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1 Analysis
1.1 Real
1.1.1 Fundamentals

Definition 1 (Metric Space): A metric space is a set X equipped with a metric function d : X x
X — R, that satisfies:
(i) d(z,y) > 0and equals Oiffy =z
(ii) d(z,y) = d(y, )
(iii) d(z,2) < d(z,y) +d(y, 2)

Definition 2 (Convergence, Subsequences): A sequence x := {z,} C X in a metric space X is a
function « : N — X where we write z,, = (n). We say {x,,} converges to some point z € X if

Ve>0,INeNst.n>N=d(z,z,) <e.

n—oo “'n

We write x,, — z or lim z,, = z. Equivalently, z,, — z in (X, d) iff d(z,,,z) = 0in (R, |- |).

A subsequence of x is a new sequence £ which can be writtenas £ = £ on wheren : N — Na
strictly increasing function, called the reindexing of our sequence. Equivalently we write & =
{x } where n;, = n(k).

We say a sequence is bounded if there exists an M € R such that d(z,,,z,,) < M foralln,m €
N (this is equivalent to saying there is some M’ € R and z € X such that d(z,,, ) < M’ for all
n € N).

Definition 3 (Cauchy): A Cauchy sequence in a metric space (X, d) is a sequence {z,,} such that
Ve>0,3M €N st.n,m>M =d(z,,z,,) < €.

Proposition 1 (Some Properties of Sequences): Fix (X, d) a metric space and {z,,} a sequence in
X.
e {z,} convergent = {x, } Cauchy. If the converse holds for every sequence in X, we say X
is complete
e if {z,,} Cauchy and has a converging subsequence, then {z,,} converges along the whole
sequence
e if {z, } Cauchy, {z, } bounded
e if {z,} converges, then every subsequence of {z,, } converges, and to the same limit

Definition 4 (Continuity): A function f : (X,d) — (Y, p) is said to be continuous at « € X if for
every € > 0 there exists § = §(z) > 0 such that

d(z,2') < 6 = p(f(x), f(x')) < e.

It is said to be uniformly continuous on X if § as in the definition of continuity can be chosen
independently of z.

Definition 5 (Absolute Continuity): Let f : [a,b] — R. We say f is absolutely continuous on |a, b] if
for every € > 0, there ex1sts a § > 0 such that for an y collection of disjoint intervals (a;, b;,) C
[a,b], k=1,. Nw1thz (b —ag) <4, then > [f(by) — flag)| <e.

Proposition 2: f: (X,d) — (Y, p) is continuous at x € X iff for every {z, } C X such that z,, —
zin X, f(z,) — f(z)inY.

Proposition 3: Let f : (a,b) — R be a uniformly continuous function on the bounded open
interval f. Then there exists a unique continuous extension f : [a,b] — R that agrees with f on

(a,b).

Proor. If it were to exist, by continuity, f(a) = lim,, f(a). Take any sequence z,, in (a, b) converging to a. One uses the uniform continuity to show

zla

that { f(z,,)} is Cauchy and therefore converges since R complete. So this limit exists; moreover, one gets uniqueness in a similar vein by the well-

definedness of this quantity (so basically continuity and uniqueness of limits). ]



Definition 6 (Normed and Inner Product Spaces): Let V be a vector space over K € {R, C}.
Then ||-| : V — Ris called a norm if:

* ||v]| >0Vwv e V,and equal to zero iff v = 0

* |av| = |a| |jv]| foralla € K,v eV

o fu+of <lul + o] Vu,veV

A function (-,-) : V x V — Ris called an inner product if, for all u,v,w € V and o € K:
* (u+v,w) = (u,w)+ (v,w)
* (au,v) = alu,v)
(u,v) = ((v,u))

(u,u) > 0 and equals zero iff u = 0,

Accordingly, (V, |-|) is called a normed vector space and (V, (-, -)) an inner product space.

Remark 1: Norms induce natural metrics, d(u,v) := |u — v|. Inner products induce natural norms, |u| = ({u,u))'/2. So every inner product space is (naturally) a
normed vector space, and every vector space is (naturally) a metric space. We say things like “V" is a complete normed vector space” to mean V' is complete as a

metric space with the natural metric induced by its norm, for convenience.

