sign(𝑔(𝑥)) ≠ 𝑦. So, 𝟙{𝑓 (𝑥)≠𝑦}𝟙{𝑔(𝑥)≠0} = 𝟙{𝑔(𝑥)𝑦<0}, so we can rewrite the second term as 

the expectation of this indicator function. We can use the law of total expectation to rewrite the 

first expectation, so in all

ℛ︀(𝑔) = 𝔼[𝔼[𝟙{𝑓 (𝑥)≠𝑦}𝟙{𝑔(𝑥)=0} | 𝟙{𝑔(𝑥)=0}]] + 𝔼[𝟙{𝑔(𝑥)𝑦<0}]

= 𝔼

[




𝟙{𝑔(𝑥)=0} 𝔼[𝟙{𝑓 (𝑥)≠𝑦} | 𝟙{𝑔(𝑥)=0}]⏟
=ℙ(𝑓 (𝑥)≠𝑦 | 𝑔(𝑥)=0)=1

2(coin flip)]




+ 𝔼[𝟙{𝑔(𝑥)𝑦<0}]

=
1
2𝔼[𝟙{𝑔(𝑥)=0}] + 𝔼[𝟙{𝑔(𝑥)𝑦<0}]

≕ 𝔼[Φ0−1(𝑦𝑔(𝑥))],

where we define

Φ0−1 : ℝ → ℝ, Φ0−1 ≔
{


1 𝑢 < 0

1
2 𝑢 = 0
0 𝑢 > 0

.

In practice, for empirical risk minimization, we minimize with respect to 𝑔 : 𝒳︀ → ℝ with the 

empirical risk 1
𝑛 ∑𝑛

𝑖=1 Φ0−1(𝑦𝑖𝑔(𝑥𝑖)) for some data points {(𝑥𝑖, 𝑦𝑖)}𝑛
𝑖=1. The problem is that Φ0−1 is 

not continuous, hence hard to optimize.

4.1.1 Convex Surrogates

The idea is to replace the function Φ0−1 with a convex surrogate. Instead of minimizing the 

“classical risk” ℛ︀(𝑔), we minimize

ℛ︀Φ(𝑔) ≔ 𝔼[Φ(𝑦𝑔(𝑥))],

for some nice Φ. The function 𝑔 is sometimes known as the score function. Does this idea even 

make sense? Does it give good predictions for the 0-1 loss?
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⊛ Example 4.1 :

1. Quadratic/square loss Φ(𝑢) = (𝑢 − 1)2 gives

Φ(𝑦𝑔(𝑥)) = (𝑔(𝑥) − 𝑦)2,

(using that 𝑦2 = 1) noting that when 𝑦𝑔(𝑥) is large and positive, Φ(𝑦𝑔(𝑥)) is large.

2. Logistic/cross-entropy loss Φ(𝑢) = log(1 + 𝑒−𝑢) gives

Φ(𝑦𝑔(𝑥)) = log(1 + 𝑒−𝑦𝑔(𝑥)) = − log(𝜎(𝑦𝑔(𝑥))),

where

𝜎(𝑢) ≔
1

1 + 𝑒−𝑢

the sigmoid function.

3. Hinge loss Φ(𝑢) = max{1 − 𝑢, 0} leads to “support vector machine” (SVM); 𝑦𝑔(𝑥) is called 

the “margin”.

4. Squared hinge loss Φ(𝑢) = max(1 − 𝑢, 0)2, smoothed version

5. Exponential loss Φ(𝑢) = exp(−𝑢).

4.1.2 Conditional Φ Risk and Classification Calibration

Remark 4.1 : All convex surrogates in the previous section are upper bounds on the 0-1 loss. 

When the Φ-risk equals 0, we want this to imply that the resulting classifier is optimal.

Let

𝜂(𝑥) ≔ ℙ(𝑦 = 1 | 𝑥) ∈ [0, 1].

By Baye’s,

𝔼[𝑦 | 𝑥] = (1)ℙ(𝑦 = 1 | 𝑥) + (−1)[1 − ℙ(𝑦 = 1 | 𝑥)] = 2𝜂(𝑥) − 1.

Recall that the Baye’s risk for the 0 − 1 loss is

ℛ︀∗ = 𝔼[min{𝜂(𝑥), 1 − 𝜂(𝑥)}].

Remark that

min{𝜂(𝑥), 1 − 𝜂(𝑥)} =
1
2 − |𝜂(𝑥) −

1
2| =

1
2 −

1
2𝔼[𝑦| 𝑥]

and thus

ℛ︀∗ = 𝔼[
1
2 −

1
2𝔼[𝑦| 𝑥]] =

1
2 −

1
2𝔼[𝔼[𝑦|𝑥]].

Thus, one optimal classifier would be

𝑓∗(𝑥) = sgn(2𝜂(𝑥) − 1) = sgn(𝔼[𝑦|𝑥]).
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(Our “random choice” convention for 𝜂 = 1
2  still works out). This implies taking 𝑔(𝑥) = 2𝜂(𝑥) −

1 so that

𝑓∗ = sgn ∘ 𝑔.

This is of course not a unique choice to get this equality; in this section, though, we’ll focus on 

functions of the form

𝑔(𝑥) = 𝑏(2𝜂(𝑥) − 1),

where 𝑏 : ℝ → ℝ is sign-preserving, i.e. 𝑢 ≥ 0 ⇒ 𝑏(𝑢) ≥ 0, 𝑢 ≤ 0 ⇒ 𝑏(𝑢) ≤ 0.

Our goal is to ensure that minimizers of expected Φ-risk lead to optimal predictions, for 

which we have an expression of it.

Square loss: the function minimizing the expected Φ-risk is 𝑔(𝑥) = 𝔼[𝑦|𝑥] = 2𝜂(𝑥) − 1, so 

taking signs leads to an optimal prediction. Hence using the square loss for binary classification 

leads to optimal predictions.

General losses: we don’t have a closed-form minimizer for most losses; we’ll look at conditional 

risks given 𝑥 instead.

↪︎Definition 4.1 (Conditional Φ and 0-1 Risk) :  Given a function Φ, and for 𝜉 ∈ [0, 1] and 𝑢 ∈
ℝ, define the conditional Φ-risk as

𝐶Φ
𝜉 (𝑢) ≔ 𝜉Φ(𝑢) + (1 − 𝜉)Φ(−𝑢),

and in particular the conditional 0-1 risk

𝐶𝜉 (𝑢) = 𝜉Φ0−1(𝑢) + (1 − 𝜉)Φ0−1(−𝑢),

where Φ0−1 as in the previous section.

We compute the Φ-risk and 0-1 risk of a function 𝑔 : 𝒳︀ → ℝ by

ℛ︀Φ(𝑔) ≔ 𝔼[𝐶Φ
𝜂(𝑥)(𝑔(𝑥))], ℛ︀(𝑔) = 𝔼[𝐶𝜂(𝑥)(𝑔(𝑥))].

Exercise 4.1 :  Show that ℛ︀Φ(𝑔) = 𝔼[Φ(𝑦𝑔(𝑥))] = 𝔼[𝔼[Φ(𝑦𝑔(𝑥)) | 𝑥]], i.e. 𝒞︀Φ
𝜂(𝑥) “picks out” a 

choice of 𝑥.

Remark 4.2 :  With our convention that Φ0−1(0) = 1
2 , we have 𝐶1/2(𝑢) = 1/2 for all 𝑢 ∈ ℝ, 

since

𝐶1/2(𝑢) =
1
2Φ0−1(𝑢) + (1 − 1/2)Φ0−1(−𝑢),

so

• if 𝑢 > 0, the first term gives 1
2  and the last 0,

• if 𝑢 = 0, the first term gives 1
4  and the second (1 − 1

2)1
2 = 1

2 − 1
4 , which sums up to 1/2, and

• if 𝑢 < 0, the first term gives 0 and the second 1 − 1
2 = 1

2 .
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We want from our convex surrogate that the optimal 𝑔(𝑥) obtained by minimizing the 

conditional Φ-risk 𝐶Φ
𝜂(𝑥) leads to the same prediction as the Baye’s predictor, which minimizes 

𝐶𝜂(𝑥). Thus, we need, for 𝜉 ≠ 1
2 , the minimizers of 𝐶Φ

𝜉  are also minimizers of 𝐶𝜉 .

The set of minimizers of 𝐶𝜉  is ℝ∗
+ ≔ {𝑥 ∈ ℝ : 𝑥 > 0} when 𝜉 > 1

2  (i.e. when 𝜂(𝑥) > 1
2 , the 

optimal prediction is 𝑥 = +1) and ℝ∗
− ≔ {𝑥 ∈ ℝ : 𝑥 < 0} when 𝑥 < 1

2  (i.e. when 𝜂(𝑥) < 1
2 , the 

optimal prediction is 𝑥 = −1). To see this, we can just compute that

𝐶𝜉 (𝑢) = 𝜉Φ0−1(𝑢) + (1 − 𝜉)Φ0−1(−𝑢)

=

{



𝜉 + 0 𝑢 < 0

𝜉
2 + 1

2 − 𝜉
2 𝑢 = 0

0 + (1 − 𝜉
2 ) 𝑢 > 0

=

{


𝜉 𝑢 < 0

1
2 𝑢 = 0
1 − 𝜉 𝑢 > 0

.

Thus if 𝜉 > 1
2 , 𝐶𝜉 (𝑢) = 1 − 𝜉 < 1

2 < 𝜉  for all 𝑢 < 0, hence ℝ∗
− indeed the set of minimizers of 

𝐶𝜉 (𝑢); similar argumentation holds for 𝜉 < 1
2 .

