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§1 INTRODUCTION

§1.1 Some Linear Algebra
1.1.1 Inverting Block Matrices
Let

_[(AB (p+4)x(p+4q)
M := (c D) e R ,

ie.Ae RPP,Be RPY,C € R7P and D € R7*7 (where we use the convention thatif A €

R™", then A has m rows and n columns, so in particular maps R"” — R").If A is invertible, let
M\ A := D — CA~!B =: Schur Complement (of A with respect to M).

Then,

M-1 = AL+ A-1IB(IM\ A)-1CA-1  —A-1BM\ A)-1
N —(M\ A)"1CA-1 (M\ A)-1 '

Similarly, if D invertibleand M \ D := A — BD1C, then

M-1 = (M\D)~! —(M\ D)~'BD~!
-D-1ICM\D)-! D-!'+D-CM\D)-1BD-! )’
1.1.2 Eigenvalues and Singular Values

Given A € R"™" symmetric, there exists U € R™" orthogonal (i.e., UT = U~!) such that
A = U diagi\HUT,
where A = (A4, ..., A,,) for A;’s the eigenvectors of A. In particular, if U enumerate the columns
of U, we have
AUD = Aiu(i),
i.e. the U"’s are the eigenvectors of A.

Given X € R™4 5 > d, then there exists an orthogonal matrix V € R4 and U € R™ with
orthogonal columns, and a matrix of singular values s € RY = {(vl, .y 0y) € R v, > 0Vi =
1,..., d} such that

X = U Diag(s)VT.

Remark 1.1:
L ifu; € R v; € R4 are the columns of U, V resp., then X = Z?Zl siu;0)
2. if 5; a singular value of X, then s? an eigenvalue of XX” and XTX.

§1.2 Concentration Inequalities

Here we study the question of how the magnitude of the average of n independent, mean 0

random variables behaves compared to their average magnitude, specifically with respect to n.

We know that the central-limit theorem states that for z; iid with variance ¢2, vn (% Yz —

E [z]) converges in distribution to a N'(0, 0?); this is an asymptotic result, which gives no

1.2 Concentration Inequalities



information about the rate of this converge with respect to n, which is what we care about in our

study.

< Proposition 1.1 (Markov's): Let Y be a nonnegative r.v. with finite mean. Then,

1
P(Y >¢) < EIEZ[Y], Ve > 0.

= Proposition 1.2 (Chebyshev's): Let X be a r.v. with finite mean and variance, then

Var[X]

P(X — E[X]| 2 &) < ——,
S

Ve > 0.

—Corollary 1.1: If z;,i = 1, ..., n are iid with variance o2, then

1 & o2
P| |- — > < —,
(150

ne?

< Proposition 1.3 (Union Bound, Max/Tail Bound):

L P(Urer4r) < Syer P(4f)
2. P(suprerZs 2t) < Yper P(Zf 2 1)

< Proposition 1.4 (Jensen's Inequality): If F : R — R convex and X an r.v. with finite mean,

F(E[X]) < E[F(X)].
1.2.1 Hoeffding Inequality

= Proposition 1.5 (Hoeffding Inequality): Let z4, ..., z,, be independent r.v.s with z; € [0, 1]
a.s.. Then, forany t > 0,
n

P(% Z;zi ! E[z] > t) < exp(—2nt?).

=

Remark 1.2: Read this result as a fast (exponential) convergence of the empirical mean to the

true mean as the sample size n grows.

Proor. First we claim that
2
z€[0,1] as. = E[exp(s(z— E[z]))] < exp(g). ()

We'll assume z is centered for the sake of notation. Let ¢(s) := log(E[exp(sz)]).
Remark that

1.2.1 Hoeffding Inequality 4



¢(0) =0
E[zexp(sz)]
E[exp(sz)]

E[z? exp(sz) | E[zexp(sz)] 2
Elexp(sz)] _( E[exp(sz)] ) .

@'(s) =

QH(S) —

In particular, if we define a new probability density
e5Z

zZP E[esz]

with respect to that of z, and let Z be distributed with respect to this distibution, then
Var(2) = ¢"(s).
Note that Z € [0,1] a.s.. In addition, we have that

Var(fZ) = infve[oll]E[(Z - U)z]

3] |

so that ¢”(s) < % for all s. Thus, by Taylor expanding ¢, we find

2 2
2(5) < 9(0) + ' Qs + r =2,
24 8

using the bound above and the fact ¢’ (0) = 0 (checking the above formula). Thus,
§2
@(s) =log(E[exp(sz)]) < 3
from which the claim (1) follows by taking exp of both sides.
Next, lett > 0 and putz = % > z;. Then,
Pz — E[z] > t) = P(exp(s(z — E[Z])) = exp(st))

(Markov's) < e S'E[exp(s(z — E[Z]))]

(Indep.) = Stl—[ [exp( z; — E[z ]))]
o n g2 52
(t) <e gexp(gﬁ) :exp(—st+8—n).

This bound held for all s, so in particular holds at 5 = argmin{—st + %} = 4nt.

Plugging in this value for s gives the result.

1.2.1 Hoeffding Inequality



= Corollary 1.2 (2-sided Hoeffding): With the same hypotheses as the previous proposition,

]P’( %Zzi—%ZIE[zi]

If instead z; € [4,b] a.s., we can replace the rhs with

—2nt?
<2exp @02 )

we have

> t) < 2exp(—2nt?), vVt > 0.

Remark 1.3:
1. How is Hoeffding used? Start with a probability, then derive the necessary t (usually, as a
function of n) to achieve that bound. e.g., if z; € [4,b]a.s. and for any 6 € (0, 1), then with

1 1 la — b 2
Ezzi - EZE[ZI'] < E log(g)

2. An extension exists for martingales. If Z;,i = 1, ..., n martingales with respect to a filtration
{F;} and |Z;] < ¢; a.s., then

1& n2t2
Pl-) Z;>t| <exp| — , C€:=(Cq1,..,Cpy).

probability 1 — 4,

< Definition 1.1 (Sub-Gaussian): We say an r.v. X is sub-Gaussian if there exists T € R, such
that

2
E[lexp(s(X — E[X]))] < exp(%sz), Vs € R.

We define the sub-Gaussian norm by

XZ
||X||4,2 = inf{k >0: E[exp(k—z)] < 2},

i.e. the “best” sub-Gaussian parameter for X.

Remark 1.4: Interpretation: X has tails decaying as fast (or faster) than a Gaussian.

Remark 1.5: Different texts may define this differently, i.e. with/without a 2 factor under the t2. The
notational advantage of this definition is that a Gaussian random variable with variance o has sub-
Gaussian parameter o.

= Proposition 1.6: X is sub-Gaussian iff there exists a k € R such that

2

t
), VvVt e R.

P(X - E[X] >t) < Zexp(—k—2

1.2.1 Hoeffding Inequality



< Definition 1.2 (Sub-Exponential): We say X sub-exponential if
t
P(X-E[X]I >t < 2eXp(—E>,

for some k and for all t > 0. We define the sub-Gaussian norm by

X
I1Xlly, = inf{k >0: Elexp(lk—;)] < 2},

i.e. the “best” sub-Gaussian parameter for X.

Remark 1.6: This is a similar, but slower, tail bound than sub-Gaussian.

1.2.2 McDiamarid’s Inequality

For a measure space Z and nonnegative integer 7, we say f : Z" — R is a function of bounded
variation with constant c if for all i € [n] := {1, ...,n} and points zq, ..., z,, z; € Z, then

f(z1, . Zis s 2) — (21, s 28, 0o 20)| S .

< Proposition 1.7 (McDiamarid's Inequality): Let z4, ..., z, be independent r.v.s on some
measure space Z and f : Z" — R be a function of bounded variation with constant c. Then,

t2

— |, Vt=0.
ncz>

P(f(z1,..r2n) — E[f (21, .-,24) ]I 2 1) < 2exp(—

Remark 1.7: We can extend this to z; € RY; if zill, < ca.s., then ||% > ziH2 < %(1 +

2 log(%)) with probability > 1 — 4.
1.2.3 Bernstein’s Inequality

= Proposition 1.8 (Bernstein's): Letz; i = 1,...,n be independent with |z;| < c a.s. and mean

zero. Then for all t > 0,
t2

1 n 1
- 1>t < - 2.- Y.
]P(n‘; z;| > t) < 2exp( 707 1 2ct/3>' o - ZVar(zl)

In particular, for 6 € (0, 1), then with probability > 1 — 4,

|- 20210g(%) . ZClog(%).
- n 3n

< Proposition 1.9 (Extension of Bernstein's, sub-exponential): Let x4, ..., x,, be mean zero,

independent, sub-exponential r.v.s with constants k;, and leta € R". Then, for all t > 0,

[ 1
P(|) ax|>1) < 2exp(_cmm{k2uau%’ Klall })

1.2.3 Bernstein’s Inequality



< Proposition 1.10 (Extension of Bernstein's, non-zero means): With the same hypothesis as
Bernstein’s but without the zero means, we have

p(’lzz 121{3[2] >t><2 nt?
— = = =t <2exp| — |.
n&=" n l 5 202 +2c4

1.2.4 Expectation of the Maximum

—Proposition 1.11: Let z; be (possible dependent) mean-zero, R-values r.v.s which are all
sub-Gaussian with constant 72. Then,

E[max{zy,...,z,}] < y2712log(n).

Proor. Forallt > 0,

1
E[max{zq,...,z,}] < ?log)IE[exp(tmax(Zi))] (Jensen's)

1

=7 log(E[max{exp(tZ;)}]) (expincreasing)
1

< 7 log(E[Z exp(tZi)]) (max leq sum)
1 , 12 :

< ?log nexp| 0o (sub-Gaussian)

_log(n) Tt

—_ t T.