Proposition 4 (Properties of Inner Product Spaces): Let V' an inner product space.

* [{u,v)] < fulvl

Definition 7 (Series): Let (V, |-|) be a normed vector space. A series in V' is a sequence of partial
sums, i.e. a sequence

n
Sn = E Qg
k=0

where {a; } a sequence in V. We say the series converges if {S,,} converges in V.

Remark 2:

Theorem 1 (Banach Fixed Point): Let (X, d) a complete metric space. A map 7' : X — X is said
to be a contraction mapping if there exists a constant a € (0,1) such that forall z,y € X,
d(T(2),T(y)) < ad(z,y).

If T: X — X a contraction, there exists a unique fixed point of T, i.e. a unique z, € X such
that T'(z,) = z,. Moreover, if T™ represents n-fold composition of T with itself, then T (z) — =,
asn — oo forall z € X.

Proor. (Uniqueness) If z, z; are two fixed points, then d(T'(z,), T'(z;)) = d(xy, ;) on one hand, and by the contraction property, d(T'(z,), T(z;)) <
ad(zg,x;). Thus d(z, ;) < ad(zg,z;), but 0 < a < 1 so this is only possible if d(zy,z;) = 0ie.if x5 = 2;.

(Existence) Fix z € X. Define the sequence z; = z and z,, = T"(x) = T'(x,,_;) for n > 2. One shows this is a Cauchy sequence by using the
contraction property (inductively; one picks up a sum of the form 1 + a + a? + - which can be bounded by a geometric series). By completeness, z,,

converges to some z, € X. We claim z, is a fixed point. Indeed, one easily sees T is continuous, so T"(z) — x, implies T'(T"(z)) — T'(z;). On the

other hand, T(T"(z)) = T"*!(z) — z,. By uniqueness, T'(z,) = z,. |
1.1.2 Differentiation

Definition 8: Given f : R® — R™, the derivative at z, € R" is the linear map D f(z,) : R" —
R™, if it exists, such that

I f(z) — f(zg) — Df(xo)(x — )|

|z — o]

— 0 as T — x.

If we fix bases for R",R™, then D f(z) can be represented by a m x n matrix J;(z,) called the
Jacobian of f at x,.

Remark 3: When m = 1, one often writes Df = (Vf)" where V f is viewed as a column vector in R".



Proposition 5 (Properties of Derivative): Let f,g: R® — R™and h : R* — R"*,and , 3 € R.
¢ Df is unique when it exists
* D(af +Bg) = aDf + ADg
* D(fg) = (Df)g + f(Dg), whenm =1
* D(foh)=(Df)| - (Dh) (chain rule)
o fdifferentiable at x, = f (Lipschitz) continuous at z,,
o If Df exists at a point x, f partially differentiable in all directions, and

of:
Jf(fﬂo) = 8_4(%) 1<i<n
1<j<m
o If all of the partial derivatives of f exist and are continuous at z,, then f differentiable at

Lo

Remark 4: One need be careful with the last two properties - existence of partial derivatives needn’t imply differentiability in general (we need some extra

condition, such as continuity as stated here); consider
12
JR SR, fy) = 2w OVFO
0 (z,y)=0

One can check 9, f, 9, f both exist (and equal 0) at the origin, but f not differentiable at 0. Intuitively, D f captures “average change in all directions” while partial
derivatives capture “change in a specified direction”.

Definition 9 (Other Derivatives): Let f : R® - Rand F = (F, ..., F,) : R® — R".
. %f(a:l, oy x,) = lim,, o Lt 20) 2 f(@0%0) g called the partial derivative of f in
the z, direction.
e Given a vector d € R™ and = € R", define the directional derivative of f in the direction d at

x by
o e J@ A+ hd) — f(2)
df(z;d) := }Llir(l) ” :
* Define the divergence of F at x (assuming its first-partial derivatives exist) by
. 0F, OF,

o If n = 3, define the curl of F at x (assuming its first-partial derivatives exist) by
curl F(z) := det 0, O 0,

Proposition 6: If f : R™ — R differentiable at x € R"”, then
df(z;d) = V()"

If d = e; and f partially differentiable in z; at z, then df(z;d) = %(m).
Theorem 2 (Mean-Value Theorem): Let f : R® — R be differentiable on an open ball B C R".
Then for any z,y € B, there exists a z € B such that

f(x) = f(y) =D f(z)(z —y).