Thus, we want this condition to hold true for 𝐶Φ
𝜉  for any 𝜉 ∈ [0, 1] \ {1

2} as well, i.e. we want:

(Positive optimal prediction) 𝜉 > 1
2 ⇔ argmin𝑢∈ℝ𝐶Φ

𝜉 (𝑢) ⊂ ℝ∗
+

(Negative optimal prediction) 𝜉 < 1
2 ⇔ argmin𝑢∈ℝ𝐶Φ

𝜉 (𝑢) ⊂ ℝ∗
− }




(†)

↪︎Definition 4.2 (Classification-Calibrated):  A function Φ that satisfies both statements in (†) 

above is called classification-calibrated, or just calibrated. The resulting binary classification is 

called Fisher consistent.

Turns out that when Φ is convex, we get a really simply theorem that gives this condition:

↪︎Proposition 4.1 (Bartlett et al, 2006) :  Let Φ : ℝ → ℝ be convex. The surrogate function Φ is 

classification-calibrated iff Φ is differentiable at 0 and Φ′(0) < 0.

Proof. Since Φ is convex, we know that 𝐶𝜉  is for any 𝜉 ∈ [0, 1] is also convex (since 

positive linear combinations of convex functions are convex, and Φ(𝑢) convex => 

Φ(−𝑢) convex). Note that left/right handed derivatives of convex functions always 

exist.

Then, we have two cases:

a) 𝐶𝜉  has a minimizer in ℝ∗
+ ⇔ the right derivative at 0 is strictly negative ⇔

d𝐶Φ
𝜉 (0+)
d𝑢 = 𝜉Φ′(0+) − (1 − 𝜉)Φ′(0+) < 0

b) 𝐶𝜉  has a minimizer in ℝ∗
− ⇔ the left derivative at 0 is strictly positive ⇔
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d𝐶Φ
𝜉 (0−)
d𝑢 = 𝜉Φ′(0−) − (1 − 𝜉)Φ′(0−) > 0.

(⇒) Suppose Φ is calibrated. Letting 𝜉 → 1
2+ , in case (a) above, this implies

(𝐶Φ
𝜉 )

′
(0+) =

1
2[Φ′(0+) − Φ′(0+)].

By convexity, 1
2[Φ′(0+) − Φ′(0+)] ≥ 0, thus the left/right derivatives are equal, and 

thus Φ is differentiable at 0. We need to show now that Φ′(0) < 0. Then,

(𝐶Φ
𝜉 )

′
(0+) = (2𝜉 − 1)Φ′(0).

Using the calibration property (†) and (𝑎), we certainly have Φ′(0) ≤ 0. Suppose that 

Φ′(0) = 0. Then, 0 must be a minimizer since Φ is convex, which implies that 0 is a 

minimizer of 𝐶Φ
𝜉  and 𝜉 > 1

2 , which implies by (†) that argmin 𝐶Φ
𝜉 ⊂ ℝ∗

+ which is a 

contradiction. Thus, Φ′(0) > 0.

(⇐) Suppose Φ differentiable at 0 and Φ′(0) < 0. Then 𝐶Φ
𝜉 (0) = (2𝜉 − 1)Φ′(0). Then 

(†) follow directly from the two cases (a), (b) above. ■

Remark 4.3 :

1. This shows that all of our earlier mentioned (convex) surrogate examples are calibrated, 

except the function 𝑢 ↦ max{−𝑢, 0} which is not differentiable at 0.

2. From now on, we will assume that Φ given will be classification-calibrated and convex, 

that is, Φ is convex, Φ is differentiable at 0, and Φ′(0) < 0.

4.1.3 Relationship between Risk and Φ-Risk

New question: we are looking for a function 𝐻 : ℝ+ → ℝ+ such that

ℛ︀(𝑔) − ℛ︀∗ ≤ 𝐻(ℛ︀Φ(𝑔) − ℛ︀∗),

where we call 𝐻 a calibration function. Heuristically this is to capture how small the left-hand 

side can get if the right-hand side is small; i.e., if ℛ︀Φ(𝑔) − ℛ︀∗ < 𝜀 (which we can actually 

optimize), then ℛ︀(𝑔) − ℛ︀∗ ≤ 𝐻(𝜀). Since ℛ︀Φ(𝑔) = 𝔼[𝐶Φ
𝜉 (𝑔)], we will instead look for an 𝐻 for 

𝐶Φ
𝜉 (𝑔) (which, if 𝐻 convex, is still okay by Jensen’s). In fact, we’ll actually look for 𝐺 ≔ 𝐻−1, so 

that

𝐺(ℛ︀(𝑔) − ℛ︀∗) ≤ ℛ︀Φ(𝑔) − ℛ︀∗.

We’ll show that for the hinge function, 𝐻 = id for the logistic/square loss, 𝐻 = √⋅.

Specifically, we are interested in solving

∀𝑢 ∈ ℝ, 𝐺(𝐶𝜉 (𝑢) − inf
𝑢′∈ℝ

𝐶𝜉 (𝑢′)) ≤ 𝐶Φ
𝜉 (𝑢) − inf

𝑢′∈ℝ
𝐶Φ

𝜉 (𝑢′),

for then if 𝐺 convex, then by Jensen’s,
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𝐺(ℛ︀(𝑔) − ℛ︀∗) = 𝐺(𝔼[𝐶𝜂(𝑥)(𝑔) − inf
𝑢∈ℝ

𝐶𝜂(𝑥)(𝑢)])

≤ 𝔼[𝐺(𝐶𝜂(𝑥)(𝑔) − inf
𝑢∈ℝ

𝐶𝜂(𝑥)(𝑢))]

≤ 𝔼[𝐶Φ
𝜂(𝑥)(𝑔) − inf

𝑢∈ℝ
𝐶Φ

𝜂(𝑥)(𝑢)]

= ℛ︀Φ(𝑔) − ℛ︀∗.

We need an expression for the excess conditional 0-1 risk.

• If 𝜉 = 1
2 , 𝐶1/2(𝑢) =

{
1/2 𝑢<0

1/2 𝑢=0
1/2 𝑢>0

= 1
2 .

• If 𝜉 > 1
2 , 𝐶𝜉 (𝑢) =

{

𝜉 𝑢<0

1/2 𝑢=0
(1−𝜉) 𝑢>0

, hence inf𝑢 𝐶𝜉 (𝑢) = 1 − 𝜉 . Thus,

𝐶𝜉 (𝑢) − inf
𝑢′∈ℝ

𝐶𝜉 (𝑢′) = 𝐶𝜉 (𝑢) − (1 − 𝜉) =
{


2𝜉 − 1𝑢 < 0

𝜉 − 1
2 𝑢 = 0

0 𝑢 > 0

= (2𝜉 − 1)Φ0−1(𝑢) ≤ (2𝜉 − 1)𝟙𝑢≤0.

‣ One checks (I’m not doing it), inf𝑢∈ℝ 𝐶𝜉 (𝑢) = 𝜉  and

𝐶𝜉 (𝑢) − inf
𝑢′∈ℝ

𝐶𝜉 (𝑢′) =
{


0 𝑢 < 0

1 − 2𝜉 𝑢 > 0
1
2 − 𝜉 𝑢 = 0

= (1 − 2𝜉)Φ0−1(−𝑢) ≤ (1 − 2𝜉)𝟙𝑢≤0.

So, for any 𝜉 ∈ [0, 1],

∀𝑢 ∈ ℝ, 𝐶𝜉 (𝑢) − inf
𝑢′∈ℝ

𝐶𝜉 (𝑢′) = |2𝜉 − 1| Φ0−1((2𝜉 − 1)𝑢) ≤ |2𝜉 − 1| 𝟙(2𝜉−1)𝑢≤0.

More practically, one can find the bound

∀𝑢 ∈ ℝ, 𝐶𝜉 (𝑢) − inf
𝑢′∈ℝ

𝐶𝜉 (𝑢) ≤ |2𝜉 − 1 − 𝑏(𝑢)|,

where 𝑏 is any sign-preserving function.

We look now at the quadratic loss, Φ(𝑣) = (𝑣 − 1)2. We have

𝐶Φ
𝜉 (𝑢) = 𝜉(𝑢 − 1)2 + (1 − 𝜉)(−𝑢 − 1)2.

We find that the argmin of this function is 𝑢∗ = 2𝜉 − 1 and thus

inf
𝑢′∈ℝ

𝐶Φ
𝜉 (𝑢′) = 4𝜉(1 − 𝜉),

so that

𝐶Φ
𝜉 (𝑢) − inf

𝑢′∈ℝ
𝐶Φ

𝜉 (𝑢′) = (2𝜉 − 1 − 𝑢)2.

Using 𝑏(𝑢) = 𝑢, then, we find that

𝐶𝜉 (𝑢) − inf
𝑢′∈ℝ

𝐶𝜉 (𝑢′) ≤ |2𝜉 − 1 − 𝑢| = √(2𝜉 − 1 − 𝑢)2 = √𝐶Φ
𝜉 (𝑢) − inf

𝑢′∈ℝ
𝐶Φ

𝜉 (𝑢′).
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Thus, this shows that

ℛ︀(𝑔) − ℛ︀∗ ≤ √ℛ︀Φ(𝑔) − ℛ︀∗
Φ.

If we minimize the square-loss up to 𝜀 order, that means we are (at worst) √𝜀 away from the real 

minimizer

4.1.4 Smooth Surrogates

Consider smooth losses of the form Φ(𝑢) = 𝑎(𝑢) − 𝑢, where 𝑎(𝑢) = 1
2𝑢2 for square loss and 

𝑎(𝑢) = 2 log(𝑒
𝑢
2 + 𝑒−𝑢

2 ) for logistic. We will assume 𝑎 is even and 𝛽-smooth (if 𝑎″ exists then 

𝑎″(𝑢) ≤ 𝛽 for all 𝑢 ∈ ℝ). Then, this implies that for all 𝑢 ∈ ℝ and 𝛼 ∈ ℝ,

𝑎(𝑢) − 𝛼𝑢 − inf
𝑢′∈ℝ

{𝑎(𝑢′) − 𝛼𝑢′} ≥
1

2𝛽 |𝛼 − 𝑎′(𝑢)|2.

