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§1I PRELIMINARIES

§1.1 Terminology
We consider problems of the form
minimize f (x) subject to x € X, @)
with X C R" the feasible region with x a feasible point, and f : X — R the objective (function); more
concisely we simply write

gleiQf(x)'

When X = R", we say the problem (1) is unconstrained, and conversely constrained when X C

R™.

® Example 1.1 (Polynomial Fit): Given yq,...,y,, € R measurements taken at m distinct
points x4, ..., x,,, € R, the goal is to find a degree < n polynomial 4: R — R, of the form

q(x) = ) Bk,
k=0

“fitting” the data {(x;,y;)},, in the sense that q(x;) = y; for each i. In the form of (1), we can
write this precisely as

2

1¢

ﬁéangl 5 Z‘) BuXi' + -+ B1xi+Po—vi |
=

q(x;)

namely, we seek to minimize the ¢?-distance between (g(x;)) and (y;). If we write

1 x; .o XY 1
X:=1|: ... .. e R Geely) Y= ( © e R™,
1 x, ..xI Wi

then concisely this problem is equivalent to

o1
min X B - yl3,

BERM+1 2

a so-called least-squares problem.

We have two related tasks:
1. Find the optimal value asked for by (1), that is what infy f is;
2. Find a specific point X such that f (x) = infy f, i.e. the value of a point

X € argminyf := {x eEX|f(x) = igff}.

(noting that argmin should be viewed as a set-valued function, as there may be multiple
admissible minimizers) Notice that if we can accomplish 2., we’ve accomplished 1. by

computing f (X).
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Note that ¥ € argminyf = f(X) = infy f, but infy f € R does not necessarily imply argminyf #
@, that is, there needn’t be a feasible minimimum; for instance inf,cg €* = 0, but argmingf = @
(there is no x for which e* = 0).

< Definition 1.1 (Minimizers): Let X C R"” and f : R” —» R. Then X € X is called a
e global minimizer (of f over X) if f (X) < f(x)Vx € X, or equivalently if X € argminyf;
* local minimizer (of f over X) if f (¥) < f(x)Vx € X N B, (X) for some € > 0.

In addition, we have strict versions of each by replacing “<” with “<”.

< Definition 1.2 (Some Geometric Tools): Letf : R"” — R.

o gphf:={(x,f(x)) |x € R"} CR"x R

e f1({c}) == {x|f(x) = c} = contour/level set at c

o lev f :=f1((—oo,c]) = {x |f(x) < c} = lower level/sublevel set at c

Remark 1.1:
* leviyff = argminf

e assume f continuous; then all (sub)level sets are closed (possibly empty)

We recall the following result from calculus/analysis:

—Theorem 1.1 (Weierstrass): Letf : R” — R be continuous and X C R” compact. Then,
argminyf # 0.

From, we immediately have the following:

—Proposition 1.1: Letf : R"” — R continuous. If there exists a c € R such that lev f is
nonempty and bounded, then argming.f # @.

Proor. Since f continuous, lev f is closed (being the inverse image of a closed set),
thus lev f is compact (and in particular nonempty). By Weierstrass, f takes a minimum
over lev f, namely there is X € lev f with f(X) < f(x) < c for each x € lev f. Also,

f(x) > cfor each x & lev f (by virtue of being a level set), and thus f (x) < f (x) for each
x € R". Thus, ¥ is a global minimizer and so the theorem follows. [

§1.2 Convex Sets and Functions

< Definition 1.3 (Convex Sets): C C R" is convex if for any x,y € Cand A € (0,1), Ax + (1 —
A)y € C; that is, the entire line between x and y remains in C.
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< Definition 1.4 (Convex Functions): Let C C R” be convex. Then, f : C —» R is called
1. convex (on C) if

fAx+ A =ANy) <Af(x) + A =Mf(y),

for every x,y € Cand A € (0,1);
2. strictly convex (on C) if the inequality < is replaced with <;
3. strongly convex (on C) if there exists a y > 0 such that

fAx+ A= Ny) +prAd —D)|x —yl> <Af (@) + A= A)f (),

for every x,y € C and A € (0,1); we call u the modulus of strong convexity.

Remark 1.2:3. =2 2. = 1.

Remark 1.3: A function is convex iff its epigraph is a convex set.

® Example 1.2:exp : R —» R, log : (0, 0) — R are convex. A function f : R” — R™ of the
form f(x) = Ax —bfor A € R"™",b € R™ is called affine linear. For m = 1, every affine linear

function is convex. All norms on R” are convex.

< Proposition 1.2:

1. (Positive combinations) Let f; be convex on R" and A; > 0 scalars fori = 1, ..., m, then
2111 A,f; is convex; as long as one is strictly (resp. strongly) convex, the sum is strictly
(resp. strongly) convex as well.

2. (Composition with affine mappings) Let f : R” — R be convex and G : R™ — R" be affine.
Then, f o G is convex on R™.

§II UNCONSTRAINED OPTIMIZATION

§I1.1 Theoretical Foundations
We focus on the problem

min f(x
xE]R”f( )

where f : R" — R is continuously differentiable.

< Definition 2.1 (Directional derivative): Let D C R" be openand f : D — R. We say f
directionally differentiable at x € D in the directiond € R" if

oem f(x+td) —f(x)
t—0* t

exists, in which case we denote the limit by f'(x; d).
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—Lemma 2.1: Let D C R" be openand f : D — R differentiable at x € D. Then, f is

directionally differentiable at x in every direction d, with

f/(x;d) = Vf(x)Td = (Vf (x),d).

® Example 2.1 (Directional derivatives of the Euclidean norm): Letf : R” — R by f(x) = ||

the usual Euclidean norm. Then, we claim

xTd
, 1 d #0
f(x;d) = { ET
l - x=0

X

.Forx =0, w
i For x 0, we

For x # 0, this follows from the previous lemma and the calculation Vf (x) =
look at the limit

td) — t\d|| —
t—-0+ t t—-0* t

using homogeneity of the norm.

—Lemma 2.2 (Basic Optimality Condition): Let X C R"” be openand f : X — R.If X is a local
minimizer of f over X and f is directionally differentiable at X, then f'(x;d) > 0 for alld € R".

Proor. Assume otherwise, that there is a direction d € R” for which the f'(x;d) <0,

ie.

fim L&) —f®
-0+ t

Then, for all sufficiently small t > 0, we must have
f(x+td) <f(x).

Moreover, since X open, then for t even smaller (if necessary), X + td remains in X,

thus X cannot be a local minimizer. [ ]

—Theorem 2.1 (Fermat's Rule): In addition to the assumptions of the previous lemma,
assume further that f is differentiable at X. Then, Vf (x) = 0.

Proor. From the previous, we know 0 < f'(x;d) for any d. Take d = —Vf (%), then
using the representation of a directional derivative for a differentiable function, and

the fact that norms are nonnegative,
0< —IVf@|* <0,
which can only hold if |Vf (X)|| = 0 hence Vf (x) = 0 [ ]

We recall the following from Calculus:
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—Theorem 2.2 (Taylor's, Second Order): Letf : D C R"” — R be twice continuously
differentiable, then for each x,y € D, there is an 7 lying on the line between x and y such that

F) = £ + V@O (y = x) + 5y~ ) TPF () (y — ).

< Theorem 2.3 (2nd-order Optimality Conditions): Let X C R” openand f : X — R twice
continuously differentiable. Then, if x a local minimizer of f over X, then the Hessian matrix

V2f (x) is positive semi-definite.

Proor. Suppose not, then there exists a d such that d* V?f (x)d < 0. By Taylor’s, for
every t > 0, there is an #; on the line between x and x + td such that

Flx+td) = f(x) + V() Td + %tszvzf(;yt)d
=0

t2
=f(x) + d_TVZf(’?t)d-

Ast — 0%, V2f(1,) - V3f(x) < 0. By continuity, for ¢ sufficiently small, %dTvzf (7,)d <
0 for t sufficiently small, whence we find

f(x+1td) <f(x),

for sufficiently small ¢, a contradiction. [ ]

< Lemma 2.3: Let X C R" open, f : X » R in C2. If ¥ € R" is such that V?f (X) > 0 (i.e. is
positive definite), then there exists ¢, # > 0 such that B, (¥) C X and

ATV f(x)d > u|d|?,  Vd € R",x € B.(%).

Combining this and Taylor’s Theorem, we can deduce the following (our first “sufficient” result

of this section):

<Theorem 2.4 (Sufficient Optimality Condition): Let X C R” open and f € C?(X). Let X be a
stationary point of f such that V2 (¥) > 0. Then, X is a strict local minimizer of f.

II.1.1 Quadratic Approximation
Letf : R” - R be C? and ¥ € R". By Taylor’s, we can approximate

Fy) ~ 8(0) = F@ + VDT ~T) + 5y~ D@Dy 7).

I.1.1 Quadratic Approximation



® Example 2.2 (Quadratic Functions): For Q € R™" symmetric,c € R" and 7y € R, let
1
f:R" >R, f(x)=§xTQx+ch+'y,
a typical quadratic function. Then,

Vf (x) :%(Q+QT)x+c:Qx+c, V2f(x) = Q.

We find that f has no minimizer if ¢ ¢ rge(Q) or Q is not positive semi-definite, combining
our previous two results. In turn, if Q is positive definite (and thus invertible), there is a

unique local minimizer ¥ = —Q~!c (and global minimizer, as we’ll see).
§II.2 Differentiable Convex Functions

—Theorem 2.5: Let C C R" be open and convex and f : C — R differentiable on C. Then:
1. f is convex (on C) iff

f)>f@+VF@T(x-%)  x

for every x,x € C;
2. f is strictly convex iff same inequality as 1. with strict inequality;
3. f is strongly convex with modulus o > 0 iff

fO) 2f@ +V@®T (=) + L =T %
for every x,x € C.

Proor. (1., =) Letx,x € Cand A € (0,1). Then,
fAx+ (1 =A%) —f(X) <A(f(x) —f(X)),
which implies

fE+A(x=X)) —f(X)
A

<fx) —f@).
Letting A — 0%, the LHS — the directional derivative of f at ¥ in the direction x — ¥,
which is equal to, by differentiability of f, Vf (X)T (x — X), thus the result.
(1., =) Letxy,x, € Cand A € (0,1). Let x := Axq + (1 — A)x,. x1 implies
fea) 2@ + V@ (x; = %),

for each of i = 1,2. Taking “a convex combination of these inequalities”, i.e.

multiplying them by A, 1 — A resp. and adding, we find
A (x1) + A =)f(x0) 2 F(X) + V@) T (Axg + (1 = Mxp — %) =f(Axg + (1 = A)xy),
thus proving convexity.
(2, =)Letx #x € Cand A € (0,1). Then, by 1., as we’ve just proven,
AWVFET(x—%) <fE+Ax—%)) —f (7).
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But f(x + A(x — X)) < Af(x) + (1 — A)f (X) by strict convexity, so we have
AVF@®T(x = %) < Af(x) —f(F)),
and the result follows by dividing both sides by A.
(2., &) Same as (1., &) replacing “<” with “<”.

(3.) Apply 1. to f — %||-||2, which is still convex if f o-strongly convex, as one can
check. [ ]

—Corollary 2.1: Letf : R” — R be convex and differentiable. Then,
a) there exists an affine function g : R"” — R such that g(x) < f(x) everywhere;
b) if f strongly convex, then it is coercive, i.e. limy,_ « f (x) = oo.

—Corollary 2.2: Letf : R” —» R be convex and differentiable, then TFAE:
1. X is a global minimizer of f;
2. X is a local minimizer of f;

3. X is a stationary point of f.

Proor. 1. = 2.is trivial and 2. = 3. was already proven and 3. = 1. follows from the
fact that differentiability gives

fo) = f®@ + V(OEHr=x)

for any x € R". [

—Corollary 2.3: (2.2.4)

—Theorem 2.6 (Twice Differentiable Convex Functions): Let () C R" open and convex and
f € C?(Q)). Then,

1. f is convex on Q) iff V2f > 0;

2. f is strictly convex on Q) & V3f > 0;

2. f is o-strongly convex on Q & 0 < A (V3f (x)) forall x € Q.