Proor. Define ¢(t) := f(y + t(z — y) for ¢t € [0, 1], noting that ¢(0) = y and ¢(1) = z. One computes, using the chain rule, that ¢’ (¢t) =D f(y + t(z —
y)) - (z — y). By the one-variable mean-value theorem, there exists some ¢, € [0, 1] such that (1) — ¢(0) = ¢’ (t,). Letting z = y + t,(z — y) gives the
desired result, noting that z indeed in B by convexity.

For completeness, we also prove the one-variable mean-value theorem. It suffices to prove that if ¢ : R — R is differentiable and is such that

p(a) = ¢(b) = 0 then there exists ¢ € (a, b) such that ¢’(c) = 0, since for a general function f we can define ¢(z) := f(z) — ¢(a) | |



Theorem 3 (Mean-Value Theorem, Integral Form): Let f : R? — R be differentiable. Then for
any z,y € R?,

1
f6) = 1e) = [ Vit to—y)- @)
0
Proor. Let¥(t) = f(z + t(z —y)). Note that ¢’'(t) = Vf(z + t(z — y)) - (x — y), so by fundamental theorem of calculus,

[t sta-)-@-na= [ w0d=v0)- w0 = f6) - fo)
0

Theorem 4 (Clairaut's Theorem): Suppose f : R® — R twice differentiable at x,. Then,
(‘?mjf(xo) =0, f(zy) foralli,j=1,...,n.

Proor. (Sketch) For n = 2 (the proof extends to general dimensions by fixing all coordinates except the ith, jth) in variables (z,y), consider the
function

@(s,t) = fzg + 8,90 +t) — f(zg +5,%) — f(@0, Yo + ) + f(20, Y0)-

The idea is to recognize ¢(s, t) as a difference of functions in the s, ¢ variables resp., apply mean-value theorem to pick-up 2, 2 terms, then use the

9z’ By
definition of the second-order partial derivatives to estimate ¢ in terms of %, %. One should ultimately find that @ — aizgy(xo, o) and %,
depending on which variable one chooses to expand in first. ]

Theorem 5 (Inverse Function Theorem): Let F : 2 C R™ — R™ a C* map such that DF(z,)
invertible for some z, € 2. Then there exist neighborhoods U C Q of z; and V' C R" of F(x)
and a C* map G : V — U such that

(FoG)(y)=y VyeV, (GeF)(z)=2 VYzeUl.
Moreover, DF'(z) invertible for z € U, and

DG(y) = (DF)1(z), y=F(x),z€U.

Theorem 6 (Implicit Function Theorem): Let F': Q:=Q, x Q, CR" x R™ — R™ be a C* map,
and assume X, = (¢, Y,) € Q is such that F(X;;) = 0 and D, F'(X,) is invertible (where D, the
derivative in just the y-variables, i.e. represented by a m x m matrix). Then, there exists a
neighborhood U C €, of z, and a C* function h : Q, — R™ such that

F(z,h(z))=0, Vzel.

Proor. (Sketch) Define f : Q — R™ x R™ by f(X) := (X, F(X)) (“augmenting” F to map to and from spaces of the same dimension). One checks

J — I'VLXTL O’VLX‘!TL
= \p,F D,F |’

which has determinant det(D, F') using properties of block matrices. This is non-zero at X, by assumption, so we may apply the inverse-function

theorem, so locally there exists an inverse g. If we write g = (g, h) :R™ x R™ — R™™ we see that f(g(z,y)) = (x,y) (by inverse property) and

flg(z, ) = §(z,y), F(§(z,y), h(z,y)) by definition. In particular we see that §(z,y) = =, and thus we get the property