We find then

𝐶Φ
𝜉 (𝑢) = 𝜉Φ(𝑢) + (1 − 𝜉)Φ(−𝑢) = 𝑎(𝑢) − (2𝜉 − 1)𝑢,

thus

𝐶Φ
𝜉 (𝑢) − inf

𝑢′∈ℝ
𝐶Φ

𝜉 (𝑢′) = 𝑎(𝑢) − (2𝜉 − 1)𝑢 − inf
𝑢′

{𝑎(𝑢′) − (2𝜉 − 1)𝑢}

≥
1

2𝛽
(

2𝜉 − 1 − 𝑎′(𝑢)⏟

𝑏(𝑢) )



2

≥
1

2𝛽[𝐶𝜉 (𝑢) − inf
𝑢′∈ℝ

𝐶𝜉 (𝑢′)]

⇒ ℛ︀(𝑔) − ℛ︀∗ ≤ √2𝛽(ℛ︀Φ(𝑔) − ℛ︀∗
Φ(𝑔))1/2.

For square loss, 𝛽 = 1, and for the logistic loss, 𝛽 ≤ 1
4 .

§4.2 Risk Minimization Decomposition

Consider a family ℱ︀  of prediction functions 𝑓 : 𝒳︀ → ℝ. Let

̂𝑓 ∈ argmin𝑓 ∈ℱ︀ 𝑅̂(𝑓 ) =
1
𝑛 ∑

𝑛

𝑖=1
ℓ(𝑦𝑖, 𝑓 (𝑥𝑖)).

We decompose the risk

ℛ︀( ̂𝑓 ) − ℛ︀∗ = ℛ︀( ̂𝑓 ) − inf
𝑓 ′∈ℱ︀

ℛ︀(𝑓 ′)
⏟

estimation error

+ inf
𝑓 ′∈ℱ︀

ℛ︀(𝑓 ′) − ℛ︀∗

⏟
approximation error

.

For instance, we could consider ℱ︀ = {𝑓𝜃 : 𝜃 ∈ Θ}, with linear models being of the form 𝑓𝜃(𝑥) =
𝜃𝑇𝜑(𝑥).

§4.3 Approximation Error
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Remark 4.4 :

1. Deterministic

2. Depends on the distribution of the data and the class of functions ℱ︀ ; the larger ℱ︀ , the 

smaller the approximation error

3. We’ll focus on families of the form ℱ︀ = {𝑓𝜃 | 𝜃 ∈ Θ ⊂ ℝ𝑑}, and ℓ is convex and Lipschitz, 

with respect to the second variable

We’ll assume 𝜃∗ ∈ argmin𝜃∈ℝ𝑑ℛ︀(𝑓∗) (not necessarily over the space Θ). We can further 

decompose the approximation error by

inf
𝜃∈Θ

ℛ︀(𝑓𝜃) − ℛ︀∗ = inf
𝜃∈Θ

ℛ︀(𝑓𝜃) − inf
𝜃∈ℝ𝑑

ℛ︀(𝑓𝜃)
⏟

how good modeling is
(𝐼)

+ inf
𝜃∈ℝ𝑑

ℛ︀(𝑓𝜃) − ℛ︀∗
⏟

architecture error
(𝕀)

.

(𝐼) Suppose the loss is 𝐺-Lipschitz. Then,

ℛ︀(𝑓𝜃) − ℛ︀(𝑓𝜃′) = 𝔼[ℓ(𝑦, 𝑓𝜃(𝑥)) − ℓ(𝑦, 𝑓𝜃′(𝑥))] ≤ 𝐺𝔼[|𝑓𝜃(𝑥) − 𝑓𝜃′(𝑥)|].

In the case that 𝑓𝜃(𝑥) = 𝜃𝑇𝜑(𝑥) and Φ ≔ {𝜃 ∈ ℝ𝑑 | ‖𝜃‖2 ≤ 𝐷}, then we first have by Cauchy-

Schwarz, 𝜃𝑇𝜑(𝑥) − 𝜃𝑇
∗ 𝜑(𝑥) ≤ ‖𝜃 − 𝜃∗‖2‖𝜑(𝑥)‖2 thus

inf
𝜃∈Θ

ℛ︀(𝑓𝜃) − inf
𝜃′∈ℝ𝑑

ℛ︀(𝑓𝜃′) ≤ 𝐺 inf
‖𝜃‖2≤𝐷

𝔼[‖𝜑(𝑥)‖]‖𝜃 − 𝜃∗‖

≤ 𝐺 inf
‖𝜃‖2≤𝐷

𝔼[‖𝜑(𝑥)‖](‖𝜃∗‖ − 𝐷)+, (𝑥)+ ≔ max{0, 𝑥}.

This is minimized for ̂𝜃 = (𝜃∗𝐷)
‖𝜃∗‖  if ‖𝜃∗‖ > 𝐷.

(𝕀) Is based on our choice of model; things like architecture choice can affect this.

§4.4 Estimation Error

Let 𝑔ℱ︀ ∈ argmin𝑔∈ℱ︀ ℛ︀(𝑔) be the minimizer of the expected risk for our class of models, and 

̂𝑓 ∈ argmin𝑓 ∈ℱ︀ ℛ̂︀(𝑓 ) be the minimzer of the empirical risk (which is random). The estimation 

error can be bounded as follows:

ℛ︀( ̂𝑓 − inf
𝑓 ∈ℱ︀

)ℛ︀(𝑓 ) = ℛ︀( ̂𝑓 ) − ℛ︀(𝑔ℱ︀ )

= {ℛ︀( ̂𝑓 ) − ℛ̂︀( ̂𝑓 )} + {ℛ̂︀( ̂𝑓 ) − ℛ̂︀(𝑔ℱ︀ )}⏟
≤0

+ {ℛ̂︀(𝑔ℱ︀ ) − ℛ︀(𝑔ℱ︀ )}

≤ 2 sup
𝑓 ∈ℱ︀

|ℛ︀(𝑓 ) − ℛ̂︀( ̂𝑓 )|.

Now suppose ̂𝑓opt “almost” the solution ̂𝑓  (obtained from optimization, say), i.e. ℛ̂︀( ̂𝑓opt) −
ℛ̂︀( ̂𝑓 ) ≤ 𝜀 for some 𝜀 > 0. Then we can get a similar inequality,

ℛ︀( ̂𝑓 ) − inf
𝑓 ∈ℱ︀

ℛ︀(𝑓 ) ≤ 2 sup
𝑓 ∈ℱ︀

|ℛ︀(𝑓 ) − ℛ̂︀( ̂𝑓 )| + ℛ̂︀( ̂𝑓opt) − ℛ̂︀( ̂𝑓 )⏟
optimization error, ≤𝜀

.

4.4.1 Applications of McDiarmid’s Inequality
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Assume 𝑓 ∈ ℱ︀  is bounded between 0 and ℓ∞. For a single 𝑓 ∈ ℱ︀ , Hoeffding’s ays that with 

probability ≥ 1 − 𝛿,

ℛ︀(𝑓 ) − ℛ̂︀(𝑓 ) ≤
ℓ∞

√2𝑛
√log(1/𝛿).

Note that we can’t just put a sup over ℱ︀  on the left-hand side. We need a little more work.

4.4.1.1 Easy Case: Finite Number of Models

Assume that there are finitely many 𝑓  in ℱ︀ . Then

ℙ
(
sup

𝑓 ∈ℱ︀
|𝑅̂(𝑓 ) − ℛ︀(𝑓 )| ≥ 𝑡

)
 ≤ ∑

𝑓 ∈ℱ︀
ℙ(|ℛ̂︀(𝑓 ) − ℛ︀(𝑓 )| ≥ 𝑡)

≤ ∑
𝑓 ∈ℱ︀

2 exp
(
−

2𝑛𝑡2

ℓ2
∞ )



= 2|ℱ︀| exp
(
−

2𝑛𝑡2

ℓ2
∞ )

.

Setting 𝛿 = 2 exp(−2𝑛𝑡2

ℓ2
∞

), and solve for 𝑡 appropriately to get that with probability 1 − 𝛿,

sup
𝑓 ∈ℱ︀

|𝑅̂(𝑓 ) − ℛ︀(𝑓 )| ≤ 𝑡 =
ℓ∞

√2𝑛
√log

2|ℱ︀|
𝛿

≤ ℓ∞
√log(𝑠|ℱ︀|)

2𝑛 +
ℓ∞

√2𝑛
√log(1/𝛿)

⏟
→0 as 𝑛→∞ provided log|ℱ︀|≪𝑛

.

How do we deal with ℱ︀  being infinite?

4.4.2 𝜀-net Argument: Covering Numbers

We assume 𝐺-Lipschitz loss functions with respect to 𝑥, i.e.

|ℛ︀(𝑓 ) − ℛ︀(𝑓 ′)| ≤ 𝐺𝔼[|𝑓 (𝑥) − 𝑓 (𝑥′)|] = 𝐺Δ(𝑓 , 𝑓 ′).

↪︎Definition 4.3 (Covering Number) :  Assume there exists 𝑚 = 𝑚(𝜀) elements 𝑓1, …, 𝑓𝑚 such 

that for all 𝑓 ∈ ℱ︀  there exists 𝑖 ∈ [𝑚] such that Δ(𝑓 , 𝑓𝑖) ≤ 𝜀. The minimial possible number 

𝑚(𝜀) for 𝜀 fixed is called the covering number of ℱ︀  at precision 𝜀.