The proof follows by taking t := T=1/2log(n). [

§2 INTRODUCTION TO SUPERVISED LEARNING
§2.1 Training Data Predictions

The goal of supervised learning is to take a series of observations (x;,y;) € X x | for i € [n]
(called training data) and to predict anew y € g given a (previously unseen) x € X (testing data).

We write

e X for our space of inputs, typically embedded in R (where d tends to be very large; think
images encoded as large matrices of pixels, text, videos, etc)

* U for our space of outputs or labels for the data

The challenges in supervised learning are twofold:
1. y € YY may not be a deterministic function of x € X

2. inputs may live a high-dimensional space, hence it is computationally expensive to work with
them

We make two primary blanket assumptions of our problem:
1. we aim to maximize the expectation of some measure of performance with respect to some
testing distribution we put on our data

2.1 Training Data Predictions 8



2. we assume (x;,y;) are iid, with the training data having the same distribution as the testing
data

< Definition 2.1 (Machine Learning (ML) Algorithm): An ML algorithm is a function from the
data set, (JC X g)n to a function X — g
§2.2 Decision Theory

The question we aim to answer here is, what is the optimal performance of an algorithm,
regardless of the finiteness of the data? Le., if we havd perfect knowledge of the underlying
probability distribution of our data, how should we design our algorithm?

We assume for now a fixed (testing) distribution P, , on X' x {f with P, marginal distribution

on X.

2.2.1 Supervised Learning and Loss Functions

< Definition 2.2 (Loss Function): A loss function is a mapping ¢ : {/ x {f - R where €(y, z)
some measure of how close a true label y is to a predicted label z.

® Example 2.1:

1. (Binary classification) Let g = {0,1}, or even g ={0,...,9}. A typical loss on such labels is
the “0-11oss”, {(y, z) = Lz

2. (Regression) Let {} = R, then two typical loss functions are the mean-square loss

L(y,2) = (y —2)?

or absolute loss

Uy, z) =y —zl
2.2.2 Risks

= Definition 2.3 (Expected Risk): Given a prediction function f : X — {/, a loss function ¢ :
Y x Y - R and a probability distribution P on X x J, the expected risk of f is defined by

RE) = Exy U feD] = [ @£ () dP(xy).

< Definition 2.4 (Empirical Risk): Given a prediction function f : X — l, a loss function ¢ :

x { - Rand (x;,y;)"_, € X x Y, the empirical risk is given b
Yy i=1 P 8 y

R = 5 Y U f(x)

1 n
=), by, fx)du(x,y), wpxy) ==—Z5{<xi,y,»>}-
<Y ni:l

Remark 2.1: Heuristically, JR (f) should approach R (f) as n — co.

2.2.2 Risks



® Example 2.2:
1. Ifg ={0,1},0(y,z) = Liyszy, then
R(f) = E[Liy4r2y} | = P(y # f(x)) = probability of missclassifying
2.4 =R,Uyz2) = (y-2)>
R(f) = E[(y —f(x))?], mean-square error (MSE)

2.2.3 Baye’s Risk, Predictor

Here, we answer the question: what'’s the best predictor f we could find, assuming we knew
everything about the underlying distibution on X x {/?

We can write, by law of total expectation,
R(f) = E[t(y,f(x))]
= E[E[C(y,f (x))lx]]
= Evp[E[t(y,f(x)) |x =x"]]

= [ E[.f()) 12 = 2] dp(x').
Define the conditional risk given x" € X by
rzlx") = E, [y, z) | x =x],

so that we can write
! A fo i ! A A
R(F) = [ r(FeH dp(x) TE YT r(F(RP(x = x).
x'eX
In particular, in the finite case, we can see that to minimize the risk R (f), we can minimize the

individual conditional risks 7(f (x")|x") for each x" € X. The so-called Baye’s predictor is a
function f, which for each x" minimizes r(f (x")Ix"). Formally,

= Proposition 2.1 (Baye's Predictor/Risk): The expected risk is minimized at a Baye’s predictor
fu: X - g such that, for all x’ € X,

f.(x") e argminzegIE[(Z(y,z) |x =x'].

The Baye’s risk is the risk of a (any) Baye’s predictor, written

R = By inf B{(y,2) 1¥ =] | = B[, ()

Remark 2.2:

1. Finding an f, is an impossible task in practice. Instead, we’ll usually assume f takes some
parametrized form, and optimize these parameters.

2. Baye’s predictor may not be unique, but all Baye’s predcitors have the same risk

3. Baye’s risk is usually nonzero, unless the dependency between x and y is deterministic.

2.2.3 Baye’s Risk, Predictor 10



< Definition 2.5 (Excess Risk): The excess risk of a predictor f is the value R (f) — R(f,) = 0.

Remark 2.3: Thus, if we knew the conditional distribution (y|x) for each x, the optimal
predictor is known. ML can be succinctly be described as dealing with the general case in

which we do not know (y|x) for all x, and can only work with given samples of data.

® Example 2.3:
1. (Binary classification) With g i={-1,1}and {(y,z) = 1 {y#2) the 0-1 loss, we can see that

fo(x") € argmin, (1 ,P(y #z|x =x")

= argmaX,c(_1 Py =z|x =x")

1 Ply=1lx=x)>2
=11 ]P’(y:llx:x’)<%.
anything P(y =1|x = x’) :%

Putting L(x") := P(y = 1| x = x"), this implies
R* = E[min{L(x),1 — L(x)}].

2. (Regression) With {f = R, {(y,z) = (y — z)?, we see that

argmin,cg E[ (y —2)? |x = x'] = argmin g E[(y —E[ylx= x’])2 |x = x’]

independent of z

+(z—E[ylx= x’])2

minimize this
=E[ylx=x"].
Hence, f,.(x") = E[ylx = x'], and so

R* = Epp [Zlélﬂg E[(y—2z)?Ix= x’]] = Ex,[(y — Elylx = x’])z] (conditional variance)

§2.3 Empirical Risk Minimization

We don’t know the underlying distributions we work with (of course, otherwise we’d be
done), and we need to work with samples, and need to simplify what kind of prediction
functions we consider (since we don’t know the underlying distribution, thus can’t find the

Baye’s predictor in general).
We’ll assume a parametrized family of predictor functions (called our model),
fg . Z)C i g, 0 S @,

where ® C R typically. Heuristically, as d increases, if we could find the best f, predictor for
¢ € O, that predictor will approach the Baye’s predicotr.

2.3 Empirical Risk Minimization



— Definition 2.6 (Empirical risk with respect to a parameter): The empirical risk w.r.t 6 € © is

lzg yl/f(? x)

i=1

:

We consider the optimal parameter minimizing this empirical risk as
0 € argmingcoR(fy),

and so our “optimal” prediction function with respect to © is f,.

® Example 2.4: A typical linear least-squares problem takes this form,

min L i (i — 9T(P(xi))2,

—_Rd
0e®@=R ni:l

so that here, fy(x) = 7 ¢(x;) and our loss function is the square loss.

2.3.1 Risk Decomposition

Given a § € @ (not necessarily optimal w.r.t ®), we would like to break down the excess risk
of the predictor f; w.r.t the Baye’s predictor to see the difference in error coming from our choice
of model (we call this approximation error, i.e. how far our model is from approoximating our
true predictor function) versus from the choice of f; over the “true” best predictor with respect
to © (as defined in the previous section. This is called the estimation error, and should be thought
of as how well any underlying optimization algorithm used to find 8 performed compared to
the theoretical best).

Mathematically, we can write

R(fy) - R* = {R(fé)—mfﬁ(fg)} + {mfae(fg) }

fe® fe®

Excess Risk

- . Estimation Error Approximation Error
how good our estimatoris d our estimator is. d - )
. OW g00d our estimator 1s compare how good our model (theoretically) is
from the best possible he best th del d )
to the best the model can do compared to the best possible

Note that the approximation error is due to the modelling choice, and is independent of the
specific f5. Vaguely, “as ® grows, the approximation error should shrink”.

The estimation error can further be broken down into three parts; let 8" € © be the minimizer
of 6 — R(fy) (e.g., R(fy) = infgee R(fy)), then

2.3.1 Risk Decomposition 12



(R(fé) — R(fy) = {R(fé) _ JQ(fé)}  How good the model risk is

on data vs true risk of model

Estimation Error

Empirical O%timization Error
How bad our choice of predictor is ~ P’
compared true bestin terms —  + {R (fé) —R (fgr ) }
of performance on the data
(for 6)

~ How good the model risk is
+{R(f€’) - R(fe’ ) } < on data vs true risk of model
(for 6" )

SZZgglﬁ(fe) — R(fo)l + {R(f3) = R(fo)}

1 as O1
(© gets too large to optimize over)

should | as n?t

In brief, we expect that as the parameter space ® grows, the esimation error increases, but the
approximation error decreases. But as n (number of samples) increases, we expect the estimation
error to decrease (and there is no effect on the approximation error). Thus, there is a subtle
interplay between d := dim(®) and n.

§2.4 Statistical Learning Theory

“Statistical learning theory” asks how to provide guarantees of performance of an algorithm
on previously unseen data.

We assume we have data

Dn(P) = {(xllyl)r e (xn/yn)}

which are assumed to be iid from some unknown distribution p which is part of some family P
of distributions.

An algorithm then is a mapping A from D,,(p) to a prediction function A(D,,(p)) =f : X - .
Our goal is to find an algorithm such that the excess risk of the prediction function given by A is

“small”, in a sense we’ll define in the next section.

2.4.1 Measures of Performance

< Definition 2.7 (Expected Risk): The expected risk of an algorithm A on sample size n and
probability distribution p is the quantity

E[Ry(A(Dugp))) -

where the expected value is taken over all possible n-size subsets of the training data. We say
that an algorithm is consistent in expectation if the above quantity converges, with p fixed, to
R* asn — oo.