—Corollary 2.4: Let A € R be symmetric, b € R"” and f (x) := %xTAx + bTx. Then,

1. f convex & A > 0;
2. f strongly convex & A > 0.
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—Theorem 2.7 (Convex Optimization): Letf : R” — R be convex and continuous, X C R"

convex (and nonempty), and consider the optimization problem
minf (x) s.t.x € X (*).

Then, the following hold:

1. X is a global minimizer of (x) X is a local minimizer of (x)
2. argminyf is convex (possibly empty)

3. f is strictly convex = argminyf has at most one element

4. f is strongly convex and differentiable, and X closed, = argminyf has exactly one element

Prookr. (1., =) Trivial. (1., <) Let X be a local minimizer of f over X, and suppose
towards a contradiction that there exists some * € X such that f (¥) < f(X). By
convexity of f, X, we know for A € (0,1), Ax + (1 —A)X¥ € X and

FAT+ A=) S M@ + (1 -A)fR) <f(®).
Letting A — 17, we see that Ax + (1 — A)X — X; in particular, for any neighborhood of X

we can construct a point which strictly lower bounds f (x), which contradicts the
assumption that x a local minimizer.

(2.) and (3.) are left as an exercise.

(4.) We know that f is strictly convex and level-bounded. By (3.) we know there is at
most one minimizer, so we just need to show there exists one. Take ¢ € R such that
lev.(f) N X # @ (which certainly exists by taking, say, f (x) for some x € X). Then,
notice that (x) and

ety () ()

have the same solutions i.e. the same set of global minimizers (noting that this remains
a convex problem). Since f continuous and lev.f N X compact and nonempty, f attains
a minimum on lev f N X, as we needed to show. [

Remark 2.1: Note that level sets of convex functions are convex, this is left as an exercise.

§I1.3 Matrix Norms
We denote by R™*" the space of real-valued m x n matrices (i.e. of linear operators from
R" - R™).

< Proposition 2.1 (Operator Norms): Let |||, be a norm on R and R", resp. Then, the map

Ax
xern, Xl
lIx]l, #0

is a norm on R™*", In addition,

lAlle = sup [Ax|l, = sup [|Ax]..

llxll =1 llll, <1

1.3 Matrix Norms



Proor. We first note that all of these sup’s are truly max’s since they are maximizing

continuous functions over compact sets.

Let A € R The first “In addition” equality follows from positive homogeneity,

since ——— a unit vector. For the second, note that “<” is trivial, since we are supping

HXH*
over a larger (super)set. For “>", we have for any x with ||x||, <

| Ax]], = llxll,

X
Xl

x
. |

[Re(m

Supping both sides over all such x gives the result.

We now check that ||||, actually a norm on R">",
L. ||All, = 0 & supjy, =1 [Ax[l, = 0 & [Ax[l, = OVIxll, =1 & Ax =0V|xl, =1 = A =0
2. For A € R,A € R™™, |AA|, = sup |AAx], = Al - sup | Ax], = IAI A
3. For A,B € R™", |A + B||, < ||Al. + lIBll, using properties of sups of sums

—Proposition 2.2: Let A = ( l])

”A”l = max. i=1 Zl 1 z]|
2. ”A”Z - max(ATA) - max(A)
3. Al = maxiZ; > lal
< Proposition 2.3: Let |||, be anorm on R”, R™, and R”. For A € R™" and B € R""?,

L [Ax]l, < [lA]l, - Il
2. [|AB], < [|Allx - IBIL

= Proposition 2.4 (Banach Lemma): Let C € R with ||C|| < 1, where |-|| submultiplicative.

Then, I + C is invertible, and

1+07Y <
” 1< 7=y

Proor. We have for any m,

L . 1
= LI T
1=

Hence, A,, := Z:’il (=C) a sequence of matrices with bounded norm uniformly in m,
and thus has a converging subsequence, so wlog A,, — A € R"™™" (by relabelling).
Moreover, observe that

m

Ay (I+0) =) (=O'I+0C) =) [(-=O) = (=O)*1] = (=O)° = (=O)™*! = [ — (-O)"+L.
i=0

i=0

Now,

— 0, since ||C|| < 1, thus C — 0. Hence, taking limits in the line

above implies

1.3 Matrix Norms
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A(l+C) = T%iggoAm(I+C) =1,
implying A the inverse of (I 4+ C), proving the proposition. |

—Corollary 2.5: Let A, B € R™" with ||I — BA| < 1 for ||| submultiplicative. Then, A and B
are invertible, and |B~!|| < %.

§I1.4 Descent Methods

I1.4.1 A General Line-Search Method

We deal with the unconstrained problem

min f(x) (*).

xeR"

= Definition 2.2 (Descent Direction): Letf : R” - R, x € R". d € R" is a descent direction of
f at x if there exists a t > 0 such that f (x + td) < f(x) forall t € (0, ).

< Proposition 2.5:If f : R” — R is directionally differentiable at x € R" in the direction 4
with f'(x;d) < 0, then d a descent direction of f at x; in particular if f differentiable at x, then
true for d if Vf(x)Td < 0.

—Corollary 2.6: Letf : R” — R differentiable, B € R"*" positive definite, and x € R". Then
Vf(x) # 0 = —BVf(x) is a descent direction of f at x.

Proor. Vf(x)T(=BVf(x)) = —Vf(x)TBVf(x) < 0. |

A generic method /strategy for solving (x):

S1. (Initialization) Choose x° € R" and set k := 0

S2. (Termination) If x satisfies a “termination criterion”, STOP
S3. (Search direction) Determine d* such that Vf (xk ) Tk <0

S4. (Step-size) Determine t; > 0 such that f (xk + td" ) <f (xk)
S5. (Update) Set x*+1 := x* 4 t,d¥, iterate k, and go back to step 2.

I1.4.1 A General Line-Search Method
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Remark 2.2: a) The generic choice for d* in 3. is just d* := —B,Vf (xk) for some B, > 0. We
focus on:

* By = I (gradient-descent)

* B, =V? (xk >_1 (Newton’s method)

* By ~ V3 (xk )_1 (quasi Newton’s method)

b) Step 4. is called line-search, since t;, > 0 determined by looking at
0<t Hf(xk + tdk),

i.e. along the (half)line t > 0.

c) Executing Step 4. is a trade-off between
(i) decreasing f along x* + td* as much as possible;
(ii) keeping computational efforts low.

For instance, the exact minimization rule t;, = argmin,.qf (xk + tdk) overemphasizes (i) over (ii).
< Definition 2.3 (Step-size rule): Let f € C'(R") and
Ay 1= {(x,d) 1 Vf(x)Td < 0}.
A (possible set-valued) map
T:(x,d) € Ay » T(x,d) €R,

is called a step-size rule for f.

If T is well-defined for all C!-functions, we say T well-defined.

I1.4.1.1 Global Convergence of Algorithm 2.1

< Definition 2.4 (Efficient step-size): Let f € C!(R"). The step-size rule T is called efficient for
f if there exists 8 > 0 such that

2
Flx+td) < f(x) — e(wﬁ%ﬁ) , VteT(xd), (x,d) € Ay

<Theorem 2.8: Let f € C!(R"). Let {xk}, {dk}, {tc} be generated by Algorithm 2.1. Assume
the following:
1. 3¢ > 0 such that — (Vf(xk)Tdk) / (”Vf(xk)” . ”dkH) > c for all k (this is called the angle

condition), and )
T
2. there exists 6 > 0 such thatf(xk B tkdk> Sf(xk) -6 (Vf(xk) dk/”dk”) for all k (which is
satisfied if t;, € T(xk, dk) for an efficient T).

Then, every cluster point of {xk} is a stationary point of f.

Proor. By condition 2., there is § > 0 such that

11.4.1.1 Global Convergence of Algorithm 2.1 12



N Vf (k) d*
f1) < f(F) -0 |

for allk € N. By 1., we know

2
vf (k) d*
PO = et

Put « := 0c?, then these two inequalities imply

Ca R COREN VICY

Let x be a cluster point of {xk } As {f (xk )} is monotonically decreasing (by

I

(*)

construction in the algorithm), and has cluster point f (X) by continuity, it follows that
f(xx) — f(x) along the whole sequence. In particular, f (xk+1> —f <xk> — 0; thus, from
(%),

0V () <F(+) ~f (1) =0
and thus Vf (xk) — Vf(x) =0, so indeed X a stationary point of f. [ |
I1.4.2 The Gradient Method
We specialize Algorithm 2.1 here. Specifically, we’ll take
dk = —Vf(xk);
it's known that

—VF(xk
ﬂ = argmind:”dhlVf(xk)Td,

IV (%)l
with ||-|| the 2 norm.

We use a step-size rule called “Armijo rule”. Choose parameters 3,0 € (0,1). For (x,d) € Af,
we define our step-size rule by

Ta(x,d) := max BUIf(x+pld) < f(x) + BloVf(x)Tdy.

"Armijo condition"

For instance, consider f (x) = (x — 1)2 — 1. The minimum of this function is f* = —1. Choose
xk = %, then

2%k +1
f() = szr ~0#f7,

even though f (xk+1) —f (xk) < 0; we don't actually reach the right stationary point with our

chosen step size.
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® Example 2.3 (Illustration of Armijo Rule): For (x,d) € As and f smooth on R", defined ¢ :
R > R,$(t) := f(x + td). The map t — o¢’ (0)t + (0) = o tVf (x)Td + ¢(0)

—Proposition 2.6: Letf : R” — R be differentiable with 8, c € (0,1). Then for (x,d) € Af,
there exists { € N such that

flx+B4) <fx) +BloVf(x)Td,
i Tz, d) = (.

Proor. Suppose not, i.e.

f(x+pld) —f(x)
IBE

Letting £ — oo, the left-hand side converges to Vf x)Td, so

> oVf(x)Td, vl € N

VF()Td > oVf(x)Td.

But (x,d) € Ay, so Vf (x)Td < 0 so dividing both sides of this inequality by this
quantity, this implies ¢ < 0, which is a contradiction. [

We now prove convergence of an algorithm based on the Armijo Rule:

Gradient Descent with Armijo Rule

S0. Choose x° € R", c,€ (0,1),e >0,and setk :=0
S1.If |[Vf (xF)|| < &, STOP

S2. Set d := —Vf (x¥)

S3. Determine t; > 0 by

te = Ta(x,d)

as defined above.
S4. Set x**+1 = xk + t,.d¥, iterate k and go to S1.

—Lemma 2.4: Letf € CH(R"), xk - x,d* > d and t 1 0. Then

. f(xF + td®) — ()

k—oo tk = Vf(n)'d.

Proor. Left as an exercise. [ ]

<Theorem 2.9: Letf € C!(R"). Then every cluster point of a sequence {xk} generated by
Algorithm 2.2 is a stationary point of f.

Proor. Let X be a cluster point of {xk} and let x¥ ok X K an infinite subset of N.
Assume towards a contradiction Vf (x) # 0. As f (xk) is monotonically decreasing with
cluster point f (%), it must be that f (xk) — f(X) along the whole sequence so f (xk+1> -
f(xk) — 0. Thus,
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f(xk) —f(xk+1)

o

0 < tVF ()} & —tvF () Tk Z -0,

Thus, 0 = limcg tk”Vf <xk> ” = [|Vf (@) | limyck tr. We assumed X not a stationary point,
so it follows that #; P 0. By S3, for % = t,,

f(xk + ‘Bﬂk—ldk> —f(xk)
IBEk—l

Letting k — oo along K,the LHS converges to, by the previous lemma, to

> oVf (k)" dk,

VF@Td = —Vf (@) TV (@) = —[IVf @),
and the RHS converges to o ||Vf (%) ||2, which implies
—INf @I = e [Vf @I,
which implies ¢ negative, a contradiction. [

Remark 2.3: The proof above shows, the following: Let {xk} such that x+1 := x* 4 t,d* for
d* € R, t; > 0,and let f (x*+1) < f(x*) and x* 5 ¥ such that d* = —Vf (¥), t; = T, (x*,d¥)
for all k € K. Then Vf (x) = 0; i.e., all of the “focus” is on the subsequence along K. The only
time we needed the whole sequence was to use the fact that f (xk> — f(x) along the whole

sequence.
I1.4.3 Newton-Type Methods
I1.4.3.1 Convergence Rates and Landau Notation

< Definition 2.5: Let {xk e R”} converge to X. Then, {xk} converges:
1. linearly to X if there exists ¢ € (0, 1) such that

||kar1 — E” < c||xk — x|, Vk;
2. superlinearly to X if
[+ — ]
lim =0;

koo [k~

3. quadratically to x if there exists C > 0 such that

[+t — x| < ek — %, vk.