Remark 4.5 :

1. The covering number 𝑚(𝜀) is a non-increasing function of 𝜀
2. Typically 𝑚(𝜀) ∼ 𝜀−𝑑 as 𝜀 → 0
3. In the ℓ∞-metric, if ℱ︀  is contained in a ball of radius 𝑐 in ℓ∞-ball of dimension 𝑑, then it can 

be covered by (𝑐/𝜀)𝑑 cubes of length 2𝜀, supposing 𝜀 ≤ 𝑐.

Given a cover of ℱ︀  with (𝑓𝑖)𝑖=1,…,𝑚(𝜀) being the cover elements using that both ℛ̂︀  and ℛ︀  are 𝐺-

Lipschitz . we have for any 𝑖 ∈ [𝑚(𝜀)],
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|ℛ̂︀(𝑓 ) − ℛ︀(𝑓 )| ≤ |ℛ̂︀(𝑓 ) − ℛ̂︀(𝑓𝑖)| + |ℛ̂︀(𝑓𝑖) − ℛ︀(𝑓𝑖)| + |ℛ︀(𝑓𝑖) − ℛ︀(𝑓 )|

≤ 2𝐺Δ(𝑓 , 𝑓𝑖) + |ℛ̂︀(𝑓𝑖) − ℛ︀(𝑓𝑖)|

≤ 2𝐺Δ(𝑓 , 𝑓𝑖) + sup
𝑗∈𝑚(𝜀)

|ℛ̂︀(𝑓𝑗) − ℛ︀(𝑓𝑗)|.

Take 𝑖 such that Δ(𝑓 , 𝑓𝑖) < 𝜀, then we obtain

sup
𝑓 ∈ℱ︀

|𝑅̂(𝑓 ) − ℛ︀(𝑓 )| ≤ 2𝐺𝜀 + sup
𝑗∈𝑚(𝜀)

|ℛ︀(𝑓𝑗) − ℛ︀(𝑓𝑗)|

≤ 2𝐺𝜀 + ℓ∞√log(2𝑚(𝜀))
2𝑛 +

ℓ∞

√2𝑛
√log(

1
𝛿 ).

Thus if 𝑚(𝜀) ∼ 𝜀−𝑑, then the second term above is of the order ℓ∞√𝑑 log(1/𝜀)
2𝑛 ; so if 𝜀 ∼ 1

√𝑛
, then we 

get a term of the order

2𝐺𝜀 + ℓ∞√𝑑 log(1/𝜀)
2𝑛 +

ℓ∞

√2𝑛
∼ √ 𝑑

𝑛 log(𝑛).

Remark 4.6 : In practice, this bound is often way weaker than what actually occurs.

§4.5 Rademacher Complexity

Idea: If 𝑧, 𝑧′ are iid rvs, 𝑧 =d 𝑧′. If 𝑔 is a function, then 𝑔(𝑧) =d 𝑔(𝑧′). Furthermore,

𝑔(𝑧) − 𝑔(𝑧′) =d 𝑔(𝑧′) − 𝑔(𝑧) =d (−1)[𝑔(𝑧) − 𝑔(𝑧′)] =d 𝜀[𝑔(𝑧) − 𝑔(𝑧′)]

where 𝜀 a Rademacher rv, i.e. ℙ(𝜀 = 1) = ℙ(𝜀 = −1) = 1
2 , which is independent of 𝑧 and 𝑧′.

Our goal of this section is to upper-bound sup𝑓 ∈ℱ︀ |ℛ︀(𝑓 ) − ℛ̂︀(𝑓 )|. We’ll change notation

𝑧 = (𝑥, 𝑦), ℋ︀ ≔ {(𝑥, 𝑦) ↦ ℓ(𝑦, 𝑓 (𝑥)), 𝑓 ∈ ℱ︀},

so that

sup
𝑓 ∈ℱ︀

|ℛ︀(𝑓 ) − ℛ̂︀(𝑓 )| = sup
ℎ∈ℋ︀|

𝔼[ℎ(𝑧)] −
1
𝑛 ∑

𝑛

𝑖=1
ℎ(𝑧𝑖)

|
.

Denote

𝒟︀ ≔ {𝑧1, …, 𝑧𝑛}

and define the Rademacher complexity of the class ℋ︀  as

𝑅𝑛(ℋ︀) ≔ 𝔼𝜀,𝒟︀
[
sup

ℎ∈ℋ︀

1
𝑛 ∑

𝑛

𝑖=1
𝜀𝑖ℎ(𝑧𝑖)

]
,

where 𝜀𝑖’s are Rademacher rv’s which are mutually independent and of the 𝑧’s.

4.5.1 Symmetrization
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↪︎Proposition 4.2 :

𝔼
[
sup

ℎ∈ℋ︀{

 1

𝑛 ∑
𝑛

𝑖=1
ℎ(𝑧𝑖) − 𝔼[ℎ(𝑧)]

}



]
 ≤ 2𝑅𝑛(ℋ︀),

and

𝔼
[
sup

ℎ∈ℋ︀{

𝔼[ℎ(𝑧)] −

1
𝑛 ∑

𝑛

𝑖=1
ℎ(𝑧𝑖)

}



]
 ≤ 2𝑅𝑛(ℋ︀).

Proof. Let 𝒟︀ ′ = {𝑧′
1, …, 𝑧′

𝑛} ad 𝒟︀ = {𝑧1, …, 𝑧𝑛} be independent. Let (𝜀𝑖)𝑖∈[𝑛] iid 

Rademacher rvs independent of 𝒟︀ ′, 𝒟︀ . For all 𝑖 ∈ [𝑛],

𝔼[ℎ(𝑧′
𝑖) | 𝒟︀] = 𝔼[ℎ(𝑧′

𝑖)]

by independence, and also

𝔼[ℎ(𝑧𝑖) | 𝒟︀] = ℎ(𝑧𝑖).

We have, using iid and these identities,

𝔼
[
sup

ℎ∈ℋ︀{

𝔼[ℎ(𝑧)] −

1
𝑛 ∑

𝑛

𝑖=1
ℎ(𝑧𝑖)

}



]
 = 𝔼

[
sup

ℎ∈ℋ︀{

 1

𝑛 ∑
𝑛

𝑖=1
𝔼[ℎ(𝑧′

𝑖) | 𝒟︀] −
1
𝑛 ∑

𝑛

𝑖=1
ℎ(𝑧𝑖)

}



]


= 𝔼
[
sup

ℎ∈ℋ︀{

 1

𝑛 ∑
𝑛

𝑖=1
𝔼[ℎ(𝑧′

𝑖) − ℎ(𝑧𝑖) | 𝒟︀]
}



]
.

Now, remark that sup{𝔼[𝑓1], 𝔼[𝑓2]} ≤ 𝔼[sup{𝑓1, 𝑓2}]; the same bound holds for suping 

over an infinite class. We get then, continuing from above,

≤ 𝔼
[
𝔼

[
sup

ℎ∈ℋ︀

1
𝑛 ∑

𝑛

𝑖=1
(ℎ(𝑧′

𝑖) − ℎ(𝑧𝑖)) | 𝒟︀
]


]


= 𝔼
[
sup

ℎ∈ℋ︀

1
𝑛 ∑

𝑛

𝑖=1
(ℎ(𝑧′

𝑖) − ℎ(𝑧𝑖))
]


=
symmetry

𝔼
[
sup

ℎ∈ℋ︀

1
𝑛 ∑

𝑛

𝑖=1
𝜀𝑖(ℎ(𝑧′

𝑖) − ℎ(𝑧𝑖))
]


≤ 2𝑅𝑛(ℋ︀).

The other direction is clear from this work. ■

Putting everything together, we get that with probability 1 − 𝛿,

𝔼[ℎ(𝑧)] ≤ ∑
𝑛

𝑖=1
ℎ(𝑧𝑖) + 2𝑅𝑛(ℋ︀) +

ℓ∞

√2𝑛
√log(1/𝛿).

4.5.2 Lipschitz-Continuous Losses
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↪︎Proposition 4.3 :  Given any function 𝑏, 𝑎𝑖 : Θ → ℝ and 𝜑𝑖 : ℝ → ℝ any 1-Lipschitz 

functions for 𝑖 = 1, …, 𝑛 and for 𝜀 ∈ ℝ𝑛 vector of independent Rademacher rv’s, then

𝔼𝜀
[
sup

𝜃∈Θ{

𝑏(𝜃) − ∑

𝑛

𝑖=1
𝜀𝑖𝜑(𝑎𝑖(𝜃))

}



]
 ≤ 𝔼𝜀

[
sup

𝜃∈Θ{

𝑏(𝜃) + ∑

𝑛

𝑖=1
𝜀𝑖𝑎𝑖(𝜃)

}



]
.

This result just says that, for our purposes, that if we condition on 𝒟︀ , set 𝑏 ≡ 0 and Θ =
{𝑓 (𝑥1), …, 𝑓 (𝑥𝑛) : 𝑓 ∈ ℱ︀} and 𝑎𝑖(𝜃) = 𝜃𝑖 and 𝜑𝑖(𝑢𝑖) ≔ ℓ(𝑦𝑖, 𝑢𝑖), then

𝔼𝜀
[
sup

𝑓 ∈ℱ︀

1
𝑛 ∑

𝑛

𝑖=1
𝜀𝑖ℓ(𝑦𝑖, 𝑓 (𝑥𝑖)) | 𝒟︀

]
 ≤ 𝐺𝔼𝜀

[
sup

𝑓 ∈ℱ︀

1
𝑛 ∑

𝑛

𝑖=1
𝜀𝑖𝑓 (𝑥𝑖) | 𝒟︀

]
,

hence

𝑅𝑛(ℋ︀) ≤ 𝐺𝑅𝑛(ℱ︀).