F(z,hz,y)) = y.
Thus the map h(z) := h(z,0) gives the desired function. ]

Theorem 7 (Lagrange Multipliers, one constraint): Let f,g: Q CR” - RbeCland ¥ := {z €
2 : g(x) = 0}, and assume Dg(z) nonzero (i.e. the gradient of g) on all of Q. Then, if f restricted
to ¥ has a max/min at z, € ¥, then there exists A € R such that

Vf(zg) = Ag(zy)-

Proor. Let z, be a max/min of f restricted to X. Assume wlog that 32-g(z,) # 0. By implicit function theorem, then locally to z,, ¥ is represented
by {(z’, h(z"))} (Where 2’ € R"!) for some C* function h : R"~! — R. Defining F : R"! — R, F(2’) := f(z’, h(2’)), this implies (z{, h(z})) a local
max/min of F'and thus it’s gradient must equal zero there. Chain rule gives



VW) = (5 0 ) + o e ) T

’ n—1
3 d Oh(x )) .

Also since g(z’, h(z")) = 0 locally to z,, we can take the derivative of this expression and find

dg oh dg nt
0= (a—zi<x0>+a—zg<xo>a—zn<zo)) .

i=1

Taking " = zj in () makes the right-hand side 0. Equating (), ({) and simplifying like-terms yields the proof, where A is found to be
(/s .

Remark 5: When we say “¥ locally looks like V', what we really mean is there exists an open set U such that X NU = V.

Remark 6: In particular, then if f, g are C* on some open superset of Q, and 9Q = {z € Q : g(z) = 0}, then one can compute global maxima of f by
(i) computing stationary points i.e. such that V f = 0, inside ©, and
(ii) computing points such that V f = AVg, on 0Q.

Then, if x4 a global max of f, then either it lies inside  in which case V f(z,) = 0, or it lies on the boundary in which case there exists A such that V f(z,) = AVg(z,).
Thus, the global max of f is the point of greatest function value among those from 1., 2.. A similar statement holds for the global min.

Theorem 8 (Lagrange Multiplier, multiple constraints): Let f, gy, ..., : @ C R" — Rbe C'. Let
Y={zeQ:g,(x)=0Vi=1,...,k}, and assume {Vy, (:15)}5_1 a linearly independent set of
vectors for all z € 3. Then if f restricted to ¥ has a local max/min at z, € ¥, then there exists
Ay, .oy Ag such that

Vi(@g) =AM Vai(zg) + -+ A Vgp(zo).
Theorem 9 (Taylor's Theorem): Let f : Q C R — R be a C**1(Q) function. For any z,2° € ©,

k j
F =+ Y gl ), )+ Rulea)

§=1 1<iy,.ij<n O h Yy,

where the remainder R, is such that
|Ry,(z,2°)| < M|z —x0|k+1 as x — 2V,

where M, depends only on the (k + 1)-st partial derivatives of f.

0

Remark 7: The easiest way to prove this is to apply 1-dimensional Taylor’s theorem to the function ¢(t) := f (z(’ + t&), t € [0, ||z — 2°|], for tsufficiently

[o—20]

small, and expanding the derivatives of ¢ by chain rule.

On the other hand, the easiest way to derive the 1-diemnsional Taylor’s theorem is by repeated application of the fundamental theorem of calculus,

—_—
0

:<P(t0>+/tt

0

o) = olto) + [ /() ds

¢’ (tg) + /g " (u) du:| ds
= oty + e o)t —to)+ [ [ o) duds,

etc. In particular, one sees that this implies the remainder term can be written as

t psy Sk_1
R, (t) :/ / / w(k)(u)du---dszdsl,
to Yo to

from which obtaining the bound on R, follows by approximating this integral.

Theorem 10 (Taylor's Theorem, Weaker Assumptions): Let f € C*~1(Q2) and such that D*~!f is
differentiable at z° € Q. Then for x € 2, the same conclusion as above holds, but with
remainder

lim —Rk (:1:) =

z=20 |g — gOF

i.e. we can’t in general say anything about how guickly this quantity goes to zero.