< Definition 2.8 (Probability Approximately Correct *): We say an algorithm A is Probability

Approximately Correct (PAC) if for any given § € (0,1) and & > 0, there exists N € N such
that foralln > N,

P(R,(A(D,(p))) —R* <) >1-04.
2.4.2 Notions of Consistency over Classes of Probability distributions

2.4.2 Notions of Consistency over Classes of Probability distributions 13



Remark that our definition of consistency in expectation gave no guarantee over rate of

convergence, especially not with respect to the specific distribution.

< Definition 2.9: An algorithm is uniformly consistent if for all probability distributions on

(x,y), the algorithm is consistent.

< Definition 2.10 (Minimax risk): The minimax risk is defined to be, given X x g,

nf sup {E[R,(A(D,(p)))] = R*}.
per:

i
A: algorithm
class of dists.

Remark 2.4: This is hard to evaluate in general, but is easy to upper bound (just fix any A and
evaluate the inner supremum, i.e., look at the worst-case performance of the algorithm).
Lower bounds are much harder to compute, since they need to hold for any possible

algorithm.

§2.5 “No Free Lunch”
No, this section is not about SSMU shutting down Midnight Kitchen...

Here, we make clearer the remarks of the previous section in terms of performance of
algorithms for arbitrarily distributed data. Namely, we show that, for a specific loss function and
input/output space, for any size of data 1, we can construct a distribution on our data such that
any algorithm we can come up with will perform “poorly” (i.e. it’s excess risk is bounded away
from 0). Hence, there is no “free lunch”, i.e no “easy algorithm” that will work without further

assumptions on what our possible probability distributions could be

= Proposition 2.2 (No Free Lunch): Consider a binary classification with 0 — 1 loss and with
X infinite. Let 2 be the class of all probability distributions on X x {0,1}. Then, for all # and
for all algorithms A,

sug{m[ﬁp(A(Dn(p)))] —R*} >
pep

N —

Remark 2.5: As we’ll see in the proof, the bounds we obtain will not give any rate in n,
asymptotic or not. Indeed, the probability distribution for each n will crucially depend on a
certain parameter n being much larger than n. Indeed, we can state (but will not prove) the

much stronger statement as follows.

—Theorem 2.1 (Devroye, '96): Consider the same setup as . Then, for any decreasing
sequence a,, — 0 witha; < L

< 1¢, then for any algorithm A, there exists a p € P such that for all
n>1,

E[Rp(A(Dn(p)))] — R* > y.

Le., the supremum over P has excess risk going to zero arbitrarily slowly.
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Proor. (of ) Fix n € N and assume wlog N C X (by relabelling otherwise).
Letk € Z,, and, given a k-length vector r = (4, ..., 1) € {0, 1}%, define a joint
probability distribution p on (x,y) such that

. L
P(x:],y:r]-) = j=1,..k
In particular, in this case, y is a deterministic function of x; givenx = j, y = r;. In

particular, this means R* = 0.

Denote fDn := A(D,,(p)) as the classifier under p given by algorithm A, and write
S(r):=E [J%p (fDn )] as the expectation of the expected risk under this given
probability distribution of the classifier given by the algorithm A for the given vector
r € {0,1}. We aim to pick r such that we maximize this quantity; if we can pick r such
that this quantity is larger than %, we’ll be done (why?).

This is hard to do directly, so we’ll instead lower bound the max probabilistically;
given any distribution g on {0, 1}¥, we certainly have

S(r) = E,_,[S(T)].
,nax, (r) 2 E,.4[5(r)]

Thus, we'll design some g so that this quantity on the right is large. Specifically, let g be
uniform on {0, 1}, i.e. each r = (11, ..., 1) a vector of r]-’s each independent, unbiased,
Bernoulli r.v.’s. Then,

E,.4[S(N] =P (fp,(x) #y) = P(fp, (x) #1y),
which follows from the fact that we can write

E[S(N] = E,[E[R,(/p,)]]

= E,[E,[Exy[t(x.fp,1))]]]

= Enn(x,y)[]ly#ﬁ,n(x)] =P(y + fp, (),
just by unpacking all of the definitions. Continuing from above, we can write then
E, 4[] = IEP[P(fDn (x) # rx) |x1,...,xn;rx1,...,rxn] (total expectation)
> ]E[]P(fDn(x) F Iy, X F xl,...,xn) |x1,...].
By Baye’s rule,

]P’(fDn(x) F VX F X, e Xy, | xl,...,xn> = ]P’(fDn(x) Frolx # xl,...,xn;xl,...,xn) CP(x # Xy, e, Xy | X, e X)),

N[ =

since, supposing we didn’t observe x, x has equal probability of being labeled 0, 1.
Thus, all together,
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1
E[S(r) > EIE[]P(x & {x1, 0 X} 129,00, 2) ]
1
= E]P)(x $ {xll"'lxn})
1
= SE[P(x & {x1,- Xy} | )]

1 1 .
= E]E[g P(x # x; | x)} (independence)

_1, oy
_E —E.

We have 7 fixed; as k — oo, this quantity — %, proving the result. [

§3 LINEAR LEAST SQUARES

§3.1 Framework

Goal: Consider fg : X — g C R, for some parameter 6 € © C R4, and minimize the empirical

risk

11/1

. 2
gélg% L (yi = fo(x))™

Specifically, we'll study when fy is linear in 6, but not necessarily x, i.e.
d
fo(x) = Zai(x)(%- = p(x)79,
i=1

where ¢ (x) = (a4, ...,ad)T(x) e RY. Our goal then will be to compute

Qnelg}i{ﬁ(ﬁ) = % Z <yi — (p(xl.)Tg)z}.

i=1

or equivalently, writing y = (y4, ..., yn)T and

q)(x) — (_qp(‘)‘ci)T—j e Rnxd’

then
N 1 5
R©) =~y - 2)0IP.

§3.2 Ordinary Least Squares

Assume @ from above has full column rank, i.e. d < n (we say the problem then is
“overdetermined /underparametrized”). This implies ®T® € R is invertible.

3.2 Ordinary Least Squares



= Proposition 3.1 (OLS): When & has rank d, the minimizer of what we now call the ordinary
least squares problem (OLS) is unique, and given by
b= (0Td) @7y
In particular, we call the relation
TPl = dTy
the normal equations.

Proor. By homework (this is just a quadratic). |
§3.3 Statistical Analysis of OLS

There are two main assumptions on OLS we will study:
1. Random design setting: assume both the inputs and outputs are random
2. Fixed design setting: assume the inputs are fixed, but the outputs are random. In this case, ¢ is

deterministic, and thus our goal is to minimize

R(O) = Ey[% i (yi — (p(xi)T9)2].
i=1

§3.4 Fixed Design

We assume the following:
1. @ is deterministic, and ¥ := %CIDTCD is invertible
2. 36, € R¥such thaty; = (p(xi)T(p,e + ¢
3. ¢;s are independent with mean zero and variance c2. We define ¢ := (e, ..., sn)T e R".

= Proposition 3.2 (Risk Decomposition of OLS - Fixed Design): Under the linear model and
the assumptions above, for 6 € R, R* = ¢? and the excess risk is given by

R(O) — R* =10 — 0,5 = (0 06,)"£(0-6,).
If # a random variable, then

Eg| R(8) - #°] = |E[#] -6

;. +E[lo- e[ ]

bias variance

Remark 3.1: Since y has some noise, it makes sense to assume ¢ could be random in its own

right.

Proor. Using y = ®0, + ¢, we readily see
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1
R () = Eylglly - <I>9||%]

- I&HM@(& o)+ snz]

1
= ~E.|[©(6, - O)]; + ll3 +2(P(6, —0)"e

mean zero

le N

1 2
EHCD(@* — 0|5 + o

T

=02+ (0, -0)" QI)((9*—9)

n

=2

2
= (7'2 + ||8,(_ — 9”2

It’s clear that this is minimized at 6 = 6, (uniquely, since % invertible), which thus has
risk R, = 2.

Suppose now 6 random. Then,

-+ E[4]]

2]+ 2[ (0~ B[A)"2(E[0] - 0.)] + B[ [o] .

=0

E[R(9) - R*] = E|[ - 6.

=B[]8 - E[4]

e

3.4.1 Statistical Properties of the OLS Estimator
Recall the OLS estimator,

~ - - 1
= (0Td) ®Ty = Z_l(EQDTy), y=®0, +¢
where the only randomness comes from e.

< Proposition 3.3 (Estimation Properties of OLS): The OLS estimator 8 has the following
properties:

1. E[é] = 0,, i.e. 0 is unbiased

2. Var(@) = ]E[(@ - 9*) (9 - 9*)T] = (02/n)Z71, where 271 is often called the precision

matrix.
Proor. Since E.[y] = E[®0, + ¢] = PF,, we find
E[(07T0) 0Ty| = (o7T®) ' 0T00, =9,

since ® is deterministic.

Next, for the variance, compute
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0—6,=(Td) @7,
so that
T
Var() = ]E[(q)Td))_ld)Te<(<I>Td>)_1d>Ts> ]
=E[(070)  0TeeT (@7 D)™
= e’ (DT D) ]
= 2(0Td)  dTO(dTD) ™
2
= 2(oTd) ' = T,
n
as claimed. ]

—Proposition 3.4 (Risk of OLS): The excess risk of the OLS estimator is

E[R(0)] - R* = 22

n
Proor. We plug in the previous result to . We find

E[R(9)] - R* = [ -,

= E[(6-0.)"5(0-0)]

where we use the linearity of the trace, and the fact that tr(AB) = tr(BA). [ ]
Observations:

* In fixed design setting, OLS thus leads to unbiased estimation with excess risk of (72%.

e For excess risk being small compared to ¢, need % to be small. This seems to exclude high-
dimensional problems where d is close to n (let alone d > n or d > n). Regularization (ridge) can
help.