Remark 2.4:3. = 2. = 1.

k

Remark 2.5: We needn’t assume x* — x for the first two definitions; their statements alone

imply convergence. However, the last does not; there exists sequences with this property that

do not converge.

I1.4.3.1 Convergence Rates and Landau Notation
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< Definition 2.6 (Landau Notation): Let {a;}, {b)} be positive sequences | 0. Then,
1. ap = O(bk> = hmk_,ooz—lt = 0,
2. ap = O(by) & 3C > 0: a; < Chy for all k (sufficiently large).

Remark 2.6: If x* — ¥, then
1. the convergence is superlinear < ||xk+1 — XH = o(”xk — EHS;

2. the convergence is quadratic & ||xk+1 — f“ = Q(“xk — E”

I1.4.3.2 Newton’s Method for Nonlinear Equations
We consider the nonlinear equation

F(x) =0, (%)

where F : R" — R" is smooth (continuously differentiable). Our goal is to find a numerical

scheme that can determine approximate zeros of F, i.e. solutions to (*). The idea of Newton’s

method for such a problem, is, given x* € R”, to consider the (affine) linear approximation of F
P g pp

about x¥,

Fi:x o F(x) 4+ F/(2F) (x — xF),

where F’ the Jacobian of F. Then, we compute xk*1 as a solution of F (x) = 0. Namely, if F’ (xk)

invertible, then solving for Fy (xk”) = 0, we find
k1 = xk — F’(xk)_1F<xk).

More generally, one solves F’ (xk)d =—F (xk) and sets x*+1 := ¥k 4 gk,

Specifically, we have the following algorithm:

Newton's Method (Local Version)
S0. Choose x? € R", ¢ > 0, and set k := 0.
S1.1f |F (%) || < &, STOP.
S2. Compute d* as a solution of Newton's equation

F’(xk)d = —F(xk).

S3. Set x**1 := xk + dk, increment k and go to S1.

—Lemma 2.5:Let F: R” > R"” be C!, and ¥ € R” such that F'(¥) is invertible. Then, there
exists ¢ > 0 such that F’(x) remains invertible for all x € B, (X), and there exists C > 0 such
that

IF'(x)~ Y| < C, Vx € B,(X).

Prookr. Since F’ continuous at X, there exists ¢ > 0 such that ||[F'(X) — F'(x)| < Iz 1

@~

for all x € B, (X). Then, for all x € B,.(X),

11.4.3.2 Newton’s Method for Nonlinear Equations
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I = F')F' &)~ = [(F' @) = F'(x))F' @7
(¥ 4 rr=y—1 1
<IF@ - FOlF @) <5 <1

By a corollary of the Banach lemma, F’ (x) invertible over B, (X), and

F'(x)™!
” (X) ” < 2”1:‘/(?)—1” = C.

F(x)~!
IF" o~ < 1—I-FoF®]

Remark 2.7: Observe F : R" — R™ is differentiable at X if and only if ”F (xk> —F(x) —
F’(f)(xk — E)H = a(”xk — f”) for every ¥k - 7.

This can be sharpened if F’ is continuous or even locally Lipschitz.

<Lemma 2.6: Let F : R"” - R be continuously differentiable and x* — ¥, then:
1 el - s - i - )| =l ) )
2. if F' locally Lipschitz at X, then ||F(x*) — F(x) — F'(x*)(x* - %)|| = Q(”xk —%| )

Proor.

1. Observe that

()~ Fo) — () (< 9)
P () (# ~7) - Pt 3|
F(#) - Fol ).

<|F(x*) —F) — F@) (x* — )| +
<

IF(x*) — F®) — F®) (xF — %) || +

The left-hand term is a<||xk - f”) by our observations previously, and the right-
hand term is as well by continuity of F’, thus so is the sum.

2. Let L > 0 be alocal Lipschitz constant of F’ at x. Then,
[F(+) = F® — P () (x* = %) = H [ F (4 t(x* = 7)) di(x ) — F () (+* - 7)

1
<)
0

<[tk ot 5]

F/(x+t(xk—x)) — F'(xk)| dt - [x* — x|

=t [ - nde = 37,

which implies the result.
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—Theorem 2.10: Let F : R"” — R” be continuously differentiable, x € R” such that F(x) = 0
and F’ (x) is invertible. Then, there exists an ¢ > 0 such that for every xY € B, (X), we have:

1. Algorithm 2.3 is well-defined and generates a sequence {xk} which converges to X;

2. the rate of convergence is (at least) linear;

3. if F' is locally Lipschitz at X, then the rate is quadratic.

Proor.

1. By the previous lemma, we know there is &1, ¢ > 0 such that ||[F'(x) 7| < cforallx €
B, (x). Further, there exists an ¢, > 0 such that |F(x) — F(X) — F'(x) (x = X)| <
2lc||x —X|| for all x € B, (X). Take ¢ = min{e;, &, } and pick x0 € B, (x). Then, x! is

well-defined, since F'(x?) is invertible, and so

xt = x| = |[x° — F’(xo)_lF(xO) - EH

—_——

=0

- F’(xo)_l(F(xO) —F@) — F'(x0) (20 — y)j

< F’(xo)_lw\lF(xo) —F@ - F(x°)(x° - %)
1
IO =%
<o~
1 €
— Z40 _ ¥ —
- 2”9( x” < 2’

so in particular, xl e B, ,»(X) C B (X). Inductively,

et (o =
| =3 < (5 ) Ik -=],

for every k € N. Thus, 1 well-defined and converges to X.

2.,3. Analogous to 1.,
[+t = | = [k - a* -5

= ka — F’(xk)_lF(xk) — EH

<

P () IF() - Foo P () (- 9)
<P (<) ~ F) - P () (< - )|

This final line is little o of ”xk — 7” or this quantity squared by the previous lemma,
which proves the result depending on the assumptions of 2., 3..
]
I1.4.3.3 Newton’s Method for Optimization Problem
Consider
min f(x),

xeR”"

11.4.3.3 Newton’s Method for Optimization Problem
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with f : R” — R twice continuously differentiable. Recall that if X a local minimizer of f,
Vf (x) = 0. We'll now specialize Newton’s to F := Vf:

Newton's Method for Optimization (Local Version)
S0. Choose x% € R", e > 0, and set k := 0.

S1.If |Vf (x*)|| < &, STOP.

S2. Compute d¥ as a solution of Newton’s equation

V2f (xF)d = —Vf (xF).

S3. Set xk*1 := xk + d* increment k and go to S1.

We then have an analogous convergence result to the previous theorem by simply applying F :
Vf; in particular, if f thrice continuously differentiable, we have quadratic convergence.

® Example 2.4: Letf(x) := Vx2 + 1. Then f'(x) = ﬁ,f”(x) = m Newton’s equation
(i.e. Algorithm 2.4, S2) reads in this case:

1 X
T o
(xk + 1) X +1
This gives solution dj, = —(x,% + 1)xk, SO Xjqpq = —x,%. Then, notice that if:

Ixo| <1 = x¢ — 0, quadratically
Ixgl > 1 = x; diverges
IXOl =1= |xk| = 1Vk,
so the convergence is truly local; if we start too far from 0, we’ll never have convergence.
We can see from this example that this truly a local algorithm. A general globalization strategy
is to:

* if Newton’s equation has no solution, or doesn’t provide sufficient decay, set d* := —Vf (xk) ;
* introduce a step-size.

Newton's Method (Global Version)
S0. Choose x € R", e > 0,0 > 0,p >2,8 € (0,1),0 € (0,1/2) and setk := 0
SL.If |[Vf (x¥)| < &, STOP
S2. Determine d¥ as a solution of

V2f (xF)d = —VF (xF).

T
If no solution exists, or if Vf (xk> dk < —p”t:lk P is violated, set d¥ := —Vf (xk>
S3. Determine ;. > 0 by the Armijo back-tracking rule, i.e.

t = {2%{[59 f(xk + BlaF) < f(xF) + ﬁ%Vf(xk)Tdk}

S4. Set xk+1 .= xk 4 tkdk, increment k to k + 1, and go back to S1.

11.4.3.3 Newton’s Method for Optimization Problem
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Remark 2.8: S3. well-defined since in either choice of d* in S2., we will have a descent

direction so the choice of t; in S3. is valid; i.e. (xk, dk) (S Af for every k.

—Theorem 2.11 (Global convergence of Algorithm 2.5): Letf : R” — R be twice
continuously differentiable. Then every cluster point of {xk} generated by Algorithm 2.5 is a
stationary point of f.

Remark 2.9: Note that we didn’t impose any invertibility condition on the Hessian of f;
indeed, if say the hessian was nowhere invertible, then Algorithm 2.5 just becomes the

gradient method with Armijo back-tracking, for which have already established this result.

Proor. Let {x¥} be generated by Algorithm 2.5, with {xk}K — X If d¥ := —Vf(x¥) for
infinitely many k € K (i.e. along a subsubsequence of {xk}), then we have nothing to
prove by the previous remark.

Otherwise, assume wlog (by passing to a subsubsequence again if necessary) that d*
is determined by the Newton equation for all k € K. Suppose towards a contradiction
that Vf (x) # 0. By Newton's equation,

9 G = 02 () < o2 ()

By assumption ||V2f (xk) || # 0; if it were, then by assumption Vf (xk) =0, i.e. we’d have

, Vk € K.

already reached our stationary point, which we assumed doesn’t happen. So, we may

\V/ k
”|Vi;(&k)>”” < ”dk || for all k € K. We claim that there exists ¢y, ¢, > 0 such that

write

0<cp <|d¥[<c,,  VEkeK

We have existence of ¢, since, if it didn’t, we could find a subsequence of the d*’s such
that @ — 0 along this subsequence; but by our bound above and the fact that

||V2f (xk> || uniformly bounded (by continuity), then HVf (xk ) || would converge to zero
along the subsequence too, a contradiction.

The existence of ¢, follows from the sufficient decrease condition. Indeed, suppose
such a ¢, didn't exist; by the condition

T dk -1
UCORTE —plla

k
the left-hand side is bounded (since Vf (xk) — Vf(x) and ﬁ lives on the unit sphere).
-1
Since ¢, assumed not to exist, there is a subsequence ”dk” — oo, but then —p”dka -
—oo, contradicting the fact that the LHS is bounded. Hence, there also exists such a c,

as claimed.

As {f (xk>} is monotonically decreasing (by construction in S3) and converges along
a subsequence K to f (x), then f (xk> converges along the whole sequence to f (X). In
particular, f (xk+1> —f (xk> — 0. Then,

11.4.3.3 Newton’s Method for Optimization Problem

20



f(xk+1) —f(xk)

7 <tV () @ < —pfa <o

Taking k — oo along K, we see that tkHdk Hp — (0 along K as well. We show now that
{tx} ¢ actually uniformly bounded away from zero. Suppose not. Then, along a
sub(sub)sequence, t; — 0. By the Armijo rule, t, = 8%, for {, € N, uniquely
determined. Since t; — 0, then {; — co. On the other hand, by S3,

f(xk + ‘Bﬂk—ldk> —f(xk)
IBEk—l
Suppose d¥ — d # 0 (by again passing to a subsequence if necessary), which we may
assume by boundedness. Taking k — oo, the LHS converges to Vf (x)'d and the RHS
converges to o Vf @) Td so Vf @ 7Td > oVf x)Td, which implies since o € (0, %) that

Vf @ 7Td > 0. Taking k — oo in the sufficient decrease condition statement shows that

> oVf (k)" dk,

this is a contradiction. Hence, t; uniformly bounded away from 0. Hence, there exists a
t > 0 such that f;, > f for all k € K. But we had that thf(xk>Tdk — 0, so by
boundedness of ¢, it must be that Vf (xk) ) along the subsequence; by the
sufficient decrease condition again, it must be that dk = 0, which it can’t, as we showed

it was uniformly bounded away, and thus we have a contradiction. [

—Theorem 2.12 (Fast local convergence of Algorithm 2.5): Letf : R” — R be twice
continuously differentiable, {xk} generated by Algorithm 2.5. If X is a cluster point of {xk}
with V3£ (X) > 0. Then:

1. {xk} — X along the whole sequence, so X is a strict local minimizer of f;

2. for k € N sufficiently large, d* wil be determined by the Newton equation in S2;

3. {xk} — X at least superlinearly;

4. if V2f locally Lipschitz, {xk} — X quadratically.