Remark 8: In “asymptotic” notation, the first theorem says R, (z) = 0(‘1 - x”‘kﬂ) and the second says Ry, (z) = 0(‘1 - xo‘k).

1.1.3 Integration



Def1n1t10n 10 (Partition): Given a rectangle R C R” a box partition of R is a finite collection P =
{Bk} , of boxes (rectangles) By, such that R = U

Deﬁmtlon 11 (Upper/Lower Riemann Sum): Let f : R C R" = R abounded function. Given a
partition P of R, define the upper, lower Riemann sums

Z sup f(z) - vol(B), L(f,P):= Z ing f(z) - vol(B),

BepreB Bepr”®

where, if B = [ay,b;] X -+ X [a,,,b,], vol(B) = (b; — a;)---(b,, — a,,). Define the upper, lower
Riemann integrals of f by

dz := inf U(f,P), / dz := su L(f,P).
/R f P: partition of R (f ) R f P partitiljn of R (f )

In particular, we trivially have the inequalities

R

inf / - vol(R) < L(f,P) < / fds < dex <U(f, ) <sup f - vol(R).
R JR R

If the lower, upper Riemann sums agree, we write their shared value by [ [/ dz, called the
Riemann integral of f over R.

Remark 9: We can extend this definition to general f over bounded domains Q by taking R a rectangle such that R O Q and extending f by zero outside of R.

Definition 12 (Content Zero): A set {2 C R™ is said to be of content zero if for every € > 0, there
exists a finite number of boxes Bj, ..., By which cover 2 and such that Z L Vol(B,) < e.

Theorem 11: If f bounded on R and has set of discontinuities with content 0, it is Riemann
integrable on R.

Proposition 7: Riemann integrals are linear.
Theorem 12 (Fubini):

Definition 13 (Regular Partition): Let 2 C R™ a domain with content(0€2) = 0. A regular
partition P = {Dk} | is a finite collection of sets D, satlsfymg

* 0= U Dk and content(0D,,) =0forallk =1,...,N,and

. content(Dk ND; ) =0 forall k # j.

Proposition 8: Let f : 2 — R. Then f is Riemann integrable over 2 iff for all ¢ > 0 there exists a
reqular partition P such that U(f,P) — L(f,P) <e¢

Theorem 13 (Change of Variables): Let 2, C R" be bounded domainsand T': Q' — Q a C!
bijection. Then, for any f : Q@ — R which is Riemann integrable over (2, then

/de:/ (foT) |det DT|dV.
Q (94

PrOOF . |

Theorem 14 (Differentiation under the Integral):

Theorem 15 (Improper Integrals):

1.1.4 Vector Calculus

Definition 14 (Curve): A (parametrized) C* curve in R™ is a connected set ¢ C R" such that there

exists a C* function v : I — R™ with y(I) = €, where I C R an interval. We say € reqular if v/
never vanishes on 1.

A piecewise C* curve is a set € = €; U --- U G, where each C; a C* curve and each has “shared
endpoints” (in practice, think of something like a triangle).



Remark 10: More generally, a curve is generally defined as a connected subset of R™ that is “locally a parametrized curve”.

Definition 15 (Surface): A C* surface in R™ is a connected set S C R™ such that for every point
p € S, there exists an open subset U C R? and V C R" such thatp € V, and a C*
homeomorphism ¢ : U — V N S such that p(U) =V N S.

We call S regular if every such ¢ has dy, : R? — R™ is one-to-one for all ¢ € U, i.e. the
Jacobian J,(g) has rank 2.
Definition 16 (Tangent Plane): Let S C R? a regular C! surface. The tangent plane at a point p €
Sis
T,S = dqgo(R2),

where ¢(q) = p. Since d ¢ one-to-one, this is a 2-dimensional subspace of R?.
Remark 11: This is well-defined, regardless of choice of parametrization, by an inverse function theorem argument.

Definition 17 (Normal): A normal to a regular C! surface S C R? at a point p is a vector n € R®
such that n is orthogonal to T,,S. If we restrict n to be of unit length, then since 7,,S two
dimensional, there are precisely two such n’s, given by +(v; x v,) where {v;,v,} a basis for T,S.