§3.5 Ridge Least-Squares Regression

When d > n, ®T® is no longer invertible, and so the normal equations admit a whole
subspace of solutions. We have two main solutions to this:

1. Dimension reduction: aims to replace the feature vector ¢(x) with another feature vector of

lower dimension
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2. Regularization: adds a term to the least-squares objective function, (i.e. £!-penalty, which leads

to lasso, or {?-penalty, which leads to ridge)

< Definition 3.1 (Ridge Least Squares Regression Estimator): For a regularization parameter

A > 0, we define the ridge least squares estimators 6, as the minimizer of

1
mg}i{gny — P35 + )L||9||%} (ridge regularization).

e

We can express the ridge regression estimator in closed form; we don’t even need ®” ® to be
invertible as in the OLS case.

—Proposition 3.5: With, as usual, Y = %QDTCD e R then

~ 1,. -1
0, =—(Z+AI) &Ty.
A= ( + ) y

Remark 3.2: In particular, when A = 0, we recover the OLS estimator assuming ¥ invertible.

Proor. This is essentially the same as the proof for the OLS; one recognizes that we
have a quadratic in 6. The invertibility of & + AI follows from the fact that % positive
semidefinite, and thus has nonnegative eigenvalues, and thus % + AI has strictly

positive eigenvalues and is thus invertible. [ |

3.5.1 Statistical Properties of Ridge Least Squares Estimator

= Proposition 3.6: The ridge least squares estimator, under the fixed-design assumptions, is
- - -1
equal to 6, = %(Z + Al ) ®Ty has excess risk

E[R(8,)] - R* = A20T (£ + AI) S0, + %2 tr<22(2 + /\I)_2>.

bias variance

Observations:
* The result above gives a bias/variance decomposition of the excess risk; this is related to the

approximation/estimation error decomposition of the risk.

The bias term is part of the approximation error - it has the main influences of A, which only
effects 6 and is thus really a modelling assumption. The variance term captures the “noise” (¢

only appears here), and is really about estimation error.

* Bias: as A 1, bias 1 and is equal to zero if A = 0 (and ¥ is invertible, of course). In particular, the
bias grows like A2, and as A — oo, the bias approximates A? - §7 2716, (which is independent

of n).
2
e Variance as A 1, the variance | and when A = 0, the variance is ‘77 ; this depends on n.

In particular, since the excess risk is the sum of these two, we expect a kind of parabolic
relationship between excess risk and A, implying the existence of some optimal A.
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* The quantity tr(iz (2 + Al )_2> is called the degrees of freedom, and is considered as an

“implicit number of parameters”.
e As)A - 0, é/\ converges to the OLS estimator

* A = 0is not usually the optimal choice (i.e. yielding the best excess risk); we want to bias our
estimator in general

3.5.2 Choice of A

Can we tune A to achieve a better bound than our OLS?

= Proposition 3.7 (Choice of regularization parameter): Let
an1/2
o-t(£)"
[CAS

* —

Then,

an1/2
A o o tr(2) 0,
E[R(6,,)] - R* = = :

Proor. Recall that the eigenvalues of AI + £ are of the form A + y for p an eigenvalue
of 3. In addition, we will need to use the fact that tr(AB) < Amax (A) tr(B) (special case
of Holder’s inequality).

- -2
We need first a bound on the eigenvalues of the matrix (Z + Al ) A2. Let y be an
eigenvalue of £, so y + A an eigenvalue of & + AI. We know (i + A)? > 2Au (AM-GM),

- -2
and hence Ap(pu +A)72 < % and so the eigenvalues of (Z + Al ) AX are always < %,
ie.

. 2. 1
< —.
Amax{<2 + A1) z} <3
Therefore, we can bound the bias

L, N A
bias = 67 (£ + AI) "AS6, < Mmax{(z + A1) ZAZ}HQ*H% < Sl6.13.

Similarly, we can bound the variance,

variance = %2 tr(22<2 + /\I)_2> = Z—; tr(i[)&i(i + /\I)_2D
2
< T tr(S N fAS(S + A1)
oz .
< Mtr(Z).

Together, these imply that, for any A > 0,

) : : Ao 02
E[‘R@/\)] — R, = bias + variance < 5”6*”2 +
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We optimize the right-hand side, which is of the form f (1) = aA + . One verifies that
the minimum is A = \/: , which has value f ( \/7 ) = 2/ab. Since a = ” ”2 and b =

ﬂ tr(Z), this implies
en1/2
N atr(Z) !
Cvaled,

as claimed, and similarly, we get the actual excess risk of § )\, upon plugging in the

appropriate values. n
Remark 3.3:
1. Let R = max;epy lo(x;)ll,- Then

~ d. 1 d 2
)= fn- 35S ) -1 i s
j= i=1j=

Namely, the dimension d of the parameter space plays no role in the excess risk, and thus d
could be infinite, provided R and ||9*||§ are finite (normally, R grows with d, so need these

extra assumptions).

2. We can compare this to the excess risk of the OLS estimator, which we found to be 02%. We
see that

* With A,, our excess risk of ridge goes to zero as n — oo like %, which is slower than that of
OLS (which goes like %)
* However, the ridge estimator has risk proportional to ¢ while the OLS is proportional to

2

o<, i.e. OLS has a higher dependency on the noise variance

3. A, involves constants we don’t know, i.e. 7, ||, ]|, - in practice, we have to find A, by trial

and error.

4. A, is not necessarily the best choice in the sense of minimizing the excess risk, since we

found it by optimizing an upper bound of the excess risk.

5. Ais an example of a “hyperparameter” - something a user must choose. It should not be

taken as an absolute - rather, it should be consider as a “guide” as to how to pick A.

§3.6 Random Design Analysis

Here, we assume the following:
1. Both x and y are random and each pair (x;,y;) from a probability distribution p on X x R
2.30, e ROst.y; = p(x,)7 6, + ¢,
2

3. ¢;’s are independent from x;’s and each other, and are mean zero, variance .

In particular, remark that under these assumptions, E[y; | x;| = (p(xi)T()*.
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<Proposition 3.8: Under the above assumptions, for any § € R¢, we have
R(O) = R* =60z, Z:=E[pmeT],
and R* = o2
Proor.
R(O) = By (v = 070 )]
=E :(go(x)T(?* +e— QT(p(x))z]

=E :((p(x)T(G* -0) — 8)2]

= E[(0 - 0.) p(0pm)T (0 - 6,) + > — 2ep(x0)" (0 - 6.)]
= EE.[[-+]x]]
(independence) = E[¢?] + E[ (p()T (6 - 9*))2]
=02+ (0-06,)'20-0,).
[ |

< Proposition 3.9: Under the above assumptions, assume % = 1 Z?Zl q)(xl-)qo(xi)T = %CDTQD is

n
invertible. Then, the expected excess risk of the OLS estimator is given by

T E[te(z21)],

Remark 3.4: We see Y. as the “expected covariance matrix” and X as the “empirical
covariance matrix”; in particular, these two were equal in the fixed-design case (as our inputs

were deterministic) and thus the above quantity becomes

o2 d ,
7E[tr(ld)] = EU .

Prook. Recall that & = ~3.-1®Ty, which, by assumption on the y’s, becomes
5 le g le 1T
QZEZ <I>(CI>9*+€):9*+EZ De.

By the previous proposition, then, it follows that
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E[R(0) - R*|=E

1A—1 T ! 1A—1 T
2 tPle | X X P‘e
n n

- LE[u(z(E@TeTos )] )

n
o2 _
= —E|tr rr-loTeyr-1 (ii)
n
=nl

- Cpfu(zs )],

In (i) we use the fact that for any real matrices A, B, tr(AB) = tr(BA); in particular, here
this case, AB € R so that AB = tr(AB) (where A, B are the appropriate matrices
above). In (ii) we use the linearity of the trace, as well as the fact that, by conditioning

on x first and using independence of ¢, x, we can factor out E[eeT | = no?. [ |
3.6.1 Gaussian Design

Here, we briefly study what more we can say in the case that ¢(x) ~ N(0,%) for some X €
R%*4 We can write

px) =X127, 7 ~ N(0,1,).

Generating n (independent) 7 € R™4 we then form the random matrix
1
Z:=| : |eR™,

This gives
. 1 1
ZyV?2=p e R = 5 = —oTd = —x1/27T751/2,
n n

Thus, apply the “trace trick” from the previous proposition again, we find that
nd

E[tr(Z51)] = nE[tr<z<2‘%(sz)‘12—U2>)] - n]E[tr((ZTZ)_l)] =—

which implies the excess risk = %02 (this equality above uses the fact that much is known about
-1
the spectral properties of the (ZTZ) ~, which we won't discuss here).