4.5.3 Ball-Constrained and Linear Predictions

Assume ℱ︀ = {𝑓𝜃(𝑥) = 𝜃𝑇𝜑(𝑥), Ω(𝜃) ≤ 𝐷} where Ω a norm on ℝ𝑑. Let Φ ∈ ℝ𝑛×𝑑 =
(


𝜑𝑇(𝑥1)
⋮

𝜑𝑇(𝑥𝑛))
. 

We see that

𝑅𝑛(ℱ︀) = 𝔼
[
 sup

Ω(𝜃)≤𝐷

1
𝑛𝜀𝑇Φ𝜃

]
 =

𝐷
𝑛 𝔼[Ω∗(Φ𝑇𝜀)],

where Ω∗ the dual norm to Ω, given by Ω∗
𝑢 = supΩ(𝜃)≤1 𝑢𝑇𝜃. Supposing Ω = ‖⋅‖2 then Ω∗ = ‖⋅‖2 

so

𝑅𝑛(ℱ︀) =
𝐷
𝑛 𝔼[‖Φ𝑇𝜀‖2]

(Jensen's) ≤
𝐷
𝑛

√𝔼[‖Φ𝑇𝜀‖2]

≤
𝐷
𝑛

√𝔼[tr(Φ𝑇𝜀𝜀𝑇Φ)]

=
𝐷
𝑛

√𝔼[tr(Φ𝑇Φ)]

=
𝐷
𝑛 √∑

𝑛

𝑖=1
𝔼[‖𝜑(𝑥𝑖)‖2

2]

=
𝐷
√𝑛

√𝔼[‖𝜑(𝑥)‖2
2].

§5 Optimization

§5.1 Optimization in ML

Remember that our goal is to compute/minimie ℛ︀(𝑓 ) = 𝔼[ℓ(𝑦, 𝑓 (𝑥))]. In practice, we 

minimize the empirical risk for some class of predictors,

min
𝜃∈ℝ𝑑{


𝐹(0) =

1
𝑛 ∑

𝑛

𝑖=1
ℓ(𝑦𝑖, 𝑓𝜃(𝑥𝑖)) + Ω(𝜃)

}

,
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for Ω some norm. Unlike “classical” optimization, we solve this problem, but evaluate the 

performance of our optimization on unseen data.

§5.2 Gradient Descent

Goal: min𝜃∈ℝ𝑑 𝐹(𝜃), 𝐹 : ℝ𝑑 → ℝ.

“Block-box oracles” are the idea of 𝜃 → block box → information about 𝐹(𝜃), ∇𝐹(𝜃), ∇2𝐹(𝜃). 

0th order oracles use 𝐹(𝜃), 1st order use 𝐹(𝜃), ∇𝐹(𝜃), and 2nd order use 𝐹(𝜃), ∇𝐹(𝜃), ∇2𝐹(𝜃) 

(“order” implies the “expense” of computing the desired quantities).

Alg 1 (basic gradient descent): Pick 𝜃0 ∈ ℝ𝑑 and 𝑡 >= 1, and set

𝜃𝑡 = 𝜃𝑡−1 − 𝛾𝑡∇𝐹(𝜃𝑡−1)

where 𝛾𝑡 the “step size”/“learning rate”.

5.2.1 Convex Functions

↪︎Definition 5.1 :  A differentiable function 𝐹 : ℝ𝑑 → ℝ is convex if 𝐹(ℎ) ≥ 𝐹(𝜃) + ∇𝐹(𝜃)𝑇(ℎ −
𝜃) for all ℎ, 𝜃 ∈ ℝ𝑑. If 𝐹 is twice differentiable, 𝐹 is convex if ∇2𝐹 positive semidefinite.

Remark 5.1 :

1. Linear sums of convex functions with positive constants are convex. The maximum of 

convex functions is convex.

2. The composition of a convex function with an affine linear function is convex.

↪︎Proposition 5.1 :  Assume 𝐹 is differentiable and convex. Then points are global minimizers 

iff they are stationary points, i.e. the gradient vanishes there.

5.2.2 Analysis of GD for Strongly Convex and Differentiable Functions

↪︎Definition 5.2 :  A differentiable 𝐹 is 𝜇 > 0-strongly convex if 𝐹(ℎ) ≥ 𝐹(𝜃) + ∇𝐹(𝜃)𝑇(ℎ − 𝜃) +
𝜇
2 ‖ℎ − 𝜃‖2

2 for all ℎ, 𝜃 ∈ ℝ𝑑.

Remark 5.2 :  If 𝑓  is twice differentiable, then ∇2𝐹(𝜃) ≥ 𝜇𝐼 (the smallest eigenvalue of ∇2𝐹 for 

all 𝜃 is bigger than or equal 𝜇).

↪︎Lemma 5.1 (Lojasiewicz's Inequality) :  If 𝐹 differentiable and 𝜇-strongly convex with a 

unique minimizer ℎ∗, then

‖∇𝐹(𝜃)‖2
2 ≥ 2𝜇(𝐹(𝜃) − 𝐹(ℎ∗))

for all 𝜃 ∈ ℝ𝑑.

↪︎Definition 5.3 (𝐿-smooth):  A 𝐶1-function 𝐹 is said to be 𝐿-smooth if

|𝐹(ℎ) − 𝐹(𝜃) − ∇𝐹(𝜃)𝑇(ℎ − 𝜃)| ≤
𝐿
2 ‖𝜃 − ℎ‖2, ∀𝜃, ℎ.
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↪︎Proposition 5.2 :

• if the gradient of 𝐹 is 𝐿-Lipschitz, 𝐹 is 𝐿-smooth

• If 𝐹 ∈ 𝐶2, then 𝐹 𝐿-smooth iff ∇2(𝜃) ≤ 𝐿𝐼 for all 𝜃.

↪︎Definition 5.4 (Condition number) :  When 𝐹 is both smooth and strongly convex, we call 

𝜅 = 𝐿
𝜇 ≥ 1 the condition number.

Remark 5.3 : In practice, the condition number grows with 𝑛.

↪︎Proposition 5.3 :  Assume 𝐹 𝐿-smooth and 𝜇-strongly convex. Let 𝛾 = 1
𝐿 . Then the iterates 𝜃𝑡 

of gradient descent satisfy

𝐹(𝜃𝑡) − 𝐹(ℎ∗) ≤ (1 −
1
𝜅 )

𝑡
(𝐹(𝜃0) − 𝐹(ℎ∗)) ≤ exp(−

𝑡
𝜅 )(𝐹(𝜃0) − 𝐹(ℎ∗)).

Proof. By smoothness,

𝐹(𝜃𝑡) = 𝐹(𝜃𝑡−1 − 𝛾∇𝐹(𝜃𝑡−1))

≤ 𝐹(𝜃𝑡−1) + ∇𝐹(𝜃𝑡−1)𝑇(−𝛾∇𝐹(𝜃𝑡−1)) +
𝐿
2 ‖𝛾∇𝐹(𝜃𝑡−1)‖2

= 𝐹(𝜃𝑡−1) −
(
𝛾 −

𝐿𝛾2

2 )
‖∇𝐹(𝜃𝑡−1)‖.

Optimizing 𝛾 ↦ 𝛾 − 𝐿𝛾2

2  in 𝛾 gives 𝛾 = 1
𝐿 . By strong convexity then,

𝐹(𝜃𝑡) − 𝐹∗ ≤ 𝐹(𝜃𝑡−1) − 𝐹∗ −
1

2𝐿‖∇𝐹(𝜃𝑡−1)‖2
2

≤ 𝐹(𝜃𝑡−1) − 𝐹∗ −
1
𝜅 (𝐹(𝜃𝑡−1) − 𝐹∗).

Repeatedly applying this in 𝑡 gives

𝐹(𝜃𝑡) − 𝐹∗ ≤ (1 −
1
𝜅 )

𝑡
(𝐹(𝜃0) − 𝐹∗) ≤ exp(−

𝑡
𝜅 )(𝐹(𝜃0) − 𝐹∗).

■

5.2.3 Convex and Smooth

↪︎Proposition 5.4 :  If 𝐹 is convex and 𝐿-smooth, then for all 𝜃, ℎ ∈ ℝ𝑑,

1
𝐿‖∇𝐹(𝜃) − ∇𝐹(ℎ)‖2 ≤ [∇𝐹(𝜃) − ∇𝐹(ℎ)]𝑇(𝜃 − ℎ),

and moreover

𝐹(𝜃) ≥ 𝐹(ℎ) + ∇𝐹(ℎ)𝑇(𝜃 − ℎ) +
1

2𝐿‖∇𝐹(𝜃) − ∇𝐹(ℎ)‖2.

Proof. The second inequality implies the first by swapping the roles of 𝜃, ℎ and 

adding the inequalities together and simplifying.
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To prove the second, convexity and smoothness imply that for 𝜉 ∈ ℝ𝑑,

𝐹(ℎ) + ∇𝐹(ℎ)𝑇(𝜉 − ℎ) ≤ 𝐹(𝜃) + ∇𝐹(𝜃)𝑇(𝜉 − 𝜃) +
𝐿
2 ‖𝜃 − 𝜉‖2

2,

which implies

𝐹(ℎ) + ∇𝐹(ℎ)𝑇(𝜉 − ℎ) − ∇𝐹(𝜃)𝑇(𝜉 − 𝜃) −
𝐿
2 ‖𝜃 − 𝜉‖2

2 ≤ 𝐹(𝜃).