Definition 18 (Integration over a Surface in R3): Let S C R? a regular parametrized surface
with parametrization ¢ : D — R?® and f : R® — R Riemann integrable. Define the surface integral

//Sfdff: //D<fw> 0 X | dudo.

Suppose F : R® — R3 a vector field, and S an oriented surface with unit normal n. Define the

flux integral
//SF.da:: //S(F.n)da://D(Fogo).(no@) o, % o, | dudo.

PuXPy

Remark 12: Since we are in dimension 3, n = + oo xe.]

so the flux integral can be evaluated as + || fD(F o) - (¢, X ¢,) dudv (one needs to be careful of using the
right sign).

Theorem 16 (Green's): Let F = (P, Q) : R? — R? a C! vector field. Let D C R? a bounded
region with piecewise C?, positively oriented boundary dD. Then,

//@—a—PdA:/ F -ds.
D@x oy 5D

Theorem 17 (Stoke's): Let F : R? — R3 a C"! vector field and S a regular surface in R? with
piecewise C! boundary 9S. Then,

//Scurl(F) -dS = /%F-ds.

Theorem 18 (Divergence): Let F : R®™ — R a C! function and W C R" a solid bounded region
with boundary S = 8W which is a regular C! surface. Then,

/ diVFdV:/F-dS.
w S

Remark 13: A lot of what is stated in this section could be generalized without too much hassle to functions on/to general metric spaces, but is cambersome and

1.1.5 Analysis on Functions

unnecessary for my interests.



Definition 19 (Convergence of sequences of functions): Let { f,,} be a sequence of real-valued
functions defined on some set S. We say f,, — f pointwise on S if f, (x) — f(x) (as sequences of
real-numbers) for every z € S.

We say that the convergence is uniform if sup,. 5| f,, () — f(x)| = 0 as n — oo, or equivalently
if f, — f under the uniform norm | f| ., = supg|f| (where we may omit the set if clear from
context).

Remark 14: Equivalently, f,, — f uniformly if for every e > 0, there exists an N € N such that foralln > N, |f,(z) — f(z)| < eforallz € S.

Remark 15: It’s clear that uniform = pointwise convergence. A good counterexample for the other direction is the functions f,,(z) = =™ defined on [0, 1]. We see

that f,, converges pointwise to the function that is 0 everywhere except 1, at which point it is equal to 1. However, this convergence is not uniform.

Theorem 19: Let C(K) be the set of continuous functions on a compact set K C R™. This is a
complete metric space when equipped with the uniform norm.

Remark 16: In particular, this means that the uniform limit of continuous functions is continuous.

Theorem 20 (Interchange of Limit and Integral): Let {f, } be a sequence of Riemann integrable
functions on some box domain B which converge uniformly to some Riemann integrable
function f on B. Then, fB f,dz — fB fdx.

PrOOE. | fB fdz — fB fodz] < fB| f— f,|dz < vol(B)supg|f — f,|; the right-hand side above goes to zero by uniform convergence. n

Theorem 21 (Interchange of Limit and Derivative): Suppose f: U C R — R where U open,
where f,, differentiable, converge pointwise at some point z, € U, and their derivatives
converge uniformly, then { f,,} converges uniformly to some differentiable function f and

Oy fmn(x) = 0, f(x)asm — coon U.

Proor. Assume n = 1 for simplicity. Let g,, = f;, and let g be the uniform limit of g,,. Take as candidate f(z) := f(z,) + j g y) dy. It’s clear f is

differentiable, and by the fundamental theorem of calculus,

1£2(®) = (2)] = |f(z0) — (z0) /fn y)dy |
< If(z0) zo|+/\f Wl dy

< ful@o) — (Io)|+\w*$o|bgplfn() 9)l,

and the right-hand side converges by the point-wise convergence at 2, and the uniform convergence of the derivatives. Finally, for z € U, |f; (z) —

f'(z)| = |g(x) — g, ()| by definition, so the convergence is immediate. | |

Theorem 22 (Bounded Convergence for Integrals): Assume f, — f pointwise {f.}, f Riemann
integrable, and |f,,(z)| < Bforallz € I,n > 1. Then [, f,(z)dz — [, f(=

Proor.