§4 EmriricAL Risk MINIMIZATION

§4.1 Convexification of the Risk

For simplicity, we’ll focus on binary classification {/ = {—1,1} and the 0 — 1 loss. It's annoying
to work with such a discrete-valued loss function, and much easier to work with a real-valued
function. However, we need to do this in such a way that the minimizers are the same. Instead
of learning f : X — {—1,1}, we'll learn a real-valued function g : X - R, and define f (x) :=
sgn(g(x)), with
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o= {1,22

If 2 = 0, we uniform-randomly assign 1 or minus 1.
The 0-1 risk of f = sgn o g (denoted, poorly, by R (g)) is
R(g) =P(f(x) #y) = P(sgnog(x) #y)
= E[ Loz
= E[ Lircopn Tgm =0y + Lreosn Ligeoz0) )
= E[ Lo Ligw=01] + E[ Lireosy) Lisoz0) |

Now, if g(x) # 0, then g(x)y < 0 implies that sgn(g(x)) and y are opposite (in sign), and then
f(x) =sign(g(x)) #y. So, Il{f(x#y}]l{g(x)io} = ]l{g(x)y<0}, so we can rewrite the second term as
the expectation of this indicator function. We can use the law of total expectation to rewrite the
tirst expectation, so in all

R(Q) = E[E[ Lz Ligeo=0) | Lgw=0} || + E[ Lgeoy<o)]

= E|Lgw=0p E[lgmen | Lgw=01] |+ E|Lgmy<or]

=P(f (x)#y | §(x)=0)=3(coin flip)

1
= EEI:]].{g(x)=0}:| + E[]l{g(x)y<0}]

= E[®g_1(yg(x))],
where we define

u<0
u=20.
u>0

CI)O—l . R g R, q)o_l =

ON|— =

In practice, for empirical risk minimization, we minimize with respect to g : X — R with the
empirical risk % Z?:l D(_1(y;9(x;)) for some data points {(x;, yi)}:.l:l. The problem is that ®_; is
not continuous, hence hard to optimize.

4.1.1 Convex Surrogates

The idea is to replace the function ®,_; with a convex surrogate. Instead of minimizing the
“classical risk” R (g), we minimize

R (g) = E[P(yg(x))],

for some nice ®. The function g is sometimes known as the score function. Does this idea even
make sense? Does it give good predictions for the 0-1 loss?
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® Example 4.1:

1. Quadratic/square loss ®(u) = (u — 1)2 gives

D(yg(x)) = (g§(x) —y)?,

(using that y? = 1) noting that when yg(x) is large and positive, ®(yg(x)) is large.
2. Logistic/cross-entropy loss @ (u) = log(1 + e™*) gives

P (yg(x)) = log(1 +e ™) = ~log (v (yg(x))),

where

o(u) :=

1+4+e
the sigmoid function.

3. Hinge loss ® (1) = max{1 — u, 0} leads to “support vector machine” (SVM); yg(x) is called

the “margin”.
4. Squared hinge loss ® (1) = max(1 — u, 0)2, smoothed version
5. Exponential loss ®(u) = exp(—u).

4.1.2 Conditional ® Risk and Classification Calibration

Remark 4.1: All convex surrogates in the previous section are upper bounds on the 0-1 loss.
When the ®-risk equals 0, we want this to imply that the resulting classifier is optimal.

Let
nx):=Ply=1|x) €[0,1].
By Baye’s,
Elylx]=MDPy=11x)+(-D[1-P(y=11x)] =2nx) —1.
Recall that the Baye’s risk for the 0 — 1 loss is
R* = E[min{n(x),1 —n(x)}].

Remark that

_ 1 11 1 1
min{n(x),1 —n(x)} = 5~ n(x) — E‘ =5 E]E[W x]

and thus
1 1 1 1
R =B - 3Blx1| = 5 - FE[ELY]

Thus, one optimal classifier would be

fo(x) =sgn(2y(x) — 1) = sgn(E[ylx]).
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(Our “random choice” convention for 17 = % still works out). This implies taking g(x) = 257(x) —
1 so that

f. =sgnog.

This is of course not a unique choice to get this equality; in this section, though, we’ll focus on
functions of the form

gx) =b(2n(x) - 1),
where b : R — R is sign-preserving, i.e. u > 0= b(u) >0,u <0 = b(u) <0.

Our goal is to ensure that minimizers of expected ®-risk lead to optimal predictions, for
which we have an expression of it.

Square loss: the function minimizing the expected ®-risk is g(x) = E[ylx] = 25(x) — 1, so
taking signs leads to an optimal prediction. Hence using the square loss for binary classification
leads to optimal predictions.

General losses: we don’t have a closed-form minimizer for most losses; we’ll look at conditional
risks given x instead.

< Definition 4.1 (Conditional ® and 0-1 Risk): Given a function ®, and for ¢ € [0,1] and u €
R, define the conditional ®-risk as

C& (u) = @) + (1= &) P(—u),
and in particular the conditional 0-1 risk
Ce(u) = EPp_q(u) + (1 =) Dg_q(—u),
where ®(_; as in the previous section.

We compute the ®-risk and 0-1 risk of a function g : X —» R by

Re(g) = E[CR,(8())], R(g) = E[Cpy (8(x))].

Exercise 4.1: Show that R4 (¢) = E[®(yg(x))] = E[E[®(yg(x)) | x]], i.e. CP

1(x) Ppicks out” a

choice of x.

Remark 4.2: With our convention that ®,_; (0) = %, we have Cq ,(u) =1/2forallu € R,
since

1
Cipp(u) = Eq)0_1(7/l) + (1 -1/2)Py_1(—u),

SO

o if u > 0, the first term gives % and the last 0,

o if u = 0, the first term gives 1 and the second (1 —

i )

o if u <0, the first term gives 0 and the second 1 — % =

1

-2

%, which sums up to 1/2, and

N|=
N =NI=
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We want from our convex surrogate that the optimal g(x) obtained by minimizing the
conditional ®-risk C;?(x) leads to the same prediction as the Baye’s predictor, which minimizes
Cﬁ(x). Thus, we need, for ¢ # %, the minimizers of Cg? are also minimizers of Ce.

The set of minimizers of C is R} := {x € R : x > 0} when ¢ > % (i.e. when 77(x) > %, the

optimal prediction is x = +1) and R* := {x € R : x < 0} when x < % (i.e. when 7(x) < %, the

optimal prediction is x = —1). To see this, we can just compute that
Ce(u) = EPo 1 (u) + (1 = §)Pg_1(—u)
¢+0 u<0
0+(1-5) u>0
¢ u<0
= A % u = 0.
1-¢ u>0

Thus if ¢ > %, Ceu)=1-¢< % < ¢ forallu < 0, hence R* indeed the set of minimizers of

Ce(u); similar argumentation holds for ¢ < %

Thus, we want this condition to hold true for C? forany ¢ € [0,1]\ {%} as well, i.e. we want:

(Positive optimal prediction) ¢ > % o argminuech(u) C R% “)
(Negative optimal prediction) ¢ < % o argminuech)(u) C R*

< Definition 4.2 (Classification-Calibrated): A function ® that satisfies both statements in (1)
above is called classification-calibrated, or just calibrated. The resulting binary classification is
called Fisher consistent.

Turns out that when & is convex, we get a really simply theorem that gives this condition:

= Proposition 4.1 (Bartlett et al, 2006): Let @ : R — R be convex. The surrogate function ® is
classification-calibrated iff ® is differentiable at 0 and ®’(0) < 0.

Proor. Since @ is convex, we know that C zis for any ¢ € [0, 1] is also convex (since
positive linear combinations of convex functions are convex, and ®(u) convex =>
@ (—u) convex). Note that left/right handed derivatives of convex functions always

exist.

Then, we have two cases:

a) Cz has a minimizer in R} « the right derivative at 0 is strictly negative <

—— =¢®(0,) - (1-5)®'(0,) <0

dcg (0,)
du

b) Cz has a minimizer in R « the left derivative at 0 is strictly positive <

4.1.2 Conditional @ Risk and Classification Calibration



dCg(0_) , /
—q; = ¢2(0.)-(1-)®'(0-) >0.

1

57, in case (a) above, this implies

(=) Suppose P is calibrated. Letting { —

(C2) (0,) = 5[@'(0,) - @/(0,)].

By convexity, %[CID’ (0,) — ®'(0,)] = 0, thus the left/right derivatives are equal, and
thus @ is differentiable at 0. We need to show now that ®'(0) < 0. Then,

(€2) (0,) = 26 =)@ ().

Using the calibration property (1) and (a), we certainly have ®'(0) < 0. Suppose that
®’(0) = 0. Then, 0 must be a minimizer since ® is convex, which implies that 0 is a
minimizer of CZP and ¢ > %, which implies by (1) that argmin Cg’ C R% whichisa
contradiction. Thus, ®'(0) > 0.

(=) Suppose @ differentiable at 0 and ®'(0) < 0. Then C?(O) = (2¢ —1)®'(0). Then
(1) follow directly from the two cases (a), (b) above. [ ]

Remark 4.3:

1. This shows that all of our earlier mentioned (convex) surrogate examples are calibrated,
except the function u# — max{—u, 0} which is not differentiable at 0.

2. From now on, we will assume that ® given will be classification-calibrated and convex,
that is, @ is convex, ® is differentiable at 0, and ®’'(0) < 0.

4.1.3 Relationship between Risk and ®¥-Risk
New question: we are looking for a function H : R, — R, such that

R(&) — R* <H(Ro(g) — R7),

where we call H a calibration function. Heuristically this is to capture how small the left-hand
side can get if the right-hand side is small; i.e., if Rg (g) — R* < € (Which we can actually
optimize), then R(g) — R* < H(e). Since Rg (g) = ]E[CgrI> (g)], we will instead look for an H for
Cg’ (g) (which, if H convex, is still okay by Jensen’s). In fact, we’ll actually look for G := H™!, so
that

G(R(g) = R*) < Rep(g) — R™.
We’ll show that for the hinge function, H = id for the logistic/square loss, H = V.

Specifically, we are interested in solving
s / < C® s Doy
Vi e R,G(Cg(u) inf Ce(u )) < CPa) — inf CT(w),

for then if G convex, then by Jensen’s,

4.1.3 Relationship between Risk and $-Risk 29



G(R(g) — R*) = ( { 0 (8) — mﬂg(?mx)(”)])

[ ( 70 (8 —l}gﬂgcmx)(u))]

[ () (g) — mf C,;I’(x) (u)]
Ra(g) = R*.
We need an expression for the excess conditional 0-1 risk.

o 1 1/2 Ll<0 1

1/2 u>%
*If¢ > %, Ce(u) = {1/2 u=0, hence inf, Cz(u) =1 — ¢. Thus,
(1-¢) u>0
2¢—1u<0
Ce(w) — inf Ce(w')=Cou) = (1=¢) =¢—-3u=0
0 u>0

= (20 —1)®p_1(u) < (28 = 1)1,<o.