I1.4.4 Quasi-Newton Methods

In Newton’s, in general we need to find
d* solving V2f (x*)d = —Vf (x¥).

Advantages/disadvantages:

(+) Global convergence with fast local convergence

(-) Evaluating V2f can be expensive/impossible.

Dealing with the second, there are two general approaches:

e Direct Methods: replace V*f (xk) with some matrix Hy approximating it;
o Indirect Methods: replace V2f (xk ) B by By approximating it;

where Hy, By reasonably computational, and other convergence results are preserved.

I1.4.4.1 Direct Methods
The typical conditions we put on Hy,; as described above are:

1. Hjy 1 symmetric
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2. Hj 4 satisfies the Quasi-Newton equation (QNE)

Hk+1Sk — yk, gk = yk+1 _ xk’ ]/k — Vf<xk+1) _ vf(xk)
3. Hj,q can be achieved from H; “efficiently”
4. The result method has strong local convergence properties

Remark 2.10: Suppose x*

C2.
1. V?f (xk> does not generally satisfy QNE;
2. condition 1 above is motivated by the fact that Hessians are symmetric;

a current iterate for an algorithm to minimize f : R” — R for f €

3. the QNE is motivated by the mean-value theorem for vector-valued functions,

VF (d+1) — VF (xK) = jol V2f (k4 (kL — X)) dt - (kL - xK);

we can think of the integrated term as an averaging of the Hessian along the line between
k ,k+1
x, X

We follow a so-called symmetric rank-2 approach; given H;, we update
Hiq = He + yuu® + svoT, 7,6 € R;u,v € R™. (1)
Note that if we put S := uul foru # 0, rank(S) = 1 and ST = S.
So, the ansatz we take is

y* = Hiy 155 = Hisk + quuTsk + svoTsk. (2)

If H, > 0 and (yk>Tsk + 0, then taking u := y¥,v := Hys¥, ¢ =
solve (2), and gives the formula
T
BFGS (His*) (s ) v (v")
Hy' 17 = Hi = T
()" Hys" (y" )’ s

the so-called “BFGS” formula. Another update formula that can be obtained that solves (2) is

3),

(v* - Hksk)<yk)T R (yk - HkSk)T ) (y* - Hksk)TSk Y

() s* ()75

Note that any convex combination of formulas that satisfy (2) also satisfy (2); thus, we define the

T
HPPP = Hy + yF)

so-called Broyden class by the family of convex combinations of the above two formula,
HY = (1-VHPT + AHPESS, VA €[0,1].

Algorithmically, for f € cL
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Globalized BFGS Method

S0. Choose x% € R", H, € R™" symmetric positive definite, o & (O, %), p€ (o,1),e>0and
setk := 0.

S1.If |Vf (x*)|| < &, STOP.

S2. Determine dF as a solution to the QNE,

Hyd = —Vf (x¥).
S3. Determine f; > 0 such that
£+ td®) < (%) + ot VF () d,
(this is just the Armijo condition), AND
VF (2 + td¥) dk = pvf (),

call the Wolfe-Powell rule.

S4. Set
= 2k dk,
gk 1= xk+1 _ xk,
vk = V(1) = v (),
Hyyq = I]i}j(lzs

S5. Increment k and go to S1.

We use the Wolfe-Powell rule; i.e., for f : R" — R differentiable, o € (O, %),p € (o,1),

flx+td) <f(x)+ UtVf(x)Td}

T. :A ’d — <t 0
wp : Ay S (x,d) {> | Vf(x +td)Td > pVf(x)Td

—Lemma 2.7: For f € C! and (x,d) € Ay, assume that f is bounded from below on {x +
td |t > 0} Then, TWP(x,d) == @

Remark 2.11: Note that we didn't need any boundedness restriction for the well-definedness

of the Armijo rule.

<Lemma 2.8: For f € C!, bounded from below with Vf Lipschitz continuous on .L :=

levf(x())f . Then, Tyyp restricted to Ag N (L x R™) is efficient, i.e. there exists a 6 > 0 such that

2
flx+td) <f(x) — 9(%) for every (x,d) € Ay N (L x R") and t € Typ(x,d).

Remark 2.12: Note that, generally x* will be in the level set at f (x°) for every k > 0 when x*
defined by a descent method. So in the context of this lemma, we will have the efficient bound

at every iterate.

We turn to analyze Algorithm 2.6.
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T
<Lemma 2.9: Let y*,s* € R” such that (yk) s* > 0 and H;. > 0. Then,
BFGS
H .77 > 0.
Proor. For fixed k, set H, := Hy, 1, H := Hy, s := s and y := y* for notational
convenience. As H > 0, there exists a W > 0 such that W2 = H. Letd € R" — {0} and
set z := Ws, v := Wd. Then

T
dTH,d = dT<H+W Hss H)d
yTs  sTHs
Hss"H
= dthd + am¥ g g
yTs s'Hs
2 2
— dTHd+ (de) _ (dTHS>
yTs sTHs
2 2
s 0D (T
yTs I1zI2
Td 2
> pol + e
y°s
T 2
_Wa
y's

using Cauchy-Schwarz. In particular, equality (to zero) holds throughout iff v and z
are linearly dependent and y”d = 0. Suppose this is the case. In particular, there is an
a € R for which v = az. Then,d = W™ 1v = aW~1z = as, thus 0 = dTy = asTy, hence a
must equal zero, since we assumed yTs > 0. Thus, d = 0, which we also assumed
wasn't the case. Thus, we can never have equality here, and thus d"H,d > 0, and so

H, > 0. m

—Lemma 2.10: If in the kth iteration of Algorithm 2.6 we have H;. > 0 and there exists t; €
TWP( k,dk>,then< ) y > 0.

Proor. We have
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(Sk)Tyk _ (xk+1 _ xk>T(vf(xk+l> _ Vf(xk>>
= () (VF(x41) = VF ()
S (o - 1)) ak

T
(- p>[ v () ] HE ()

>0 +0

>0

>0,

since Hy' >0and t, > 0and 0 < p < 1. [

<Theorem 2.13: Letf € C!(R") and bounded from below. Then, the following hold for the
iterates 7generated by Algorithm 2.6:

1. ( ) vk >0;

2. H, > 0;

3. thus, Algorithm 2.6 is well-defined, i.e. at each iteration, each step generates a valid value.

Proor. We prove inductively on k, with the fact that H, > 0 already establishing 2. for
the base step. Hy > 0 implies the ex1stence of a unique solution d* = —H_'Vf (xk> to

QNE. Because Vf ( x ( ) #0, Vf(x ( ) L < 0so ( k dk> € As. By , there exists a
T

te € Twp<xk, dk). Thus, by , (yk> s > 0 and so by Hy,1 > 0. Since

this holds for any k this proves the result. [

—Theorem 2.14: Let f : R” — R be continuously differentiable, and { } {dk }, {tc} be
generated by Algorithm 2.6. assume that Vf is L1psch1tz on L := levf( )f and that there

exists a ¢ > 0 such that cond (Hy) := Amax (i)

() S ! forall k € N. Then every cluster point of

{xk} is a stationary point of f.
Proor. Forallk € N,
—F (x5) k= (@) Hyd® 2 Ay (|

= Amin (Hie) [Hir 'V (<) |4

/\min H —
= ol ()

/\n’un H )
> ol o () o
= muvf () |

2 cl[vf (=)
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VF (xk) " ak
IVF ()l
Moreover, under the assumptions on f, the Wolfe-Powell rule (restricted to Af N L x

and thus — > cfor all k € N (this is the so-called “angle condition”).

R", in which we always stay) is efficient, so by the previously established global

convergence of Algorithm 2.1, we have convergence of this algorithm as well. [

Remark 2.13: We cited the convergence of Algorithm 2.1, which we couldn’t do when proving
convergence of the gradient, since the step size in that case was not efficient.

Remark 2.14:

1. The assumption that Vf is Lipschitz on levf(xo>f is satisfied under either of the following
conditions,
(i) f € C? and ||V?f (x)| bounded on a convex superset of .L;
(ii) f € C? and .L is bounded (hence compact).

An example of a C! function that is not C? but still globally Lipschitz is f (x) := %dist%(x)

where C a convex set, and Vf (x) = x — P-(x) where P the projection onto C.

2. The BFGS method is regarded as one of the most robust methods for smooth,
unconstrained optimization up to medium scale. For large-scale, there is a method called
“limited memory BFGS”. Surprisingly, BFGS can be modified to work well for nonsmooth

functions with a special line search method.

I1.4.4.2 Inexact Methods

The local Newton’s method involves finding d* such that V2f (xk>dk =-Vf (xk ) Quasi-Newton
methods replace the Hessian with an approximation, and indirect methods further allow the
flexibility to let d* approximately solve this equation (since solving this equation exactly can be
costly). The goal is to find d* such that

[V2f (%) d + Vf (%))
Vico

for a prescribed tolerance 7. This is called the inexact Newton’s equation.

Remark 2.15: Dividing by ||Vf (xk> H here enforces the idea that the closer x* is to a stationary

point, the higher accuracy we require.

Local Inexact Newton's Method
S0. Choose xY € R", ¢ > 0 and set k := 0.
SL. If |Vf (x*)|| < ¢, STOP.
S2. Choose #; > 0 and determine d* such that

IV2f (% )d + Vf (%)
[vf ()l

S3. Set x**1 = xk + dk, increment k and go to S1.

I
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<Theorem 2.15: Letf : R” — R be C?, let X be a stationary point of f such that V2f (%) is

invertible. Then there exists ¢ > 0 such that for all x° € B, (%):

1. If , <7 for all k € N for some 77 > 0 sufficiently small, then Algorithm 2.7 is well-defined
and generates a sequence that converges at least linearly to X.

2. If ;. | O, the rate of convergence is superlinear.

3. If V2f is locally Lipschitz (for instance, if f € C3) and 7 = Q(”Vf (xk>

quadratic.

), then the rate is

Remark 2.16: For 77, = 0, we just recover the local Newton’s method. 2. and 3. strongly point
their fingers at how to choose 7. 1. is theoretically important, but practically useless since 7 is

generally unknown.

Globalized Inexact Newton's Method

S0. Choose x* € R",e > 0,0 > 0,p > 2, € (0,1), 0 € (0,3 ) and set k := 0.
S1. If |Vf (x*)|| < e STOP.
S2. Choose 7 > 0 and determine d* by

[V2F (<) + Vf (&) < el ]9 (=)}

T
If this is not possible, or not feasible, i.e. Vf (xk> dk < —p”dk”p is violated, then set d¥ :=

—Vf(xk).

T
S3. Determine t; > 0 by Armijo, t; := max{geNO}{ﬁe |f(xk + Bl < f(xF) + BloVf(xF) dk}.
S4. Set x*+1 = x* + t;d¥, increment k and go to S1.

<Theorem 2.16: Letf : R” —» R be C? and let {xk} be generated by Algorithm 2.8 with 7 |
0.If x is a cluster point of {xk} with V2f(X) > 0, then the following hold:

1. {xk} converges along the whole sequence to X, which is a strict locally minimizer of f.

2. For all k sufficiently large, d* will be given by the inexact Newton equation.

3. For all k sufficiently large, the full step-size t;, = 1 will be accepted.
4

. The convergence is at least superlinear.

I1.4.5 Conjugate Gradient Methods for Nonlinear Optimization

I1.4.5.1 Prelude: Linear Systems
Remark that, for A > 0and b € R",

1
Ax=b &  xminimizes f(x) = ExTAx —bTx.

< Definition 2.7 (A-conjugate vectors): Let A > 0 and x,y € R" \ {0} are called A-conjugate if
xTAy =0

(i.e. x,y are orthogonal in the inner product induced by A, denoted (:, ) ).
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—Lemma 2.11: Let A > 0,b € R”, and f (x) := %xTAx —bTx. Letdo dt, ..., d" 1 be (pairwise)
A-conjugate. Let {xk } be generated by x+1 = x* 4 t,d¥,x0 € R", where t; := argmin,. of (xk i
tkdk). Then, after at most n iterations, x" is the (unique) global minimizer ¥ (= A~'b) of f.
Moreover, with ¢k := Vf (xk) (= Ax* — b), we have
T
(¢") &
tk = _—T > O,
(@) Adk

and (gk”)Tdf =0forallj=0,... k.