Theorem 23 (Dini's Theorem): Let {f,}, f continuous functions on I and f,, — f pointwise.
Suppose f,(z) < f,,1(x) forall z and n > 1. Then f,, — f uniformly.

Theorem 24 (Interchange of Integral and Summation): Suppose f,, : K — R are Riemann
integrable and Zn [ — f uniformly, and f Riemann integrable. Then,

;/Kfndx:/K;fndx.

Proor. Letting Sy(z) =32 _ . fn(2), this theorem says lim fK Sydx = fK limy Sy dz. This follows from an earlier proposition on uniform

convergence of sequences of functions and integrals. ]
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Theorem 25 (Power Series): A power series (centered at z) is a function of the form

flz) =3 an(z—z)".

n>0

Define + := lim sup,, _,,|a,|'/" (taking & = 0,00 +» R = 00,0 resp. as convention). Then,

e if |z — x4| < R, the series converges absolutely (and in fact uniformly over compact sets)
e if [x —z4| > R, the series diverges

Proor. Compare to a geometric series. ]

Theorem 26 (Differentiating, Integrating term-by-term): Let f(z) = 3_ _ a,(z — z,)" have
positive radius of convergence. Then, f is infinitely differentiable and integrable on its interval
of convergence, obtained by differentiating/integrating term-by-term, i.e.

f/(CE) = Znan(a: - mO)n_17

n>0

/f(:v)da:zC’—i—Z On (z — )"

n20n+1

Theorem 27 (Weierstrass Approximation Theorem): Let I C R a closed and bounded interval
and f € C°(I) a continuous function. Then, for every £ > 0 there exists a polynomial p, such
that

”f _pzs”oo <E&.

That is, continuous functions are dense in the space of continuous functions on a compact
interval with respect to the uniform norm.

Definition 20: Let (X, d) a metric space. A family of functions & C C(X) is said to be:
e uniformly bounded if sup se ¢ <oo
* equicontinuous if for all e > 0 and = € X there exists § > 0 such that d(z,y) < ¢ implies
supser|f(z) — f(y)| < e itis said to be uniformly equicontinuous if § is independent of x

Theorem 28 (Arzela-Ascoli): Let (X, d) a compact metric space and & C C(X) be a uniformly
bounded and uniformly equicontinuous family of functions. Then, # is precompact with
respect to the uniform metric, that is, for any sequence { f,,} C &, there exists a uniformly
converging subsequence { fr, }

Remark 17: Usually uniform boundedness is easy to check. Uniform equicontinuity actually follows from equicontinuity when X compact, so it suffices to check
this. A sufficient condition for uniform equicontinuity is uniform Lipschitz continuity, i.e. there exists L > 0 such that for all z,y € X,

sup|f(z) — f(y)| < Ld(z,y),
feF

which is usually easier to establish if it holds.

11



1.2 Complex
1.2.1 Analytic Functions
Throughout this section, we’ll usually assume €2 C C a connected open set.

Definition 21 (Analytic/Holomorphic): A function f : C — C is said to be analytic on 2 if f is
given by a converging power series everywhere in €. It is said to be holomorphic if f" exists.
Forz=z+iye Cand f: C — C, write f(z) = u(z,y) + v(zx, y)i for real-valued functions u, v.
Then, the Cauchy-Riemann (CR) equations are the equations

Ou Ov Ou  Ov

or dy Oy = Oz
Theorem 29 (Cauchy-Riemann Equations): f is holomorphic if and only if u, v satisfy the CR
equations.