» One checks (I'm not doing it), inf,cp Cz(u) = ¢ and

0 u<o

_ N_11-2F u>0

Ce(u) — inf Co(u') 17 ueo
. =

=(1-20)Pp_1(—u) < (1 -28)1,<.
So, for any ¢ € [0,1],
Yue R,Cg(”) — ul’IEIf]R Cg(u,) = |2(§ — 1| q)o_l((Zé' — 1)1/!) < |2(§ — 1| ]]'(26_1)1/‘50'

More practically, one can find the bound
Vu e R,Ce(u) - ui,rellfR Ce(u) < 2 — 1 —Db(u)|,
where b is any sign-preserving function.
We look now at the quadratic loss, ®(v) = (v — 1)2. We have
CEuw) =du—-1%+(1-¢)(-u-D~
We find that the argmin of this function is u* = 2¢ — 1 and thus

me (u') =4&(1-7),

u'eR

so that
DN DN 182
Ce (u) ullIelfR Ce(u') =20 -1-u)

Using b(u) = u, then, we find that

Ce(u) — ul'IelfR Ce(u') <120 —1—ul= \/(2§ —-1-u)?2= \/C?(u) — Mi/lé]fR Cg’(u’).
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Thus, this shows that

R(g) = R* < | Ra(8) -
If we minimize the square-loss up to € order, that means we are (at worst) Ve away from the real
minimizer
4.1.4 Smooth Surrogates

Consider smooth losses of the form ®(u) = a(u) — u, where a(u) = —u2 for square loss and
a(u) =2 log(e2 +e 2) for logistic. We will assume 4 is even and p- smooth (if a” exists then
a”(u) < B for all u € R). Then, this implies that forallu € R and « € R,

a(u) — au — ui,réfR{a(u’) —au'} > — |a—a' (u).

> 2/3
We find then

CE ) = @) + (1 - §)@(—u) =a(u) — (2§ — Du,
thus

C?(u) - ui,reﬁ Cg’(u’) =a(u)—(2¢ —1)u — igf{a(u’) —(2¢ —1)u}

2
1 /
2% 2 —1—a'(u)
b(u)
>1_C inf Cx(u'
2 25 ¢u) — inf g(u)]

= R(g) = R* < 26(Ra(9) = R (8))"
For square loss, B = 1, and for the logistic loss, B < %.

§4.2 Risk Minimization Decomposition

Consider a family J of prediction functions f : X —» R. Let

n

D Wi f(

i=1

:I»—\

fe argming. +R(f) =

We decompose the risk

J%(fA) —R* = R(f) —ﬁggjﬁ(f ) + 1nf R(f ) —

estimation error approximation error

For instance, we could consider J = {fy : € ©}, with linear models being of the form fy(x) =
0T p(x).

§4.3 Approximation Error
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Remark 4.4:

1. Deterministic

2. Depends on the distribution of the data and the class of functions F; the larger F, the
smaller the approximation error

3. We'll focus on families of the form F = {fg |0 e ® C Rd}, and { is convex and Lipschitz,
with respect to the second variable

We'll assume 6* € argmin, R (f,) (not necessarily over the space ®). We can further
decompose the approximation error by

nf R(fg) — R* = inf R(fp) - Qief}[gdﬁ(fe) + Qief}[gdﬁ(fe) - R*

how good modeling is architecture error

(I (I)
(I) Suppose the loss is G-Lipschitz. Then,
R(fo) = R(for) = E[L(y,fo(x)) — Ly, for (¥))] < GE[Ifg(x) — for ()1].

In the case that fp(x) = 0T @(x) and @ := {6 e R0, < D}, then we first have by Cauchy-
Schwarz, GTq)(x) - 9:{(p(x) <|6- 9*||2||q)(x)||2 thus

inf R(fy) = inf R(fp) <G inf E[px)]]10 - 6,

USS ¢'eR4 16ll<D
< inf E -D = .
<G inf, Ellp1(16.] ~D),, (). =max(0, )
This is minimized for = % it |0, || > D.

(I) Is based on our choice of model; things like architecture choice can affect this.
§4.4 Estimation Error

Let g € argmin,c &R (g) be the minimizer of the expected risk for our class of models, and
fe argminfej;c?/%(f ) be the minimzer of the empirical risk (which is random). The estimation

error can be bounded as follows:
R(F = int )R() = R(7) - R(gp)
= {R(f) = R()} + {R(F) = R(gm} + {R(gx) - Rlgx)}

<0

2 sup|® — R(A).
< ;E,gl () = R(f)]

Now suppose f:)pt “almost” the solution f (obtained from optimization, say), i.e. JA%(f;pJ -
JA%( f ) < & for some ¢ > 0. Then we can get a similar inequality,

R(F) = jnf RG) < 250p|R () = R(F)| + Rlfopr) — R (7).

optimization error, <e¢

4.4.1 Applications of McDiarmid’s Inequality
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Assume f € F is bounded between 0 and {,. For a single f € JF, Hoeffding’s ays that with
probability > 1 -,

R(F) = R(f) < j%,/log(l/é).

2n

Note that we can’t just put a sup over J on the left-hand side. We need a little more work.

4.4.1.1 Easy Case: Finite Number of Models
Assume that there are finitely many f in F. Then

P(;ugfz(f) —R(f)] = t) <Y P(|R(f) - R(F)| = ¢)

fer
< Z 2exp ( - 2:Tt2 )
fer ©
= 2|F| exp(—%)
Setting 6 = 2 exp(—zﬁn—g:2 ), and solve for t appropriately to get that with probability 1 — 4,

sup|R(f) — R(f)| <t = b \‘log 27
fer B \/% 0

log(s|F]) )
< Rm\’— + —=_Jlog(1/5)
2n @

—0 as n—oo provided log|F|«n

How do we deal with JF being infinite?
4.4.2 e-net Argument: Covering Numbers

We assume G-Lipschitz loss functions with respect to x, i.e.

IR(f) = R < GE[If (x) = f ()] = GA(f,f')-

— Definition 4.3 (Covering Number): Assume there exists m = m(¢e) elements f4, ..., f,,, such
that for all f € F there exists i € [m] such that A(f,f;) < e. The minimial possible number
m(e) for ¢ fixed is called the covering number of J- at precision .

Remark 4.5:

1. The covering number m(¢) is a non-increasing function of ¢

2. Typically m(e) ~ e 9 ase — 0

3. In the {-metric, if JF is contained in a ball of radius ¢ in { -ball of dimension d, then it can

be covered by (c/ €)% cubes of length 2¢, supposing € < c.

Given a cover of J- with (f;),_, being the cover elements using that both R and &R are G-

Jeee,M(E)
Lipschitz . we have for any i € [m(¢e)],

4.42 e-net Argument: Covering Numbers



[R() = RO < [RE) = RE)|+[R () = RE)| +IR(F) = R ()]
<2GA(ffi) + | R(f) = R ()]
S26AFS) + sup [R(f) = R(f)}
Take i such that A(f, f;) < ¢, then we obtain

sup|R(f J%(f)| < 2Ge + sup

R(E) = R(5)

ferx jem(e)
log(2 0 1
< 2Ge 4 1| B | P log<—>.
2n J2n h)
Thus if m(e) ~ e, then the second term above is of the order (., dloi(nl/ 2p

get a term of the order

d log(l/s)
nlog(n)

Remark 4.6: In practice, this bound is often way weaker than what actually occurs.

§4.5 Rademacher Complexity

Idea: If z,z" are iid rvs, z T [ g is a function, then g(z) d g(z"). Furthermore,

g(2) —g(z) 2 g(z') — g £ (~D)[g(2) —g(z)] L e[g(2) — ()]

where ¢ a Rademacher rv,ie. P(e = 1) = P(e = —1) = wh1ch is independent of z and z'.

Our goal of this section is to upper-bound supy 3;|R(f — R(f) | We'll change notation
z=(xy), H={xy) -~ Wy.fx).feF}

so that

sup|R(f) — R(f)| = sup
feFx heH

E[h(z)] -~ h(z)|
i=1

Denote
D = {Zl/ ...,Zn}

and define the Rademacher complexity of the class H as

R,(H) = Eg@[sup Zs h(z; )]
hen
where ¢;’s are Rademacher rv’s which are mutually independent and of the z’s.

4.5.1 Symmetrization

4.5.1 Symmetrization

oife ~ F then we

34



—Proposition 4.2:
[sup{ Zh(z)— h(z)]Hsan(}ﬁ),
heH

and

E[sup{]E[h(z)] - %ih(zl)ﬂ <2R,(H).
i=1

heH

Proor. Let D' = {z1,...,z,,} ad D = {zq, ..., z,} be independent. Let (¢;) iid

Rademacher rvs independent of 1)’, 1. For all i € [n],
E[h(z;) | D] = E[h(z})]

ie[n]

by independence, and also
E[h(z;) | D] = h(z;).

We have, using iid and these identities,

1 & [ n
slpup{Btvo) 3 e | = el 3 mtven 191 e
=E _sup{ i E[h(z;) — h(z;) IQ)]”.

i=1

| he Mt

Slb—‘

Q|-

Now, remark that sup{E[f; ], E[f,]} < E[sup{f1,f>}]; the same bound holds for suping
over an infinite class. We get then, continuing from above,

<E [sup Z(h —h(z;)) IJDH

hedt M

= E|sup Z(h(z)—h(z))]

heH

symmetry E[sup % i g;(h(z}) — h(zl))]
i=1

heH
< 2R, (H).