Proor. The formula for t; was proven in an exercise. To prove the latter statement,
note that

( k+1)

k1 — )

=(4

(Axk — b+tkAdk) dk
(€5 d + b ()" Ad¥
= (s

)~ () =0,

Moreover, for alli,j =0, ...,k with i # j, we have that
(g1 _gi>de = (Axi*1 _Axi)de - ti(di)TAdj =0,
hence forallj =0, ..., k,
k
(gk+1)de _ <gj+1)de n Z (g1 _gi>Tdf = 0.
i=j+1
Thus, g" is orthogonal to the n linearly independent vectors {do, v, dntl }, which
implies ¢" = 0, thus proving the conclusion. [

We want to obtain these A-conjugate vectors, Whﬂe simultaneously ensuring that they are
descent directions at each step, i.e. that Vf (x ( ) s <Oforallk =0,...,n — 1. We do this
algorithmically.

Assume Vf (x?) # 0 (else we are done), and take d° := —Vf(x?). Suppose then we have [ + 1 A
-conjugate vectors dY, ..., d! with Vf (xi)Tdi < 0 for each i. Suppose

1
L - _gl-i—l + Zﬁildir
i=0

where g'*1 is “valid” to be used smce it is not in the span of {do ., d }, and {B;;} are scalars to
be determined. The condition (dl“) Adl = 0 readily implies that

1+1\T A7
= &, j=0,..,L

} ) A
@) A
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Then, it follows that (gl+1)le+1 = —||gl+1H2 < 0, and since g'*1 = Vf(xl+1) by definition, it

follows d'*1 a descent direction. Thus, it must be that
i+1 i i+1 i ]
g =g = AT — AY = HAd,

and so with t; > 0,

and thus

0 j=0,.,1-1

. 2
Bir =1l iz ,
lg'|®

and thus our update of d*+! reduces to

dtl = g+ gd',  Bri= By

In summary, this gives the following algorithm.

CG method for linear equations
S0. Choose x° € R" and € > 0, set ¥ := Ax? — b, d° := —¢V and initiate k = 0.
S1. If ||gk|| < e, STOP.
S2. Put

2
W
(@) Adk
S3. Set
Xk+1 = Xk + tkdk
g+ = ok 4 p AK

s

- 2
s
dk—i—l — _gk+1 + ,Bkdk-

P

S4. Increment k and go to S1.

—Theorem 2.17 (Convergence of CG Method): Let A € R be symmetric positive definite,
be R"andf(x) := %xTAx — bTx. Then, Algorithm 2.9 will produce the global miniumum ¥ of
f after at most n interations. If m € {0, ..., n} is the smallest number such that x™ = ¥, then the
following hold as well:

(@) Ad = 0,() ¢ =0,(¢) ¥ =0, (k=1 .m,j=0,...k—1),

(&5) dk = —|g|°  (k=0,...,m).
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I1.4.6 The Fletcher-Reeves Method

We want to apply the same method as the previous section for non-quadratic and non-convex

functions. The isue we need to resolve, though, is that the step-size rule in S2. of Algorithm 2.9
is no longer appropriate. To resolve, we introduce the Strong Wolfe-Powell rule. Choose o €
(0,1),p € (0,1). The strong WP rule for a differentiable f : R"” — R reads

flx+td) <f(x) + otVf(x)Td
IVf (x + td)Td| < —pVf (x)Td

TSWP : (X,d) S A’f — {t >0

noting that clearly Tsyp(x,d) C Tywp(x,d).

Fletcher-Reeves

SL. If |Vf (x¥)|| < ¢, STOP.
S2. Determine ¢, > 0 such that

£ + 1) < £ (55 + ot VF (%) ab,
VF (2 + %) dk) < —pVF (x) " d¥.
S3. Set
kL = K 4 dk
e _ [V ()

kT T N2
||

IVF ()
dk+1 = _Vf<xk+1) + ﬁIIdek'

I

S4. Increment k and go to S1.

S0. Choose xX’ e R", ¢ >0,0< 0 <p < %, setd? := —Vf(xY) and k = 0.

< Lemma 2.12: Letf : R” - R be C! and bounded from below and (x,d) € Af. Then

Towp(x,d) # 0.

Proor. Define ¢, 9 : R —» R by

@(t) = f(x +td), Yt) = f(x) + otVf(x)Td,

noting that ¥ affine linear with negative slope. We need to show, then, that ¢(t) < y(¢)
and |¢' (t)] < —pg'(0) for some t > 0. Now, ¢(0) = ¢(0), and ¢'(0) < ¢'(0). By Taylor’s

theorem, ¢(t) < ¥(t) for all t > 0 sufficiently small. Define
t* = min{t > 0| ¢(t) = p(t)}.

This exists, since (t) - —oo ast — oo, and ¢(¢) is bounded from below; for small ¢,
@(t) < Y(t), so by continuity there must exist t > 0 for which ¢(t) = (t), so t* well-
defined. Moreover, we have then that ¢’ (t*) > ¢’ (t*), which we can see by Taylor/

graphically.

Now, we consider two cases. Suppose first that ¢’ (t*) < 0. Then,

11.4.6 The Fletcher-Reeves Method
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@' ()] = —¢' (t*) < =/ (t*) = —oVf () Td.

We know ¢ < p, so we're done, so this is further upper bounded by —oVf (x)Td =
—p¢'(0), so we're done in this case with t*.

Next, suppose ¢’ (t*) > 0. t* won’t cut it in this case, but we can see that there exists
t** € (0,t*], by intermediate value theorem, for which ¢'(t**) = 0. Since t* the first
time ¢, i are equal (being the minimum) and #** < ¢, it follows that we have ¢(t**) <
P(t*). Also trivially,

lp" ()| =0 < —pg' (0),

since ¢’ (0) < 0, and thus t** provides the appropriate t value for the claims, so we're
done. a

Remark 2.17: In particular, this immediately gives the well-definedness of Algorithm 2.10,

assuming {xk} X {dk} € Ay

<Lemma 2.13: Letf : R” —» R be C! and bounded from below. Let {xk}, {dk} be generated
by Algorithm 2.10. Then,

forall k € N.
Proor. We induct on k. For k = 0, the claim reads
-1<-1<-2+(1)=-1,
since d¥ = —Vf(x?), so it holds trivially.
Suppose the claim for some fixed k € N. We have
oV (k) ak < VF (xk+1) ak < —pvf (k) ak
by (52), which implies by a little algebraic manipulation

N\ ok k+1\7 gk N\ ik
A A G ISP A Gl ICASPIIN /i G KA

2 = 2 = 2"
IV () [vf () IV ()
In addition, by (S3), we know
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Vf(xk+1)Tdk+1 ~ Vf(xk+1)T(—N7(xk+1>4—ﬁkdk)

IV P IV (x4 1))
vf(xk+1>TVf(xk+1) Vf( k+1)
B IR
. Vf<_>
IV ()
thus
vf<xk+1>Tdk+1:_1 Vf( k+1> -
IVf (ke 1) IVF ()P
thus
k+1 k+1

o)

VF (k) ak
(induction hypothesis) <-l1+p—

[Vf (I

\V, k+1 k

(%) <-1+ M (1)

v I
Vf (k) d*
[Vf (I

k+1
(induction hypothesis) <-1+p Z o=-2+ Z 0.

Vf(xk+1>Tdk+1
[Vf (k)2

—Theorem 2.18: Letf : R” — R be C! and bounded from below, and let {xk}, {dk} be
generated by Algorithm 2.10. Then,

1. Algorlthm 2.10 is well-defined,

2. Vf(x ( ) dk < Oforall k € N (it is a descent method).

But by (* *), the line (1) = so we've shown the claim.

Proor. By the previous lemma,

v (k) ¥ £ o )
W_—2+j;)p7§—2+];p’_—2+1_p— T
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2
since p < % Multiplying both sides by ”Vf (xk> ” gives 2. Combining 2. with the
previous previous lemma and the accompanying remarks, 1. follows. n

<Theorem 2.19 (Al-Baali): Letf : R” — R be C! and bounded from below, such that f is
Lipschitz on levg(, yf, and let {xk}, {dk} be generated by Algorithm 2.10. Then,

tim 95 (+)] = 0

§I1.5 Least-Squares Problems

Supposing we wish to find the root of a function F : R"” — R, we know that when m = n,
then Newton’s method is applicable. More generally, though, for m # n, such methods are not

available. However, we can approach this by equivalently considering the optimization problem

I
min 5 [F(x)].

Such a problem, i.e. “minimizing the square of the norm”, will be considered here. Naturally,
since this is now a real-valued objective function, we could just apply Newton’s method to it,
but we’ll do things a little more interesting.

I1.5.1 Linear Least-Squares

Suppose F(x) = Ax — b an affine linear function for A € R">" b € R"; the least-squares
problem just becomes

1
min s|lAx = b[%. ()

—Theorem 2.20:
1. X solves (1) < x solves ATAx = ATb.
2. (1) always has a solution.

3. (1) has a unique solution < rank(A) = n.

ProoF.

1. With f(x) := %||Ax — b||? the function of interest, one readily checks Vf (x) = ATAx —
ATb (by chain rule, or by expanding f as a “proper” quadratic) and V?f (x) = ATA.
Thus, since ATA > 0 always, f is convex so stationary points are equivalent to
minimization points, and thus we need Vf (x) = 0 & ATAx = ATb.

2. By 1., we have a solution < ATb in the image of AT A; but this is equal to the image
of AT, and obviously ATb in the image of AT.

3. Similarly to the previous, we will have a unique solution to ATAx = ATb iff ATA has
full rank & A has full rank.

II.5.2 Gauss-Newton for Nonlinear Least-Squares

Suppose F € Cl. Inspired by Newton’s method, we will, instead of linearizing f (x) :=

%IlF (%)%, we will linearize F(x); plugging this linearization back into the norm squared, we

I1.5.2 Gauss-Newton for Nonlinear Least-Squares
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expect a quadratic function. Indeed, suppose we have an iterate x € R”; then, the linearization

of F about x* is given by
Fr(x) = F(x) + F/(2F) (x — x¥).
Then,
g(x) = %upk(x)nz == %XT<F’(xk>TF’<xk>)x + [P () F () - F’(xk)TF’<xk>xk]Tx + const,

where const independent of x. Assume F’ (xk> of full rank n. Then, F’ (xk)TP ! (xk> > 0, and so by

the previous section,
xt € argmin(g) & Vg(x*) =0
o F'(xF) P (xF)xt + F (x) F(xF) = F (%) P (x)xk = 0
et =2 (P () P ()P () E(),

::dk

Thus, this inspires the Gauss-Newton Method; supposing we can find d as a solution to the
Gauss-Newton Equations (GNE),

F/(xk) F(x)d = —F (xX) E(x),

1

then we update k1 = xk 4 gk In particular, with this choice,

VF (0 Tdk = —(P’(xk)TP(x)k)T(F’(xk)TF'(xk)>1(F’(xk)Tp(xk)) <0,

=Uu

>0 U

ie., if Vf (xk> # 0and F’ (xk> of rank n, then d* a descent direction.

The Newton’s Equation for the same function f would read

(P ()P () + () ) = =P () P (),

where
S (xk) =

if S were zero, then this the same as the GNE (though of course, this will not hold in general).

F;(xF)V2F;(xF);

o

Il
—_

1

§III CoNSTRAINED OPTIMIZATION

§III.1 Optimality Conditions for Constrained Problems
Consider
gi(x) <0Vi=1,...,m,

minf (x) s.t. ’
h]-(x) =0Vj=1,...p
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where we will assume f, ¢;, h; : R"” — R are continuously differentiable. We call such a problem
a nonlinear program. We put as before the feasible set

X := {x | gi(x) < OViLy, hi(x) = 0V?:1}~

We’ll also define the index sets

and the active indices for a point X by
[@) :={iel|lg® =0}cCl
III.1.1 First-Order Optimality Conditions
Consider the slightly more abstract problem
rrgcinf(x) st.xesS (),

withf : R” -» Rin C! and S C R" closed and nonempty.