The left-hand side is a quadratic in 𝜉 . Maximimizing this in 𝜉  (with 𝜃, ℎ fixed) gives 

𝜉 = 1
𝐿(∇𝐹(ℎ) − ∇𝐹(𝜃)) which implies

𝐹(𝜃) ≥ 𝐹(ℎ) +
1

2𝐿‖∇𝐹(ℎ) − ∇𝐹(𝜃)‖)2 + ∇𝐹(ℎ)𝑇(𝜃 − ℎ).

This gives the result. ■

↪︎Proposition 5.5 :  Assume 𝐹 is 𝐿-smooth and convex with global minimizer ℎ∗. Choosing 

𝛾 = 1
𝐿 , we have

𝐹(𝜃𝑡) − 𝐹(ℎ∗) ≤
𝐾
2𝑡‖𝜃0 − ℎ∗‖2

2.

Remark 5.4 :  This is a far slower rate than what we achieved in the strongly convex case.

Proof. Let 𝑉𝑡(𝜃) ≔ 𝑡[𝐹(𝜃𝑡) − 𝐹(ℎ∗)] + 𝐿
2 ‖𝜃𝑡 − ℎ∗‖2. We need to look at

𝑉𝑡(𝜃𝑡) − 𝑉𝑡−1(𝜃𝑡−1) = 𝑡[𝐹(𝜃𝑡) − 𝐹(𝜃𝑡−1)] + [𝐹(𝜃𝑡−1) − 𝐹(ℎ∗)] + [
𝐿
2 ‖𝜃𝑡 − ℎ∗‖2 −

𝐿
2 ‖𝜃𝑡−1 − ℎ∗‖2].

We bound each term; we see that

𝐹(𝜃𝑡) − 𝐹(𝜃𝑡−1) ≤ −
1

2𝐿‖∇𝐹(𝜃𝑡−1)‖2
2

𝐹(𝜃𝑡−1) − 𝐹(ℎ∗) ≤ ∇𝐹(𝜃𝑡−1)𝑇(𝜃𝑡−1 − ℎ∗)

𝐿
2 (‖𝜃𝑡 − ℎ∗‖2 − ‖𝜃𝑡−1 − ℎ∗‖2) =

𝐿
2 [

‖𝜃𝑡−1 −
1
𝐿∇𝐹(𝜃𝑡−1) − ℎ∗‖

2
− ‖𝜃𝑡−1 − ℎ∗‖2

]


=
1

2𝐿‖∇𝐹(𝜃𝑡−1)‖2 − (𝜃𝑡−1 − ℎ∗)𝑇∇𝐹(𝜃𝑡−1).

All together, we get

𝑉𝑡(𝜃𝑡) − 𝑉𝑡−1(𝜃𝑡−1) ≤ 0.

This is true for all 𝑡, so

𝑡[𝐹(𝜃𝑡) − 𝐹(ℎ∗)] ≤ 𝑉𝑡(𝜃𝑡) ≤ 𝑉0(𝜃0) ≤
𝐿
2 ‖𝜃0 − ℎ∗‖2

which gives the result. ■

Remark 5.5 :  𝐹(𝜃𝑡) − 𝐹(ℎ∗) ≤ 𝒪︀(max{1
𝑡 , exp(− 𝑡

𝜅 )})
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5.2.4 Stochastic Gradient Descent

We assume we aimed to minimize the empirical risk, 𝐹(𝜃) = 1
𝑛 ∑𝑛

𝑖=1 ℓ.(𝑦𝑖, 𝑓𝜃(𝑥𝑖)) + Ω(𝜃).

• Multi-pass SGD: at each time 𝑡, select 𝐼𝑡 ∼ Unif({1, …, 𝑛}) then

⋆ = ℓ(𝑦𝐼𝑡+1
, 𝑓𝜃𝑡

(𝑥𝐼𝑡+1
)) + Ω(𝜃𝑡)

is an estimator of 𝐹, in the sense that

𝔼[⋆ | 𝜃𝑡] = 𝐹(𝜃𝑡).

Then, define 𝜃𝑡+1 = 𝜃𝑡 − 𝛾𝑡𝑔𝑡+1 where 𝑔𝑡+1 ≔ ∇𝜃𝑡
(⋆) where 𝛾𝑡 our step size.

• Mini-batch SGD: fix a batch size 𝐵. At each time 𝑡 choose a uniform random subset 𝐼𝐵
𝑡 ⊂

{1, …, 𝑛} with |𝐼𝐵
𝑡 | = 𝐵, uniformly distributed. Define

𝑔𝑡 ≔
1
𝐵 ∑

𝑖∈𝐼𝐵
𝑡

[∇𝜃𝑡
(ℓ(𝑦𝑖, 𝑓𝜃𝑡

(𝑥𝑖)))] + ∇𝜃𝑡
Ω(𝜃𝑡).

Clearly if 𝐵 = 1 mini-batch simplifies to multi-pass.

• One-Pass SGD: we assume there is a distribution 𝒟︀  where (𝑥𝑖, 𝑦𝑖) are independent samples 

from 𝒟︀ . With this interpretation the natural update is

𝜃𝑡+1 = 𝜃𝑡 − 𝛾𝑡𝑔𝑡+1, 𝑔𝑡+1 = ∇𝜃[ℓ(𝑦𝑡+1, 𝑓𝜃𝑡
(𝑥𝑡+1)) + Ω(𝜃𝑡)],

i.e. we just updated with the 𝑡th ordered data point.

• Shuffled SGD: choose a random permutation 𝜋 of {1, …, 𝑛}, reorder {1, …, 𝑛} by 𝜋 and run one-

pass SGD.

More generally, we say that an update formula of the form

𝜃𝑡+1 = 𝜃𝑡 − 𝛾𝑡𝑔𝑡+1

is SGD if

𝔼[𝑔𝑡+1 | 𝜃𝑡] = ∇𝐹(𝜃𝑡) (𝐻1)

for some loss 𝐹. One checks that thus multi-pass SGD is SGD with loss given by the empirical 

risk. However, one-pass SGD is SGD for the population risk, 𝔼(𝑥,𝑦)∼𝒟︀[ℓ(𝑦, 𝑓𝜃(𝑥)) + Ω(𝑥)].

Additionally, we’ll assume in our analysis that ‖𝑔𝑡(𝜃𝑡)‖2 ≤ 𝐵 a.s. for some constant 𝐵 (𝐻2).
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↪︎Theorem 5.1 :  Suppose (𝐻1), (𝐻2) hold, and that 𝐹 is convex, 𝐵-Lipschitz and has a 

minimizer 𝜃∗ so ‖𝜃0 − 𝜃∗‖ ≤ 𝐷. Choose 𝛾𝑡 = ((𝐷/𝐵))/√𝑡. Then

𝔼[𝐹(𝜃𝑡) − 𝐹(𝜃∗)] ≤ 𝐷𝐵2

(


2 + log(𝑡)
√𝑡 )

,

where

𝜃𝑡 ≔
(
∑

𝑡

𝑠=1
𝛾𝑠𝜃𝑠−1

)
/

(
∑

𝑡

𝑠=1
𝛾𝑠

)


the (step-size weighted) iterate average.

Remark 5.6 : Note that we take the step size to 0 (in fact, we need this to happen), and the rate 

of decay is worse than in the non-stochastic gradient descent. In practice, 𝛾𝑡 is chosen to be 

something like 𝛾0
𝑇−𝑡

𝑇  where 𝑇 some final time to run until.

Proof. We compute using (𝐻1), (𝐻2) that

𝔼[‖𝜃𝑡 − 𝜃∗‖2] = 𝔼[‖𝜃𝑡−1 − 𝛾𝑡𝑔𝑡 − 𝜃∗‖2]

= 𝔼[‖𝜃𝑡−1 − 𝜃∗‖2 − 2⟨𝛾𝑡𝑔𝑡, 𝜃𝑡−1 − 𝜃∗⟩ + 𝛾2
𝑡 ‖𝑔𝑡‖

2]

≤ 𝔼[‖𝜃𝑡−1 − 𝜃∗‖2] − 2𝛾𝑡𝔼[⟨𝔼[𝑔𝑡 | 𝜃𝑡−1], (𝜃𝑡−1 − 𝜃∗)⟩] + 𝛾2
𝑡 𝐵

= 𝔼[‖𝜃𝑡−1 − 𝜃∗‖2] − 2𝛾𝑡𝔼[⟨∇𝐹(𝜃𝑡−1), 𝜃𝑡−1 − 𝜃∗⟩] + 𝛾2
𝑡 𝐵

Recall that by convexity, 𝐹(𝜃𝑡−1) − 𝐹(𝜃∗) ≤ ⟨∇𝐹(𝜃𝑡−1), 𝜃𝑡−1 − 𝜃∗⟩, so continuing from 

the above we find

𝛾𝑡𝔼[𝐹(𝜃𝑡−1) − 𝐹(𝜃∗)] ≤
1
2[𝔼[‖𝜃𝑡−1 − 𝜃∗‖2 − ‖𝜃𝑡 − 𝜃∗‖2] + 𝛾2

𝑡 𝐵].

Summing the LHS, we get a telescoping sum on the RHS, and find

∑
𝑡

𝑠=1
𝛾𝑠𝔼[𝐹(𝜃𝑠−1) − 𝐹(𝜃∗)] ≤

1
2𝔼[‖𝜃0 − 𝜃∗‖2] +

𝐵
2 ∑

𝑡

𝑠=1
𝛾2

𝑠 .