The other direction is clear from this work. [ ]

Putting everything together, we get that with probability 1 — 9,

E[h(z)] < Zh(z + 2R, (H) +j%\/log(1/5).

2n

4.5.2 Lipschitz-Continuous Losses
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= Proposition 4.3: Given any function b,4; : ® - R and ¢; : R —» R any 1-Lipschitz

functions fori =1, ...,n and for e € R" vector of independent Rademacher rv’s, then

]Eg[sup{b(e) - Zsiqo(ai(f)))}] < Es[sup{b(e) + siai(e)}].
i=1 0e® i=1

e®

This result just says that, for our purposes, that if we condition on D), setb = 0 and © =
{f(x1),....f(x,) : f € F}and a;(0) = 6; and @;(u;) := L(y;, u;), then

IEeLsup . Zl (Y f (1) 50] < GIEeLsgg LY efx) sa],

ex =
hence
R, (H) < GR,(F).
4.5.3 Ball-Constrained and Linear Predictions
Assume F = {fy(x) = 679 (x), 2(8) < D} where Q anorm on R?. Let ® € R = (::le)

We see that

1 D
R,(F)=E| sup —eT®f|=—=E[Q*(PT¢)],
Q@<p h

where ()* the dual norm to (), given by (), = sup9)<1 uTe. Supposing () = |||, then O* = ||+,
SO

R,(F) = ZE[|@Te],]

' D
(Jensen's) < ;\f ]E[HqDTgﬂz]

< %\/E[tr(CI)TeeTCD)]

= 2 [E[(oT®)]

J " E[lp () I2]
i=1

VE[lp)l3].

S| T

SIS

§5 OPTIMIZATION

§5.1 Optimization in ML

Remember that our goal is to compute/minimie R (f) = E[{(y,f (x))]. In practice, we
minimize the empirical risk for some class of predictors,

1 n
min {F(O) = Zﬁ(yi/fe(xi)) + Q(G)},
i=1

fcR4
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for () some norm. Unlike “classical” optimization, we solve this problem, but evaluate the

performance of our optimization on unseen data.
§5.2 Gradient Descent
Goal: ming_pa F(0), F: RY > R.

“Block-box oracles” are the idea of 8 — block box — information about F(8), VE(8),V2F(6).
Oth order oracles use F(8), 1st order use F(6), VF(8), and 2nd order use F(8),VE(8),V2F(0)

(“order” implies the “expense” of computing the desired quantities).

Alg 1 (basic gradient descent): Pick 6, € R% and t >= 1, and set
Or = 6;_1 — 7 VF(0;_1)

where 7, the “step size”/“learning rate”.

5.2.1 Convex Functions

< Definition 5.1: A differentiable function F : R? — R is convex if E(h) > F(8) + VE@O)T (h -
0) forallh, 6 € R2. If F is twice differentiable, F is convex if V2F positive semidefinite.

Remark 5.1:
1. Linear sums of convex functions with positive constants are convex. The maximum of

convex functions is convex.
2. The composition of a convex function with an affine linear function is convex.

—Proposition 5.1: Assume F is differentiable and convex. Then points are global minimizers

iff they are stationary points, i.e. the gradient vanishes there.

5.2.2 Analysis of GD for Strongly Convex and Differentiable Functions

< Definition 5.2: A differentiable F is u > O-strongly convex if F(h) > F(0) + VF(0)T (h — 0) +
Ll — 6] for all i, 6 € R

Remark 5.2: If f is twice differentiable, then V2F(0) > ul (the smallest eigenvalue of V2F for
all 8 is bigger than or equal p).

—Lemma 5.1 (Lojasiewicz's Inequality): If F differentiable and p-strongly convex with a

unique minimizer h*, then
IVE()II3 = 2u(F(8) — F(l))

for all # € R4,

< Definition 5.3 (L-smooth): A C!-function F is said to be L-smooth if

IF(h) —F(8) = VF(®)T (h - 0)| < %ne —h|?, Vé,h.
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—Proposition 5.2:
o if the gradient of F is L-Lipschitz, F is L-smooth
e If F € C?, then F L-smooth iff VZ(8) < LI for all 6.

< Definition 5.4 (Condition number): When F is both smooth and strongly convex, we call

K= % > 1 the condition number.
Remark 5.3: In practice, the condition number grows with n.

—Proposition 5.3: Assume F L-smooth and p-strongly convex. Let ¢ = % Then the iterates 0,

of gradient descent satisfy

t
FO) —F(i) < (1= ) (F(8) = F()) < exp( =1 ) (F60) = ().

K

Proor. By smoothness,

F(6;) = F(6;_1 — YVF(6;_1))
< F(fy1) + VE(8-1) (~9VE(811)) + 2 hVF (81|

2
= F01) - (7= 53 JIvFl

2
Optimizing y — 7y — L% in 7y gives y = % By strong convexity then,

1
F(6) —F* <F(6,1) = F' = 57 IVF(6, ),
1
< F(0pq) = F* = —(F(6;1) = F7).
Repeatedly applying this in ¢ gives

F(6,) —F* < (1 - %)t(F(GO) —F) < exp<—£>(F(90) —F*).

5.2.3 Convex and Smooth

—Proposition 5.4: If F is convex and L-smooth, then for all 6,1 € R,
1
z||VF(9) — VF(h)|?> < [VF() —VFE(h)]" (6 — h),
and moreover

F(8) > F(h) + VF(W)T(6 —h) + %IIVF(H) — VE()|>.

Proor. The second inequality implies the first by swapping the roles of 8, h and
adding the inequalities together and simplifying.
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To prove the second, convexity and smoothness imply that for & € R¥,
T T L 2
F(h) +VE(h)'(§ —h) < F() + VE©O)' (¢ - 0) + 5110 - Cllz,
which implies
L
F(h) + VE()T(§ =) = VE@O)T (& = 0) — 5110 — &ll5 < F().

The left-hand side is a quadratic in §. Maximimizing this in ¢ (with 0, I fixed) gives
¢ = %(VF(h) — VF(60)) which implies

1
F(0) = F(h) + 57 [VE(h) = VEO))? + VE(m)T (6 = h).
This gives the result. [ |

= Proposition 5.5: Assume F is L-smooth and convex with global minimizer /*. Choosing
v = %, we have

K
<

F(8) ~ F(i") < 5

18 — 1|12

Remark 5.4: This is a far slower rate than what we achieved in the strongly convex case.

Proor. Let V,(0) := t[F(6;) — F(h*)] + %||9t — I*||*. We need to look at
L L
Vi(#) = Viea(8r1) = HF(8) = F(6 )] + [F(611) = F()] + | 116 = 1| = 51161 — | .

We bound each term; we see that

1
F(6) = F(6;1) < =57 IVF(6,-1)ll;

F(8,_1) — F(l*) < VE(6,_1)" (6,1 — h*)
2

1
01— 7 VE(0 1) = I

L L
5 (16 = W1 = 16,y = *|?) = 5[ 1161 — h*uz]

= SIVE B = (B 1) 'VF(B1y).
All together, we get
Vi(0) = Vi1 (0-1) < 0.
This is true for all ¢, so
HE(6) — (7)) < Vi(6;) < Vo(8o) < 3l — I
which gives the result. [

Remark 5.5: F(6;) — F(h*) < O(max{%,eXp< t)})

T x
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5.2.4 Stochastic Gradient Descent

We assume we aimed to minimize the empirical risk, F(0) = % Z?zl C.(y;, fo(x;)) + Q2(0).

Multi-pass SGD: at each time ¢, select I; ~ Unif({1, ..., n}) then

x = (yr,,fo,(x1,,,)) +Q6)
is an estimator of F, in the sense that
E[x10:] = F(6;).
Then, define 6,1 = 6; — ;841 Where g;,1 := Vy (x) where 7, our step size.

Mini-batch SGD: fix a batch size B. At each time t choose a uniform random subset I? C
(1, ...,n} with |ItB | = B, uniformly distributed. Define

1
8t =g Z [V9t<€<yi/f9t(xi)>>] + Vi, Q2(6;).
ielB
Clearly if B = 1 mini-batch simplifies to multi-pass.

One-Pass SGD: we assume there is a distribution 1) where (x;,y;) are independent samples

from 2. With this interpretation the natural update is
Ori1 =0 — 118111, §141 = V@[Q(F/lefef(xtﬂ)) + Q(Qt)],

i.e. we just updated with the tth ordered data point.

Shuffled SGD: choose a random permutation 7t of {1, ..., n}, reorder {1, ...,n} by 7r and run one-
pass SGD.

More generally, we say that an update formula of the form

Ori1 = 0 — 118141

is SGD if

E[g:4110:] = VF(6;) (H1)

for some loss F. One checks that thus multi-pass SGD is SGD with loss given by the empirical
risk. However, one-pass SGD is SGD for the population risk, E, .y . p[€(y, fo(x)) + Q(x) ].

Additionally, we’ll assume in our analysis that ||g;(6;) ||2 < B a.s. for some constant B (H2).
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—Theorem 5.1: Suppose (H1), (H2) hold, and that F is convex, B-Lipschitz and has a
minimizer 6, so |6y — 6,|| < D. Choose v, = ((D/B))/\ﬁ. Then

2+ log(t))

E[F(6;) - F(6.)] < DBZ( i

e (B ()

the (step-size weighted) iterate average.

where

Remark 5.6: Note that we take the step size to 0 (in fact, we need this to happen), and the rate
of decay is worse than in the non-stochastic gradient descent. In practice, -y, is chosen to be

something like ’yo$ where T some final time to run until.
Proor. We compute using (H1), (H2) that
E[16; = 0.1°] = E[16:-1 = 7181 = 0.1
= E[10,-1 — 0.I° — 27181, 61-1 — 0.) + v2lIg: ]
S IE[||9t—1 - 9*”2] — 21 E[(E[g; 1 6;-1], (611 — 0.))] + 7B
= E[[16:-1 — 0.I] = 20 E[(VF(0,_1), 6,—1 — 6,)] + 77B

Recall that by convexity, F(6;_1) — F(0,) < (VF(6;,_1), 6;_1 — 0,), so continuing from
the above we find

E[F(6;_1) — F(0.)] < 5[E[lI6,—1 — 0.1 — l6; — 6,]*] ++?B].