= Definition 3.1 (Cones): A nonempty set K C R" is said to be a cone if
AeK VoeKA>0,

i.e. K is closed under positive scalings of vectors in K.

Remark 3.1: We can in fact replace R” with any real vector space V, for a cone living in V.

We have that

* any vector space;

* the nonnegative reals;

o A:={(x,y)T |x,y € K,xTy = 0}, where K a given cone;

* and S% := {A € R"”" | A > 0} (embedded in an appropriate space of matrices)

are all cones, for instance.

—Definition 3.2: Let S C R”,x € S. Then

k=
T, (%) = {d e R |3k €S} > % ()} L0 st — d}
is called the tangent cone of S at x.
—Proposition 3.1: Let S C R", x € S. Then T4 (x) is a closed cone.

= Theorem 3.1 (Basic First-Order Optimality Conditions): Let X be a local minimizer of (1).
Then,

1. Vf(x)Td > 0 for all d € Ts(%);
2. if S is convex, then Vf(?)T(x —Xx)>0forallx €S.

Proor.
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1. Letd € T4 (). By definition, there exists {xk} C Sand {t;} | 0 for which xktf —d.

As x* feasible and ¥ a local minimizer of f over S,
f()—f@ =0

for all k sufficiently large. By the mean value theorem, there is for each k sufficiently
large a 6y on the line between x* and ¥ for which

F(x) —f@ = V(6" (2F - ),

f(&) —f@® V(8 (xF -x)

0<
- tr tr

2 Vi) Td.

2. Suppose not. Then, there exists a * € S such that Vf @®TE-x) <. By convexity,
X+A(X—X) € Sfor A € (0,1). By mean value theorem, for every such A there exists
a 0, on the line between X + A (X — X) and X for which

FE+AR-T) —f(@) =AVF(6,) (% — ).
By supposition, for A sufficiently close to 0, the right-hand side will remain negative
(since Vf(6,) 2o Vf (X)), so for sufficiently small A,
fE+AME=%)) <f(X),

and since X + A (X — X) remains feasible for all A by covexity, this contradicts
minimality.
|
Remark 3.2: Computationally, this isn’t very helpful - in practice, i.e. in trying to compute
local minimizers, we’d need to compute Vf (¥)”d for every d in the tangent cone of a given S at
a given point X. In general, we don’t know what this set looks like, and even if we did, this

isn’t a feasible condition to check for every such point, since it isn't easy to interpret

computationally.

You can never tell the computer what the fucking set looks like
—TimH

II1.1.2 Farkas’ Lemma

< Definition 3.3 (Projection): Let S C R” be nonempty, x € R". The projection of x onto S is
given by

_ 1
Pg(x) := argmlnyESEHX -yl

Remark 3.3: This is, in general, a set-valued function; it could even be empty (for instance, if
S=1[0,1)and x = 2.)
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—Proposition 3.2: Let x € R",S C R” nonempty, closed and convex. Then,
1. Ps(x) has exactly one element, so Pg can be viewed R" — S;

2. Pg(x) =xex€eS;

3. (The Projection Theorem) (Pg(x) — x)T(y —Pg(x)) > 0forally € S.

ProOF.

1. This follows from the fact that S 3 y ~ ||x — y||3 a strongly convex function.

2. Clear.
3. Takef(y) = %Hx — y|? in the last theorem.
]
< Lemma 3.1: Let B € R™" Then, {Bx |x € R’} is a nonempty, closed, convex cone.
Proor. Convexity and cone properties are clear. Closed? |

<Theorem 3.2 (Farkas' Lemma): Let B € R"™", i € R". Then, the following are equivalent:
1. The system

BTx =h,x>0

has a solution.
2. hTd > 0 for all d such that Bd > 0.

Remark 3.4: x > 0 should be understood component-wise, i.e. each component of x is

nonnegative.

Proor. (1. = 2.) Let x > 0 such that BTx = h. Then, if d such that Bd > 0,

hTd = (BTx)"d = xTBd > 0.

(2. = 1.) Suppose 1. doesn’t hold, i.e.
he¢K={BTx|x=>0},
where K a closed, convex cone as the previous lemma. Set 5 = Py (h) € K, which is

well-defined since K closed and convex. Setd = 5§ — h # 0. Thus, by the rojection

theorem,
dl(s—3) >0
forall s € K.

By taking s = 25 € K, we see then that d's > 0. Also, taking § = 0, this implies
—d"s > 0, by which we must have d5 = 0 and thus d”s > 0 for all s € K. By definition
of K, (BE) Tx = d"BTx > 0 for all x > 0. This implies Bd > 0, by taking x to be each

standard unit vector e;.

OTOH,

II1.1.2 Farkas’ Lemma
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Wa=(s-d) a=5"a-|i <o,

[——

since d # 0. This contradicts 2. [ ]
I11.1.3 Karush-Kuhn-Tucker Conditions

< Definition 3.4 (KKT Conditions): Consider the standard nonlinear program
(x) <0Vi=1,...,m,
min f (x) s.t.gl( )= ()
hi(x) =0¥j =1,....p

1. The function L : R” x R™ x RP — R defined by
m p
L(x, A, p) =f(x) + ZAigi(x) + Z #;h; (x)
i=1 j=1

=f0) +ATg(x) + pTh(x),

where A := (Ay,..,A),8 = (81, &m)s 1 = (W1, s 1), = (Mn, ..., by ), s called the

Lagrangian of the problem ().
2. The set of conditions

VL, (x,A,u) =0,
hix) =0,
A>0,8(x) <0,ATg(x) =0

are called the KKT Condition of (*).
3. A triple (Y, X,ﬁ) that satisfies the KKT conditions is called a KKT point of (*).
4. Given X feasible for (x), define

M@) = {(A, n) | (x,A, 1) is a KKT point of (*)}.

< Definition 3.5 (Linearized Cone): Let X be the feasible set of (x) and X € X. The linearized
cone (of X) at X is given by the set
— T . =
Ly (%) 1= {d | Vgl-(x)_ d<0Vie I(x)}.
Vh@)Td =0Vje]
< Definition 3.6 (Abadie Constraint Qualification): Let X € X. We say that the Abadie
constraint qualification (ACQ) holds at ¥ if Tx (X) = Lx (X).

Remark 3.5: We may represent the constraints that lead to X in different ways. These
different representations may lead to different linearized cones Ly (), but will NOT change
Tx (x). So, the ACQ may hold /not hold depending on how we represent X for a fixed

problem.

1I1.1.3 Karush-Kuhn-Tucker Conditions
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—Theorem 3.3 (KKT Conditions Under ACQ): Let X be a local minimizer of (x) such that
ACQ holds at x. Then, there exist (X,ﬁ) € R™ x RP such that (Y, A, ﬁ) a KKT point.

Proor. X alocal minimizer implies by the basic first-order optimality conditions for (*

) that Vf(f)Td > 0foralld € Tx(x). Set

—Vg;(0)T (i € I(X))
B=| V)T (Ge]) |eRU@I+2p)xmn

Note that d € Ly (%) iff Bd > 0. By the ACQ, Vf (¥)Td > 0 for all d € Lx (X), hence
Vf(x)Td > 0 for all d such that Bd > 0. By Farkas’ Lemma (taking B as defined, h =
Vf (%)), there exists ay = (y!,y%,y°) € RI®! x RP x R? such that BTy = Vf (%) and
y = 0. Define

1 . —
.= Vi zEI(x)’ = 2 — 3.
{0 else H=y =y

Then, (Y, A, ﬁ) is a KKT point. [ |

® Example 3.1: Consider
minx? +x3 st xqy,% > 0,xx, =0,
with X = {x € R?|xy,x, > 0,x1x, = 0}. Let ¥ = (0,0)T € X. We find that
Tx(X) = X, Ly (@) = R2.
So, ACQ does not hold. However, with A = 0 and %=1, we find Vf (x) + X1Vg1 x) +
XZVgZ (X) + #Vh(x) = 0, and we find (?, X,ﬁ) is a KKT point.

I11.1.4 Constraint Qualifications

< Definition 3.7: Let X be a feasible point of the generic nonlinear program. We say that:
1. the linear independence constraint qualification (LICQ) holds at ¥ if the vectors
Vg:i(x),i € I(X), Vh;(%),j €],

are linearly independent;

2. the Mangasarian-Fromovitz CQ (MFCQ) holds at x if the gradients
Vhi(x),j €]
are linearly independent, and there exists a d € R" such that
Veg;x)Td < 0,i € (%),
Vh(®)Td =0,j €.

—Proposition 3.3 (LICQ = MFCQ): Let x be feasible and such that LICQ holds at x. Then
MFCQ holds at x.
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Proor. Left as an exercise. [ |

<Theorem 3.4 (Implicit Function Theorem): Let U C R?,V C R™ openand F: U x V — R?
continuous differentiable such that for (¥,y) € U x V, F(¥,z) = 0and D F(y,Zz) € R? xb
invertible. Then, there exist neighborhoods U C Uand V C V and g : V — U continuously
differentiable such that

F(g(z),z) =0,Vz €V,

and

Dg(z) = —[DyF(g(z),z)]_lDzF(g(z),z),

and for all (y,z) € U x V such that F(y,z) =0, theny = g(2).

—Lemma 3.2: Let X be feasible such that th (X),j € ] are linearly independent, and there
exists d such that Vgi(E)Td < 0OforieI(x) and th(?)Td = 0 forj € J. Then, there exists an
e > 0and a Cl-curve x : (—¢, &) » R" such that x(¢) feasible for all t € [0, ¢), x(0) = X, and
x"(0) =d.

Proor. Define H : R x R — RF by
Hi(y,t) =hj(X+td + ' ®Ty), j=1,..p.

The equation H(y, t) = 0 has as solution (7, f) = (0,0), as h;(X) = 0 by feasibility.
Moreover,

D,H(y,) =@ ®T € RP?,

with ' (X)T having linearly independent columns, hence being invertible, so all of

D,H (7, ) is invertible. By the implicit function theorem, there exists an ¢ > 0 and a C*

-curve y : (—¢,€) » RP for which y(0) =0, H(y(t),t) = 0forallt € (—¢,¢), and y'(t) =
-1

—[DyH(y(t),t)] D;H(y(t),t) forallt € (—¢,¢). In particular,

y'(0) = =[D,H©O,0)] ' ®d =0,

since h' (xX) = [th(f)T] = 0 by assumption. Set now x(t) =X +td + I’ (E)Ty(t). Making

¢ smaller if necessary, we see that x : (—¢,¢) - R" has all the desired properties:

e x € Clsincey € C!

o x(0)=x

e x'(0)=d

* x(t) is feasible: by construction, for t € [0, ¢), h;(x(t)) = Hj(y(t),t) =0, foriel\
I(X), then g;(¥) = g;(x(0)) < 0, then by continuity g;(x(t)) will remain negative for
all sufficiently small ¢; for i € I(X), g;(X) = g;(x(0)) = 0, and %gi(x(())) =
Vgi(f)Td < 0, which implies g;(x(t)) < 0 for all t sufficiently small.
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= Proposition 3.4 (MFCQ = ACQ): Let X be a feasible point such that MFCQ holds at X; then
ACQ holds.

Proor. We only need to show Lx (X) C Tx (X). Letd € Lx (x). By MFCQ there exists d
such that Vg;(X)Td < 0 for i € I(¥) and Vi;(x)"d = 0 for all j € ]. Set d(5) = d + &d for
all 6 > 0. Then,

Vg (®)Td(0) <0,Viel(X), Vh®Td(©)=0Vje].