Finally, we find then that by convexity

𝔼[𝐹(𝜃𝑡) − 𝐹(𝜃∗)] ≤
1

∑𝑡
𝑠=1 𝛾𝑠 [

∑
𝑡

𝑠=1
𝛾𝑠𝔼[𝐹(𝜃𝑠−1) − 𝐹(𝜃∗)]

]


≤
1

∑𝑡
𝑠=1 𝛾𝑠 [


1
2𝔼[‖𝜃0 − 𝜃∗‖2] +

𝐵
2 ∑

𝑡

𝑠=1
𝛾2

𝑠
]


≤
1

∑𝑡
𝑠=1 𝛾𝑠 [


1
2𝐷 +

𝐵
2 ∑

𝑡

𝑠=1
𝛾2

𝑠
]


Remark that this didn’t use any assumptions on the 𝛾𝑠’s yet. Picking 𝛾𝑠 as given in the 

statement and simplifying gives the bound. ■
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5.2.5 Gradient Flow

If we rewrite gradient flow

𝜃𝑡 − 𝜃𝑡−1
𝛾 = −∇𝐹(𝜃𝑡−1),

which, if 𝛾 → 0, is essentially the ODE

d𝜃
d𝑡 = −∇𝐹(𝜃(𝑡)),

which, in this case, GD can be see as Euler’s (Forward) Method for this ODE, with 𝛿 the step-

size. We call this ODE gradient flow.

§5.3 Least Squares Problem

5.3.1 Gradient Descent

Recall we have Φ ∈ ℝ𝑛×𝑑 our design matrix and 𝑦 ∈ ℝ𝑛 our output, and our goal is to solve

min
𝜃∈ℝ𝑑

1
2𝑛‖Φ𝜃 − 𝑦‖2

2 ≕ 𝐹(𝜃).

Let 𝜃∗ ∈ argmin 𝐹(𝜃). We see that ∇𝐹(𝜃) = 1
𝑛Φ𝑇(Φ𝜃 − 𝑦) and ∇2𝐹(𝜃) = 𝐻 = 1

𝑛Φ𝑇Φ. If 𝑦 = Φ𝜃∗, 

then we can write ∇𝐹(𝜃) = 𝐻(𝜃 − 𝜃∗). Thus, gradient descent becomes

𝜃𝑡 = 𝜃𝑡−1 − 𝛾∇𝐹(𝜃𝑡−1) = 𝜃𝑡−1 − 𝛾(𝐻(𝜃𝑡 − 𝜃∗))

⇒ 𝜃𝑡 − 𝜃∗ = 𝜃𝑡−1 − 𝜃∗ − 𝛾𝐻(𝜃𝑡−1 − 𝜃∗) = (𝐼 − 𝛾𝐻)(𝜃𝑡−1 − 𝜃∗)

⇒ 𝜃𝑡 − 𝜃∗ = (𝐼 − 𝛾𝐻)𝑡(𝜃0 − 𝜃∗).

Since 𝐹(𝜃𝑡) = 1
2(𝜃𝑡 − 𝜃∗)𝑇𝐻(𝜃𝑡 − 𝜃)∗

, we also get

𝐹(𝜃𝑡) =
1
2(𝜃0 − 𝜃∗)𝑇(𝐼 − 𝛾𝐻)𝑡𝐻(𝐼 − 𝛾𝐻)𝑡(𝜃0 − 𝜃∗)

=
1
2(𝜃0 − 𝜃∗)𝑇(𝐼 − 𝛾𝐻)2𝑡𝐻(𝜃0 − 𝜃∗).

In this context, the corresponding gradient flow problem is

̇𝜃 = −∇𝐹(𝜃) = −(𝐻𝜃 −
1
𝑛Φ𝑇𝑦).

Noting that

d
d𝑡(𝑒𝐻𝑡𝜃) = 𝑒𝐻𝑡( ̇𝜃 + 𝜃) =

1
𝑛𝑒𝐻𝑡Φ𝑇𝑦

thus, assuming 𝐻 invertible,

𝜃 = ∫
𝑡

0

1
𝑛𝑒−𝐻(𝑡−𝑠)Φ𝑇𝑦 d𝑠 + 𝐶0𝑒−𝐻𝑡 = 𝜃0𝑒−𝐻𝑡 + 𝐻−1(𝐼 − 𝑒−𝐻𝑡)

1
𝑛Φ𝑇𝑦

= 𝜃0𝑒−𝐻𝑡 + 𝐻−1(𝐼 − 𝑒−𝐻𝑡)𝐻𝜃∗

= 𝑒−𝐻𝑡𝜃0 + (𝐼 − 𝑒−𝐻𝑡)𝜃∗

5.3.2 High-Dimensional Analysis of SGD
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• Let (𝑥, 𝑦) ∼ 𝒟︀  with 𝑥 ∼ 𝒩︀(0, 𝐼𝑑), 𝜀 ∼ 𝒩︀(0, 𝜂2) and 𝑦 = ⟨𝑥, 𝜃∗⟩ + 𝜀 where 𝜃∗ ∈ ℝ𝑑 such that 

𝜃∗
𝑖 = 𝒪︀( 1

√𝑑
).

• ℓ(𝑢, 𝑣) ≔ 1
2(𝑢 − 𝑣)2 and thus one computes ℛ︀(𝜃) = 1

2(𝜂2 + ‖𝜃∗ − 𝜃‖2). The scaling of 𝜃∗ 

ensures that ℛ︀(𝜃) is of order 1, in particular, doesn’t depend on 𝑑.

• Running streaming SGD on this problem, we have the update

𝑥𝑘+1 = 𝑥𝑘 − 𝛾𝑘(⟨𝑎𝑘+1, 𝑥𝑘 − 𝛽⟩ − 𝜀𝑘+1)𝑎𝑘+1.

↪︎Proposition 5.6 (Wick's Formula) :  Let 𝑎 ∼ 𝒩︀(0, 𝐾) ∈ ℝ𝑑. Suppose 𝑓𝑖 are simple tensors, 

then

𝔼[⟨𝑎⊗4, 𝑓1 ⊗ 𝑓2 ⊗ 𝑓3 ⊗ 𝑓4⟩] = ⟨𝐾, 𝑓1 ⊗ 𝑓2⟩⟨𝐾, 𝑓3 ⊗ 𝑓4⟩ + ⟨𝐾, 𝑓1 ⊗ 𝑓3⟩⟨𝐾, 𝑓2 ⊗ 𝑓4⟩ + ⟨𝐾, 𝑓1 ⊗ 𝑓4⟩⟨𝐾, 𝑓2 ⊗ 𝑓3⟩

where ⟨𝑎⊗2, 𝑓1 ⊗ 𝑓2⟩ = 𝑓 𝑇
1 𝑎𝑎𝑇𝑓2 = 𝑎𝑖𝑎𝑗(𝑓1)𝑖(𝑓2)𝑗, etc.

We have

𝔼[⟨𝑎, 𝑦⟩2⟨𝑎⊗2, 𝐼⟩] = 𝔼[⟨𝑎⊗2, 𝑦⊗2⟩⟨𝑎⊗2, 𝐼⟩] = 𝔼[⟨𝑎⊗4, 𝑦 ⊗ 𝑦 ⊗ 𝐼⟩]

= ⟨𝐾, 𝑦 ⊗ 𝑦⟩⟨𝐾, 𝐼⟩ + 2⟨⟨𝐾, 𝑦⟩ ⊗ ⟨𝐾, 𝑦⟩, 𝐼⟩

= 𝑦𝑇𝐾𝑦 tr(𝐾) + 2𝑦𝑇𝐾2𝑦

5.3.3 Dynamical Analysis of Isotropic Gaussian Linear Regression

Let ℱ︀𝑘 be the 𝜎-algebra generated by ((𝑎𝑗, 𝑏𝑗) : 0 ≤ 𝑗 ≤ 𝑘) (history up to timestep 𝑘) and let 

𝒫︀(𝑥) = 1
2‖𝑥 − 𝛽‖2. We find

𝔼[𝒫︀(𝑥𝑘+1) | ℱ︀𝑘] − 𝒫︀(𝑥𝑘) = 𝔼[
1
2‖𝑥𝑘 − 𝛾(⟨𝑎𝑘+1, 𝑥𝑘 − 𝛽⟩ − 𝜀𝑘+1)𝑎𝑘+1 − 𝛽‖2 | ℱ︀𝑘] −

1
2‖𝑥𝑘 − 𝛽‖2

= −𝛾𝔼[(⟨𝑎𝑘+1, 𝑥𝑘 − 𝛽⟩ − 𝜀𝑘+1)⟨𝑥𝑘 − 𝛽, 𝑎𝑘+1⟩ | ℱ︀𝑘] (1)

+
𝛾2

2 𝔼[(⟨𝑎𝑘+1, 𝑥𝑘 − 𝛽⟩ − 𝜀𝑘+1)2⟨𝑎𝑘+1, 𝑎𝑘+1⟩ | ℱ︀𝑘] (2)

We find that (1) = −2𝛾𝑘𝒫︀(𝑥𝑘) (the epsilon term goes to zero) and

(2) =
𝛾2

2 (𝜂2 + 𝔼[⟨𝑎𝑘+1, 𝑥𝑘 − 𝛽⟩2⟨𝑎𝑘+1 ⊗ 𝑎𝑘+1, 𝐼⟩ | ℱ︀𝑘])

Wick's =
𝛾2

𝑘
2 (𝜂2 + ‖𝑥𝑘 − 𝛽‖2 tr(𝐼𝑑) + 2(𝑥𝑘 − 𝛽)𝑇(𝑥𝑘 − 𝛽)),

and thus

𝔼[𝒫︀(𝑥𝑘+1) | ℱ︀𝑘] − 2𝒫︀(𝑥𝑘) = −2𝛾𝒫︀(𝑥𝑘) +
𝛾2

2 ((𝜂2 + 𝒫︀(𝑥𝑘)) tr(𝐼𝑑) + 2𝒫︀(𝑥𝑘))

The first term here is the effect of running gradient descent, and the latter is the effect of the 

SGD noise, i.e. the “effect” SGD has on 𝒫︀ ; the 𝛾2 term involes variance.