N =

Summing the LHS, we get a telescoping sum on the RHS, and find

t 1 B t
D VE[F(B,1) —F(6.)] < 5E[I — .I°] + 5 )72
s=1 s=1
Finally, we find then that by convexity
_ 1 [
B[F() - F)] < = —| Y. %BIFG) - F0)|
Zszlr)/s | s=1
1 [1 »1 B¢
< SE[116o — 6. ]+—Zv§]
Z£=17s-2 25:1
1 1 B { ]
A L P
2221’75_2 2 s=1

Remark that this didn’t use any assumptions on the 7,’s yet. Picking -, as given in the
statement and simplifying gives the bound. [
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5.2.5 Gradient Flow
If we rewrite gradient flow
0, —0,;_
fol = —VF(6,_),
which, if v — 0, is essentially the ODE

o _ VF(O(t
5 = ~VE@ew),

which, in this case, GD can be see as Euler’s (Forward) Method for this ODE, with ¢ the step-
size. We call this ODE gradient flow.

§5.3 Least Squares Problem
5.3.1 Gradient Descent

Recall we have ® € R our design matrix and ¥ € R" our output, and our goal is to solve
g y p g

1 2 _,
efrel}é}i %H@@ — Yl = F(0).

Let 0, € argmin F(6). We see that VF(0) = %CIDT(CI)H —y) and V2F(6) = H = %CI)TCID. Ify = ®46,,
then we can write VF(0) = H(6 — 0, ). Thus, gradient descent becomes

0 = 0,1 —YVF(0;_1) = 0,1 —y(H(6; - 0,))
=0, —0,=0,_1—-0,—7YH(0;_1—0,) =1—-7yH)(0;_1 —0,)
= 91‘ - 9* = (I - ,YH)t(GO - 9*)

Since F(0,) = %(Gt —60,)TH(8, — 6)", we also get

F(8;) = 5 (6 — 6,)" (I —yH)'H(I — vH)' (6, - 6,)

Nl — N =

(60 = 0,)" (I = YH)*H (60 - 6.,).
In this context, the corresponding gradient flow problem is

. 1

6 = —VF(6) = —<H9 — ECIDTy).

Noting that

d : 1
a(thH) =elt(0+0) = EthCI)Ty

thus, assuming H invertible,

t1 1
0 = fo Ee‘H(t‘S)CIDTy ds + Coe Ht = gpeHt + H71(I - e‘Ht)ECI)Ty
= fpeHt + H-1(I — e7H)He,
= e Higy + (I —e~Hh)p,

5.3.2 High-Dimensional Analysis of SGD
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1

e Let (x,y( ~ D with x ~ N(0,1;), e ~ N(0,7%) and y = (x,6*) + ¢ where 6* € R such that

5

e ((u,v) := %(u — v)? and thus one computes R (0) = %(172 + 1|6, — 9||2). The scaling of 6,
ensures that R (6) is of order 1, in particular, doesn’t depend on 4.

¢ Running streaming SGD on this problem, we have the update

Xir1 = Xk — Ve (g1, X — BY — €k41) k41

< Proposition 5.6 (Wick's Formula): Leta ~ N(0,K) € R, Suppose f; are simple tensors,
then

E[a®%fi ® > ® f3 ®f1)] = (K, fi ® HL)(K, f5 ® fo) + (K, f1 ® (K, o ® fu) + (K, f1 ® fu)(K, fo ® f3)
where (1% f, ® fo) = fi'aa” f, = a,0;(f1), (), etc.
We have
E[(a,1)?(a®?,1)] = E[(a®2,y®2)a®2,1)] = E[(a®,y @y ® I)]
= (K,y@yxK,I)+2(K,y) ® (K,y),I)
=y Ky tr(K) + 2yTK?y
5.3.3 Dynamical Analysis of Isotropic Gaussian Linear Regression

Let JFy be the o-algebra generated by ((aj, bj) 0<j < k) (history up to timestep k) and let
P(x) = 3|x — BIPP. We find

1 1
B[ P(xsn) | Foe] = D) = Ebuxk = (g, % = B = )i — Bl | ?k] — 5l = BI°
= _')’IE[(<‘1k+1rxk — B) = €xy1) Xk — B, Ak41) | j:k] (1)

72 2
+7E[(<ak+1/xk — B — €1) i1, Aps1) | j:k] (2)

We find that (1) = =29, P(x;) (the epsilon term goes to zero) and

2
2) = 77(;72 + E[(ap1, %% — Y41 ® a1, 1) 1 Fi])
2
Wicks = 2(1P + i = B (1) + 205 = )T (5= B)),

and thus

2
E[ D) | Fi] = 2200 = =29 P(x) + 2 (7 + D)) tr(ly) +22(x)

The first term here is the effect of running gradient descent, and the latter is the effect of the
SGD noise, i.e. the “effect” SGD has on 2; the 72 term involes variance.
As d — oo, then the “largest” term is <||xk - ,8||2 + nz)d.

Goal: need both terms —2v P (x;) and %2 ((7* + P(xx)) )d to survive when d — oo. Why? If
only —2y P (x;) survives as d — oo, then we're not doing SGD, we're essentially doing gradient
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flow (very small learning rate). If only the latter term (attached to 77) survives, our iterations

will diverge.

Consequently, we need 7y =~ 72d based on our assumptions of the order of 7, x etc. Hence, we
need y = a(%). Thus, we will pick y = % for some constant 4. Thus, we get

~2 2

E[P(xi41) | ] = P, — 22 D) - %(% + () + }D(m)

which implies
¥ & V(1
E[P(x41)] = Plxg) — 25 Z P(x;) — ¥l 2(7 + E[@(xi)])

We see that the inner elements in the sum are all order 1; and there are k of them, being divided
by d. Thus, choose k = td, so that

~ td

2 —oo (f ~
25 2 BLP()] 3 [ B[P (x)]ds(27)

Therefore, by scaling time k = td, set

ot = Jim E[ (X)),

then the above equation becomes an Euler approximation for the ODE
e
p=-27p+ 72(P + 7)

§6 KERNEL METHODS

§6.1 Introduction

We study emprical risk minimization for linear models f5 : X - R, i.e. fy(x) = (6, p(x))
where ¢ : X — # and H a Hilbert space with 8 € H. We'll write

(0,0(x)) = (0, (X))
when the space is clear. A kernel function, or kernel, is a function
K(x,y) = (@), 9(y)) -

§6.2 Representer Theorem

< Proposition 6.1: Consider a feature map ¢ : X — H.Let (xq,...,x,,) € X" and assume ¢ :
R™1 - R is strictly increasing in the last variable. Then the infimum of

(40, (x1)), ..., (6, @(x,)), [1]*) can be obtained by restricting a vector 6 in the span of
@(x1), ..., 9(x,); thatis 0 = Y7 | a;0(x;) witha € R™.

Proor. Let 8 € H and define

Hp = {Zwigo(xl-) T € R} c H.
i=1
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Write 0 = 0, + 6, for 6p € Hp and 8, € Hp. Then for alli € [n],
(0, (x;)) = (0p, @(x;)) +0

(by orthogonality), therefore
PO, @(x1)), (0,9 I012) = $((Op, 9(x1)), o, O, 9 (), 1001 + 10,1 )
> §((Op, @(x1))s v (B0, 9 (1)), 1601 ),

with equality iff 6, = 0. Thus,

inf (---) > inf (---).
o) = o,

The solution of the second term will be of the form Z?:l o;p(x;). [ |
< Corollary 6.1: For A > 0, the infimum of % 2?21 C(y;, (0, (x;))) + %||(9||2 can be obtained by
restricting to a vector € of the form 6 = Z?:l a;¢(x;) witha € R™.

Remark that there was no assumption on the loss function (e.g. convexity, etc).

Now notice:

1. If 0 = ), a;¢(x;), then for all j € [n],

0,0(x)) = " 0k (x,%,) = (Ka),

i=1
where K(x,x") = (¢(x), p(x")), which we can equivalently view as a matrix in R"*” with
Kij = <§0(xi)z§0<xj)>-
2. 617 = X, 3, aiio(x:), () = a"Ka.

We can thus rewrite our entire problem as
1¢ A 1¢ A
inf — , . 02 = inf = , , =T
inf i§:1€(yu<9,¢(xz)>) + 5161 = inf — ;Zlﬂ(yu (Ka);) + 507 Ka.

In particular, although H may in general be infinite dimensional, our optimization problem can

be restricted to a finite dimensional subset. Our prediction function is then, for any x € X,

F) =(0,900)) = ) a;K(x,x;).
i=1
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§7 TaBLE oF FUNCTIONS

Name Symbol Function Parameters?
1 u<0
Idk cDO—l R -R U - % u=0
0 u>0
Conditional ®-Risk CZ:R->R U ) + (1—&)Dd(—u) & e [0,1]
Conditional 0-1-Risk Ce(w) R - R U Do (u) + (1 - ¢ e[0,1]
G) Do (1)
Sigmoid c:R->R u-1/(1+e4)
Success prob., 0-1 n:X - [0,1] x> Py=1]x)

7 Table of Functions
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