Applying the previous lemma to d(J) yields a C Lcurve x : (—¢,¢) » R™ such that
x(0) =X, x'(0) = d(8), and x(t) feasible for all t € [0, ). Let f;, | 0 and set x* := x(t;),
then x* feasible and xk — X. We see that

x(t,) — x(0) Xk —x

= lim
tk k—o0

dd) =x'(0) = klim e T'x(X),
hence for all 6 > 0, d(J) € Tx (x). Letting 6 — 0,d() — d and thus d € Tx (X) as well,
since Tx (X) closed. [ ]

= Corollary 3.1: Let X be a local min of the generic nonlinear program such that MFCQ holds
at x. Then the following hold:

L. M) # 0;

2. M(x) is bounded.

Proor. 1. follows from the previous proposition and the related theorem for ACQ. For
2., suppose otherwise, then there exists { Ak, ,uk J C M(x) for which ”(/\k )” — oo,
Without loss of generality, we may assume m (/\ A) # 0. Since (x Ak yk> isa

KKT point, we have

||<Ak, O] Z<> Zf m

IfA=0, fi #0and thus0 = ) j ﬁthj(f) contradicts the linear independence of
{Vhj(x)} of MFCQ.

If A # 0, then there exists iy € I(X) such thatA; > 0. Multiplying the above expression
by d from MFCQ yields

>0 =0
0= > AVgmTd+) jivhy@Td <A, Vg, (0)Td <0,

iel(x) i€]

<0

a contradiction. [ ]

< Corollary 3.2: Let X be a local minimimum of the generic nonlinear program such that
LICQ holds. Then, M(X) is a singleton.

In summary, we have
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LICQ= MFCQ=  ACQ

J | |
M(x) is: asingleton nonempty, nonempty
bounded

II1.1.5 Affine constraints

< Definition 3.8 (Affine CQ): We say that the affine CQ holld if all constraints are affine, i.e.

there exists a; € R",a; € R(i € I), bj S R”,,B]- € R(j €]) such that

gi(x) = aiTx -, h]-(x) = b}r — ,Bj.

< Proposition 3.5: Let the affine CQ hold. Then, ACQ holds at every feasible point.

Proor. Let X € X. As before, we only need to show Ly (X) C Tx(X), then apply the
previous lemma. Pick d € Ly (X), i.e. a;‘rd <0, bde =0forieI(x),j€]. Letnow t; | 0

xk—x

and x* := X 4+ t;d. Then, x* - X¥ast, — 0 and
for all k sufficiently large. We check the conditions for x* to be sufficient.

— d. It remains to show that x* € X

Ifi ¢ [(X), al X < a;, so by continuity this strict inequalities remains true replacing X

by x¥ for k sufficiently large.

Ifi e I(x), aiTE = «; thus

alx* = alx + tyald < a;.
Similar work follows forj € J, i.e. bijk = b]TY + tkbde =p; +0.

III.1.6 Convex Problems

We consider
gix)<0,iel
bix=pje] ,

where now we assume f, g; : R” — R are C! and convex. The feasible set

minf (x) s.t.

X = {xlgi(x) <0@(e I),b]-Tx = ,Bj(]' S ])}
is then convex (as per a midterm question).

—Theorem 3.5 (KKT for Convex NLP): Let X be feasible for the convex NLP above and

consider the following statements:
1. there exists (X, ﬁ) e M) (i.e., (Y,X,ﬁ) is a KKT point);
2. x is a (global) minimizer;

then, always 1. = 2., and hence if a constraint qualification holds at X, then 1. and 2. are

equivalent.

Proor. Let (7, X,ﬁ) be a KKT point. Then for any x € X,
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convexity

fo = fE®+I®Tx-%)
T
KET r(3) + (— Y AVgi(®) - Zﬁjwz].(f)) (x — %)
i€l (x) i€l

=f®- > LVgmTx-%) - ) gVh®T(x -3

iel(x) J€J

<8i(x) =g (¥)=8;(x) = 0, feasibility

2f@ - ) Agix) 2f®),
iel(x)
<0

which gives X indeed a local min, so 2. holds. The reverse implication holding under a
CQ is the very definition of a CQ. [

< Definition 3.9 (Slater CQ): We say the Slater CQ (SCQ) holds for the convex NLP if there

exists a X such that

(%) <0,( € 1), (%) =0(j € ).

We call such a point a Slater point.

—Proposition 3.6 (SCQ = ACQ): Let SCQ hold for the convex NLP. Then, ACQ holds at

every feasible point.

Proor. Letx € X and set
F(%) := {d |Vg;(X)Td < 0,iel,b/d=0,j€ ]}.

Then, F(X) C Tx (x) (exercise). As Tx (X) is closed, it follows that F(X) C Tx(x). We
know show that Ly (X) C F(X), from whence we'll be done. So, letd € Lx (X) and let X
be a Slater point. Put d = # — X. Then,

Vg:(®)7Td < g;(%) — 8;(X) <0
for i € I(x), and moreover, Vh]- @) Td = 0. Define for 6 > 0, d(8) := d + éd. Then, d(8) €
F(Xx) for all 6 > 0 (CHECK THIS). Let 6 — 0; then d(J) —» d € F(X). [ ]
§III.2 Lagrangian Duality
Consider as before the standard NLP
(x)<0Vi=1,..,m,
minf (x) s.t.gl(x) =Ev " , (P)
hi(x) =0¥j =1,...,p

with f,g;, h]- :R"” 5 R with X = {x | g(x) <0,h(x) =0} # @ (we don’t make smoothness
assumptions just yet). The Lagrangian of the problem (P) is given by

L:R"xR"x R - R, L(x, A, p) =f(x) +ATg(x) + yTh(x).

I11.2.1 The Dual Problem
Observe that
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_Jfifxe X
S’Al’lfL(x’/\’y) B {oo else

Then, the problem (P) is really equivalent to the problem

9{2%{,14 /\seli%%,]:(x’/\’ U) = ig}fp(x),
HER?

where we call p(x) the primal objective. A question of interest is when can we switch the order of

the min and the sup?
< Definition 3.10 (Lagrangian Dual): The (Lagrangian) dual of (P) is given by
maxd(A, p) st.A >0 (D)
where
d: R"™x RP - R U {0}, d(A, u) = irxlfL(x,)L,y).

The latter is called the dual objective.

® Example 3.2 (LP): Consider the stanard linear program (LP)
rrgcinch |Ax =b,x >0,
with A € R™", b € R™,c € R". The Lagrangian for this problem reads
L(x, A, u) = cTx — ATx + uT (b — Ax)
=(c—A- ATy)Tx + b

We see that V,L(x, A, ) = ¢ — A — AT . Note that the function x — L(x, A, 1) an affine
function, which takes its minimum iff c — A — AT u = 0, in which case

. _ 3T
xlerﬁ{nL(x,A,y) =b'u.
Otherwise,

xlen]l{n L(x,A, p) = —oo.

Thus, the dual objective in this case just reads

i — T
a0, = {1 = MTH

—oco  else
Maximizing this function is thusly equivalent to

T T —
maxb st A p+A=cA=0.

We can incorporate A directly into the first constraint, and get the one-variable problem

max bTustATu<c.

II1.2.2 Weak snd Strong Duality
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—Theorem 3.6 (Weak Duality): Let x be feasible for (P) and ()Ax, ﬁ) be feasible for (D). Then,
p() > d(A,p).

Proor. We have

> f(®) +ATg@) + uTh(z)
<0 =0

=L(x,A ) > inf L(x,A ) =d(4,0).

xeR”"

From weak duality, 7 := inf,cx p(x) > supsod(A, #) =: d, we have the duality gapp — d > 0
(taking by convetion +oco — oo := 40.)

® Example 3.3 (Nonzero Duality Gap): Consider

2 _
minf (x) := {i 2% ieclsze 0

such that g(x) := —x < 0. The Lagrangian reads

_x2=+Mx x>0
LGty = {(1 —A)x else °

A short computation gives

(24A7)2
dA) =174 A2 1,
—oco else

and thusd = d(1) = —% On the other hand, the optimal value of the primal is f (1) = —

—Theorem 3.7 (Strong Duality): Consider the convex NLP
minf(x) s.t.g;(x) < 0V},, ](x) = OV] 1
withf,¢; : R" —» R convex and /; : R" — R affine. If Slater CQ holds, thenp = d.

Proor. This one’s TOO hard :~(. [ ]
II1.2.3 The Saddle Point Theorem

< Definition 3.11 (Saddle Point of a Lagrangian): Let L : R"” x R” x R? — R be the
Lagrangian of (P). Then, (E, A, ﬁ) is called a saddle-point of L if the following inequalities hold:

L(x,A, ) < ) < L(x,X,ﬁ), V(x,A 1) € R" x R” x RP.

—Theorem 3.8 (Saddle Point Theorem): Let (f,x, ﬁ) € R” x R x RP. TFAE:
1. (f, X,ﬁ) a saddle point of L for (P);
2. x solves (P), (X, ﬁ) solves (D) and f (x) = d(X, ﬁ), i.e. the duality gap is zero.
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Proor. (1. = 2.) We see that

L(Y,X,ﬁ) = inf L(x,X,ﬁ) < sup inf L(x,)t,ﬁ)

xeR" /\ERT xeR"
=d(A7) HERP

< inf sup L(x,A,
xeR" /\ERPT ( ‘u)
HERP

< sup L(X, A, pu) = L(E,X,ﬁ),
AERT
ueRr?

=p(x)

using the saddle point properties in the first, last equalities. Thus equality must hold
throughout, so in particular, d(X, ﬁ) = p(X); moreover p(X) < oo by the same chain of
equalities so X feasible for (P). By definition (A > 0) too, (X,ﬁ) feasible for (D).
Moreover, by weak duality, X solves (P) and (X, ﬁ) solves (D).

(2. = 1.) Observe

LEAE) <f®(=d(A 7))
(a)

= p(x)
(c)

= sup L(X,A, u)
A>0,u

The inequalities (b) < (d) = (a) < (c) gives the desired result. [ |

§II1.3 Penalty Methods
Consider
minf(x) s.t.x € X (1).
Replace (1) with a sequence of unconstrained problems
minf (x) + ar(x), Vk € N,

where o > 0 a penalty parameter, r(x) : R" — R such that 7(x) > 0and r(x) =0 & x € X. The
sum f + ayr is called the penalty function.
II1.3.1 The Quadratic Penalty Function

Consider a special instance of (1) given by
minf (x) s.t. h]-(x) = OV;’Zl,

for f,h; : R" — R at least continuous. The quadratic penalty function for the problem is given by
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Po(x) = f() + S|P,

This readily gives rise to the (abstract) algorithm Algorithm 3.11.

Quadratic Penalty Method
S0. Choose ag > 0,setk =0
S1. Determine x¥ € R" as a solution of min Py (x)
S2.1f h(xk) = 0, STOP
S3. Choose a1 > &y, increment k and go to S.

—Theorem 3.9: Suppose f, h continuous such that the feasible set X # (. Let a; 1 oo and {xk}
generated by Algorithm 3.11. Then, the following hold:

Sl

4

{Pak (xk )} is monotonically increasing;

: {”h(xk)”} is monotonically decreasing;

{f (xk)} is monotonically increasing;

. limy, h(xk) =0;
. Every cluster point of {xk } is a solution of the constrained optimization problem.

Proor.

1.

2.

Py, (xk) <P, (xk“) since x* minimizes P, , and P, (xk“) <P, (xk+1) since
Kpqq > O
We have similarly that P, (xk) <P, (xk”) and P, (xk“) <P, (xk>, so adding

these gives us

P“k (xk> +P (xk+1> < P“k (xk+1> + P’Xk+1 (xk)'

X1

Both sides of this inequality contain f (xk) +f (xk“ ) ; cancelling these and
multiplying by 2, we get

() + () < (D + ()
Rearraning, we get
(@ = axen) (I = r()[7) <o

Since ay — ay,q < 0, we get the result.

. From P, (xk) <P, (xk+1), we get

F(ek) + () < £ (1) + (k)

||2 < ”h(xk>“2 (from 2.) and cancelling givesf(xk> Sf(xk“), as

Using |[h(x*+1)
needed.

4. Observe that P, (xk) = infyepn Py, () < inficx Py, (%)

You can't get worse from picking from a bigger set; that's what
the Quebec government doesn't understand.
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—Tim H

Butifx € X, Pak(x) = f(x) so further Pak (xk) <infy f(x) < oo (since X # @). Thus, we
have that

£ + () < Py () <

Letting k — oo, &) — oo; but the whole sequence must be bounded, and thus Hh(xk) ||2

must go to zero (so in particular h(xk> - 0).