As 𝑑 → ∞, then the “largest” term is (‖𝑥𝑘 − 𝛽‖2 + 𝜂2)𝑑.

Goal: need both terms −2𝛾𝒫︀(𝑥𝑘) and 
𝛾2

2 ((𝜂2 + 𝒫︀(𝑥𝑘)))𝑑 to survive when 𝑑 → ∞. Why? If 

only −2𝛾𝒫︀(𝑥𝑘) survives as 𝑑 → ∞, then we’re not doing SGD, we’re essentially doing gradient 
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flow (very small learning rate). If only the latter term (attached to 
𝛾2

2 ) survives, our iterations 

will diverge.

Consequently, we need 𝛾 ≃ 𝛾2𝑑 based on our assumptions of the order of 𝜂, 𝑥 etc. Hence, we 

need 𝛾 = ℴ︀(1
𝑑). Thus, we will pick 𝛾 = 𝛾̃

𝑑  for some constant 𝛾̃. Thus, we get

𝔼[𝒫︀(𝑥𝑘+1) | ℱ︀𝑘] = 𝒫︀𝓀︀ − 2
𝛾̃
𝑑 𝒫︀(𝑥𝑘) −

𝛾̃2

𝑑 (
𝜂2

2 + 𝒫︀(𝑥𝑘) +
1
𝑑𝒫︀(𝑥𝑘)

)


which implies

𝔼[𝒫︀(𝑥𝑘+1)] = 𝒫︀(𝑥𝑘) − 2
𝛾̃
𝑑 ∑

𝑘

𝑖=0
𝒫︀(𝑥𝑖) −

𝛾̃2

𝑑 ∑
𝑘

𝑖=0(
𝜂2

2 + 𝔼[𝒫︀(𝑥𝑖)]
)


We see that the inner elements in the sum are all order 1; and there are 𝑘 of them, being divided 

by 𝑑. Thus, choose 𝑘 ≈ 𝑡𝑑, so that

2
𝛾̃
𝑑 ∑

𝑡𝑑

𝑖=0
𝔼[𝒫︀(𝑥𝑖)] ≈𝑑→∞ ∫

𝑡

0
𝔼[𝒫︀(𝑥𝑠)] d𝑠(2𝛾̃)

Therefore, by scaling time 𝑘 = 𝑡𝑑, set

𝑝(𝑡) = lim
𝑑→∞

𝔼[𝒫︀(𝑋[𝑡𝑑])],

then the above equation becomes an Euler approximation for the ODE

̇𝑝 = −2𝛾̃𝑝 + 𝛾̃2

(
𝑝 +

𝜂2

2 )


§6 Kernel Methods

§6.1 Introduction

We study emprical risk minimization for linear models 𝑓𝜃 : 𝒳︀ → ℝ, i.e. 𝑓𝜃(𝑥) = ⟨𝜃, 𝜑(𝑥)⟩ℋ︀  

where 𝜑 : 𝒳︀ → ℋ︀  and ℋ︀  a Hilbert space with 𝜃 ∈ ℋ︀ . We’ll write

⟨𝜃, 𝜑(𝑥)⟩ ≡ ⟨𝜃, 𝜑(𝑥)⟩ℋ︀

when the space is clear. A kernel function, or kernel, is a function

𝐾(𝑥, 𝑦) = ⟨𝜑(𝑥), 𝜑(𝑦)⟩ℋ︀ .

§6.2 Representer Theorem

↪︎Proposition 6.1 :  Consider a feature map 𝜑 : 𝒳︀ → ℋ︀ . Let (𝑥1, …, 𝑥𝑛) ∈ 𝒳︀𝑛 and assume 𝜓 :
ℝ𝑛+1 → ℝ is strictly increasing in the last variable. Then the infimum of 

𝜓(⟨𝜃, 𝜑(𝑥1)⟩, …, ⟨𝜃, 𝜑(𝑥𝑛)⟩, ‖𝜃‖2) can be obtained by restricting a vector 𝜃 in the span of 

𝜑(𝑥1), …, 𝜑(𝑥𝑛); that is 𝜃 = ∑𝑛
𝑖=1 𝛼𝑖𝜑(𝑥𝑖) with 𝛼 ∈ ℝ𝑛.

Proof. Let 𝜃 ∈ ℋ︀  and define

ℋ︀𝐷 =
{

∑

𝑛

𝑖=1
𝛼𝑖𝜑(𝑥𝑖) : 𝛼𝑖 ∈ ℝ

}

 ⊂ ℋ︀.
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Write 𝜃 = 𝜃𝐷 + 𝜃⟂ for 𝜃𝐷 ∈ ℋ︀𝐷 and 𝜃⟂ ∈ ℋ︀⟂
𝐷. Then for all 𝑖 ∈ [𝑛],

⟨𝜃, 𝜑(𝑥𝑖)⟩ = ⟨𝜃𝐷, 𝜑(𝑥𝑖)⟩ + 0

(by orthogonality), therefore

𝜓(⟨𝜃, 𝜑(𝑥1)⟩, …, ⟨𝜃, 𝜑(𝑥𝑛)⟩, ‖𝜃‖2) = 𝜓(⟨𝜃𝐷, 𝜑(𝑥1)⟩, …, ⟨𝜃𝐷, 𝜑(𝑥𝑛)⟩, ‖𝜃𝐷‖2 + ‖𝜃⟂‖2)

≥ 𝜓(⟨𝜃𝐷, 𝜑(𝑥1)⟩, …, ⟨𝜃𝐷, 𝜑(𝑥𝑛)⟩, ‖𝜃𝐷‖2),

with equality iff 𝜃⟂ = 0. Thus,

inf
𝜃∈ℋ︀

(⋯) ≥ inf
𝜃∈ℋ︀𝐷

(⋯).

The solution of the second term will be of the form ∑𝑛
𝑖=1 𝛼𝑖𝜑(𝑥𝑖). ■

↪︎Corollary 6.1 :  For 𝜆 > 0, the infimum of 1
𝑛 ∑𝑛

𝑖=1 ℓ(𝑦𝑖, ⟨𝜃, 𝜑(𝑥𝑖)⟩) + 𝜆
2 ‖𝜃‖2 can be obtained by 

restricting to a vector 𝜃 of the form 𝜃 = ∑𝑛
𝑖=1 𝛼𝑖𝜑(𝑥𝑖) with 𝛼 ∈ ℝ𝑛.

Remark that there was no assumption on the loss function (e.g. convexity, etc).

Now notice:

1. If 𝜃 = ∑𝑖 𝛼𝑖𝜑(𝑥𝑖), then for all 𝑗 ∈ [𝑛],

⟨𝜃, 𝜑(𝑥𝑗)⟩ = ∑
𝑛

𝑖=1
𝛼𝑖𝐾(𝑥𝑖, 𝑥𝑗) = (𝐾𝛼)𝑗

where 𝐾(𝑥, 𝑥′) = ⟨𝜑(𝑥), 𝜑(𝑥′)⟩, which we can equivalently view as a matrix in ℝ𝑛×𝑛 with 

𝐾𝑖𝑗 = ⟨𝜑(𝑥𝑖), 𝜑(𝑥𝑗)⟩.

2. ‖𝜃‖2 = ∑𝑖 ∑𝑗 𝛼𝑖𝛼𝑗⟨𝜑(𝑥𝑖), 𝜑(𝑥𝑗)⟩ = 𝛼𝑇𝐾𝛼.

We can thus rewrite our entire problem as

inf
𝜃∈ℋ︀

1
𝑛 ∑

𝑛

𝑖=1
ℓ(𝑦𝑖, ⟨𝜃, 𝜑(𝑥𝑖)⟩) +

𝜆
2 ‖𝜃‖2 = inf

𝛼∈ℝ𝑛

1
𝑛 ∑

𝑛

𝑖=1
ℓ(𝑦𝑖, (𝐾𝛼)𝑖) +

𝜆
2 𝛼𝑇𝐾𝛼.

In particular, although ℋ︀  may in general be infinite dimensional, our optimization problem can 

be restricted to a finite dimensional subset. Our prediction function is then, for any 𝑥 ∈ 𝒳︀ ,

𝑓 (𝑥) = ⟨𝜃, 𝜑(𝑥)⟩ = ∑
𝑛

𝑖=1
𝛼𝑖𝐾(𝑥, 𝑥𝑖).

6.2 Representer Theorem 45



§7 Table of Functions

Name Symbol Function Parameters?

Idk Φ0−1 : ℝ → ℝ 𝑢 ↦
{

1 𝑢<0

1
2 𝑢=0
0 𝑢>0

Conditional Φ-Risk 𝐶Φ
𝜉 : ℝ → ℝ 𝑢 ↦ 𝜉Φ(𝑢) + (1 − 𝜉)Φ(−𝑢) 𝜉 ∈ [0, 1]

Conditional 0-1-Risk 𝐶𝜉 (𝑢) : ℝ → ℝ 𝑢 ↦ 𝜉Φ0−1(𝑢) + (1 −
𝜉)Φ0−1(𝑢)

𝜉 ∈ [0, 1]

Sigmoid 𝜎 : ℝ → ℝ 𝑢 ↦ 1/(1 + 𝑒−𝑢)

Success prob., 0-1 𝜂 : 𝒳︀ → [0, 1] 𝑥 ↦ ℙ(𝑦 = 1 | 𝑥)
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