5. Let ¥ a cluster point of x¥, supposing it converges along the whole sequence wlog.
Thus, h(x) = 0 by continuity and 4., so in particular X € X. Moreover, f (X) =
lim f (xk) < lim P, (xk) < infy f (using the bound we used in 4.). Thus, X indeed
a solution of the corresponding optimization problem.

Remark 3.6:

1. We used often the fact f (xk) <P, (xk) < infy f; in particular if x* € X, then x* solves the
problem (hence why our stopping criterion is appropriate).

2. Algorithm 3.11, and the corresponding theorem, also apply to the more general problem
minf with both h(x) = 0and g(x) < 0 (with the components of /1, g continuous) because
this problem is equivalent to the equality-constraint problem

minf (x) s.t. h]-(x) = 0, max{g;(x),0} = 0.

The corresponding (quadratic) penalty function would then be
P(x) = o+ &S 0)>
() =f () + S|P + 5 i;max{gi(x), 3.

Then, P, remains continuous. In fact, if f, g;, h]- € Cl,sois P,; the only stick point is in
whether the function T — max{t,0}? is C! (indeed, without the square this is not true).

Our goal now is, assuming f, h; € C L and given {xk} generated by Algorithm 3.11, to find { yk}
such that {(xk, yk>} converges to a KKT point.

Observe that x* € argminyP, = 0 = VP, (xk) = Vf(xk> + Z;.qzl aih; (xk>Vh]-(xk). Put ;4;‘ =
zx]-hj(xk> ; these needn’t be a KKT point, since we don’t know if x* feasible hence we don’t know

if h; (xk) = 0. But it seems like pt;-‘ seems like a good choice.

—Theorem 3.10: With the hypotheses of the previous remarks, let {xk} be generated by
Algorithm 3.11 and assume x* — ¥, and that LICQ holds at X. For pt]’-‘ = uc]-hj<xk), we have p*

converges to some 77 and i € M(X).

Proor. Define Ay =1’ (xk> € RP*" We see that A; — I'(X) =: A by continuity. By
LICQ, A - AT € RP*? is invertible. Thus, Ay - A;‘{r is also invertible for k sufficiently

large, so (Ak -A,z)_l - (Z . ZT) ! as well. Thus,
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p
VE(+) + D1y Viy(x) = 0 = AL = =VF(x"),
j=1

and thus
-1 . 11— B 3
e = —(AAL)  ANF(xF) - —(AAT) TAVF(x) = I
This completes the proof, since X feasible as well. -

II1.3.2 Exact Penalty Functions

Consider a penalty function P}, = f + ar,a > 0 wherer > 0andr(x) =0 & x € X.

= Definition 3.12 (Exactness): The penalty function P}, is called exact at a local minimum if

there exists an @ > 0 such that X also a local minimum of P}, for any « > @.

Consider now the standard NLP

(x) <0Vi=1,...,m,
min f (x) s.t.gl(x) =V m.
hi(x) =0¥j = 1,....p

A whole class of penalty functions in the above form for the above problem is defined via
Ty (x) = ||(max(g(x), O)Ih(x))”q/
m

=1’
norm, and we're writing (x,y) € R"*? for shorthand. We focus on g = 1, which gives rise to the

where for y € R™, max(y,0) = [max{y;, 0}] i.e. component-wise maxima, |-, the usual g-

penalty function

p m
PL(x) =f(x) +a ) Jhj(x)|+a ) max{g;(x),0}.
j=1 i=1

—Theorem 3.11: Let (f, X,ﬁ) be a KKT point for the typical convex NLP, where f, ¢; convex
and ; affine. Then, X € argminyPL (x) for any a > || (X, ﬁ) ||oo In particular, P} is exact if a

constraint qualification holds at X. might need to add some constraint

Proor. By the KKT theorem for convex problems, X is a (global) minimizer. Therefore,
by the saddle-point theorem, x is a global minimizer of L(-,X, ﬁ). Thus, for all x €
Rz |(L7)

7
(o)
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PLX) =f(®) +a) |l®|+a) max(g;(x),0)
j T o
=0

=f(X)
=f@ +ATg®) + 7 h(x)

m p
=fO0)+ ) Agi(x) + Y Tihi(x)
i=1 j=1

= L(Y,X,

=|

<L(x,

=l
=|

p P
7|1y ()|
j=1

<f(x)+ ixi max(g;(x),0) +
i=1
. m p
<70 + D 3 maxtsi0.0.+ 3 o
i=1 =1

m P
<f(x)+ “(Z max(g;(x),0) + Z|hj(x)‘)
i=1 j=1

= P3(x).
]

—Theorem 3.12: Let X be an isolated minimum such that MFCQ holds at X. Then for all g €

[1, ), there exists an ny > 0 such that for any & > &g, then the point ¥ is a local minimimum

of P1,i.e. P is exact at X.
¢ convex and increasing, g : R” — R convex implies 6(g) convex.

gAx + (1 -A)y) <Agx) + (1 —A)g(y). 0 increasing thus
0(g(Ax + (1 =A)y)) < 0(Ag(x) + (1 =)g(y)),

then we just apply convexity to A - g(x), (1 —A) - g(y).
§III.4 SQP Methods
II1.4.1 The Lagrange-Newton Method

Consider
minf (x) s.t. h]-(x) =0, ‘v’f:l,

withf, h;: R" - R in C2. Define

O R™ x RP - R" x Rp/ q)(x/ ]/l) - <in((;f;y))/

where L the Lagrangian of the problem. Then, (x, 1) a KKT point iff ®(x, ) = 0. So, we can just
throw Newton methods at ® to find KKT points (note that we couldn’t work with inequality
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constraints, since this would result in max’s showing up in ®, which aren’t differentiable). This

leads to the following algorithm, which is just Newton's specialized to .

Lagrange-Newton
S0. Choose (x%, u%) € R" x R, setk := 0
S1.1f (xk, uk) = 0, STOP

S2. Determine ( 2;;) as a solution

CIJ’(xk, ,uk) (Ax,Ap) = —<I><xk, ‘uk)

S3. Set (xk”, yk”) = (xk, yk) + (Axk, Ayk), increment k and go to S1.

Recall that the crucial condition for the convergence of the Newton’s algorithm we discussed
was invertibility of the Jacobian at the critical point.

—Theorem 3.13: Let (X, 77) € R" x RF be a KKT point, such that
1. LICQ holds (Vh;(X) are linearly independent), and
2. we have dTV2,L(x,7)d > 0 for all d # 0 such that Vh]-(f)Td =0,j€]

Then, @' (%, 71) is invertible.
Proor. Observe that

2 / T
@' (x, 1) = (V"’;f((;)’”) e )

Let (g,7) s.t. @' (%, 7) (”l) = 0. Then,
VZ2.L(X,7)g+ KW@ Tr=0,
W (X)q = 0.
Thus,
0=¢"Vo LZ g+ g0 @ r=q"V, LT H)q.

=(n'(%q))" =0

Moreover, we see that Vh]-(f)Tq = 0for allj € J. Thus, by our second assumption, it
must be that, if g nonzero, g7V, L(X,7)q > 0; this isn’t the case thus it must be g = 0.
This implies &' (¥)Tr = 0, but by MFCQ, i’ (¥)T has linearly independent columns (the
gradients of /;), thus a trivial kernel so r = 0. So, (;7) = 0, and thus &' (X, 77) has trivial
kernel so invertible. [ ]
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Remark 3.7: As in the proof above, we see that the update in S2. is equivalent to the equation
(putting Hy, := V§XL<xk, yk))

HAx + h’(xk)TAy = —VxL(xk, }lk>,
h’(xk>TAx = —h(xk)
In particular, if we put u* := yk + Ap, then since V. L(x, u) = Vf(x) + I’ (x)Ty, equivalently
HiAx + h’(xk>T;4+ = —Vf(xk),
T .
Vhi(x*) Ax = —hy(x*), je].
Also, consider the following (quadratic objective, affine constraint) problem:
1 T T
; T k k K\ — 0 i
min 5 (Ax) THAx + Vf(x*) Ax st Viy(x*) Ax+ () =0,j €].
The KKT conditions in this case read,
HiAx + Vf(xk) + h’(xk)Ty =0,
T
Vhi(x*) Ax + hi(xF) =0,j €],
which are precisely the conditions we wrote out above, with y (here) equal to y* (above).

We want to consider the general NLPs, i.e. with inequality constraints; we’ll assume our

objective and constraints are C?;

(t) minf(x) s.t.g;(x) <0,i €1, hj(x) =0,j€].
Given (xk,/\k, yk>, consider
1
minE(Ax)THkAx + Vf(xk>TAx s.t. Vgi(xk)TAx +gi(x¥F)<0iel, Vh]-<xk)TAx +hi(x*)=0j€]J.

This leads to the following;:

Local SQP Method
S0. Choose (x%,A9, 19) € R" x R™ x RP, setk := 0, and choose Hy € R symmetric
S1.If (xk,/\k, yk> a KKT point of the underlying NLP (1), STOP
S2. Determine (xk+1,Ak+1, yk“) of the quadratic program

min 5 (=) He(r = 24) + 97 () (3= 20,

s.t.

g () (x - #4) +(:¥) <0 € L) (6 2) + () =0, €

S3. Choose Hy, 1 € R symmetric, increment k, and go to S1.
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Remark 3.8: Instead of the exact choice Hy, = V,%XL<xk,/\k, ptk), as in our derivation, one can

update H; using some (modified) Newton techniques.

—Theorem 3.14 (Convergence of Algorithm 3.13): Let (E, A, ﬁ) be a KKT point of (1) such
that

i. (strict complementarity) g;(x) =0 = Xi >0, foralli e,

ii. (LICQ) Vg;(x),i € 1 (7),Vh]-(f), j € ] are linearly independent, and

iii. (2nd order sufficient conditions) d” V2, L (E, X,ﬁ)d >0,Vd € Lx )\ {0}.

Then, there exists ¢ > 0 such that for all (x°,A%, %) € B, (E, A, ﬁ) such that the following hold
for any sequence {xk,Ak, yk} generated by Algorithm 3.13 with update Hj. := Vf;xL(xk,/\k, ptk)
and such that in S2., one choose the KKT point closest to the previous iterate (xk,)tk, yk):

1. {(xk,)xk, ,uk)} well-defined and converges to (7, A, ﬁ) superlinearly, and

2. if V2f,V2g;, Vh; are locally Lipschitz, then the rate is quadratic.

The natural next generalization is globalizing this method, as we globalized Newton’s method.

I11.4.2 A Globalized SQP Method

Recall that globalization of the Newton’s method involving introducing a step-size based on
the Armijo rule. For SQP, we will introduce a step-size based on the (exact) ¢;-penalty function

p m
Pl(x) =f(x)+a Zlh]-(x)l +a Z max{g;(x),0}.
j=1 i=1

Note P} is not generally differentiable, hence we use the directional derivative to detect descent

directions.

< Theorem 3.15 (Chain Rule for Directional Derivatives): Let H : R” —» R, G: R" - RP,
and set F := G o H. Assume that for x € R™,

1. H is directionally differentiable at x,

2. G is directionally differentiable at H(x), and

3. Gis locally Lipschitz at H(x).

Then, F is directionally differentiable at x, and
F'(x;d) = G'(H(x);H (x;d)),
foralld € R".

Proor. Letd € R"” and let L > 0 be the (local) Lipschitz constant of G around H (x).

For t > 0 sufficiently small, we have

Hﬂwum—ﬂﬂ_cmuywwuﬂn<gﬂmw
t

t

ZHQH@+MD—GWW%HH&ﬁ»H
t

< LHH(x +td) — H(x)

D=HO gy o
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Since the term on the RHS of the first line converges to G'(H (x); H' (x;d)), we're done.
[ |

< Corollary 3.3 (Directional derivative of {;-penalty): For any « > 0, the {;-penalty function
is directionally differentiable, with

(PL) (x;d) = Vf(x)Td
+a Z Vhi(x)Td — a Z Vhi(x)Td + Z |Vh]-(x)Td|

j:h]-(x)>0 j:h]-(x)<0 j:h]-(x)=0
+a Z Vg () Td +a Z max{Vg,(x)Td, 0}.
i:g;(x)>0 i:g;(x)=0

1I1.4.2 A Globalized SQP Method
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