Proor. (=) follows by taking different limit directions in the definition of the derivative. (<) follows by writing, for some small h = hy + hyi,
w@ +hy,y + hy) = w(e,y) + hdyule,y) + hadyule,y) + 1A ¢1(h), ¥i(h) =0,

similar for v. This implies, simplifying things with CR,

Fle+h) = f@,y) + (9,0 —i0,u) (k) + ¥(W)h], ¢(y) = (b)),
which gives the proof upon dividing both sides by h and sending h — 0. L

Definition 22 (Contour Integration): Given a piecewise C! contour C' = C; U - U C}, with C,
parametrized by C* functions v, : [t;,t,.,] — C;, define

f()dz =+

k
c* =1

[ e ) ds,

t

(2

where the + indicates the orientation of C.

A domain (2 is said to be simply connected if for any two curves -y, v; : [0, 1] = C with common
endpoints a, § in 2, there exists a function y, : I — C for ¢ € [0, 1] such that (¢, s) - v,(s) is a
continuous map, v, = 7, and v; = v;, and v,(0) = «a,v,(1) = Bforall ¢t € [0, 1].

A curve C is said to be simple if it does not intersect itself, i.e. it has an injective
parametrization, and closed if its parametrization v : I — C is equal on the endpoints of I.

Theorem 30 (Cauchy): Let f be a holomorphic function defined on 2 being simply connected
with C' a simple closed curve contained in Q2. Then

/Cf(x) dz = 0.

Partial converse:
Theorem 31 (Morera): Let f be continuous on §2 and such that
/ fdz=20

v

for every closed, piecewise C! curve v contained in Q. Then f is holomorphic in Q.

12



Theorem 32 (Cauchy's Integral Formula): Let f holomorphic on €2, which contains a circle C
and its interior. Then

w—z

f(z):/ de, VzeQ.
Cct+

In particular, this implies f is analytic on all of €2, with

m(z) = GO
e =g | ,

" 2mi L+ (w—z)ntt

and thus
0 £(n)(, .
=3 T )

for any z, € 2 and z such that z — z, € Q.

Proor. Make a small indent in the contour around the singularity of the denominator and use holomorphicity to approximate. |
Corollary 1 (Cauchy's Inequalities): Let f : 2 — C holomorphic. Then

! fle
(n) < r(2),00
7 (2)] € ——2

Y

where R > 0 any real number such that Dy(z) C C, where Dy(z) the R-radius disc centered at

z, and

1 flcn(z),00 = sup [f(w)].
n(2). weC,.(z)

Corollary 2 (Liouville's Theorem): Let f : C — C be entire, i.e. holomorphic everywhere, and
bounded. Then f is constant.

Proor. For every R > 0 and z fixed, Cauchy’s inequalities given that | f'(z)| < % for some C uniform in z. Letting R — oo gives that f'(z) =0

everywhere, and thus f = constant. | ]

Theorem 33 (Analytic Continuation): Let f holomorphic on (2, and assume either
e f=0onaopensetD C Qor
e f=0onasequence{z,} C Qand its limit point z_.

Then f = 0on Q.

Remark 18: As a result, if two holomorphic functions agree on an open subset of Q or on a converging sequence, then they agree everywhere in Q. This is the

principle of analytic continuation, demonstrating how rigid analytic functions are.

Proor. The first criteria follows from the first by a connectedness argument. The second follows by contradiction and looking at a local power series

centered at z . [

Theorem 34 (Convergence of Holomorphic Functions): Let {f,,} a sequence of holomorphic
functions converging uniformly on compact subsets of (2 to some function f. Then f is
holomorphic, and moreover, f;, converges uniformly to f’ on compact subsets.

Proor. This follows directly from Morera’s theorem; the uniform convergence implies that 0 = [ ofndz— I ofdz=0. |

Remark 19: The analgous statement is not true in real variables! That is, uniform convergence of differentiable real-valued functions are not necessarily
differentiable.

1.2.2 Meromorphic Functions

13



Definition 23 (Singularities): A holomorphic function f: 2\ {z,} — Cis said to have a
singularity at z,. z, is called a 3
e removable singularity of f if there exists a holomorphic function f : 8 — C that agrees

with fon Q\ {2,};
1

* pole singularity of f if % has a removable singularity at z, (we define ; to be zero at z); or

* essential singularity of f otherwise.

We will say a singularity is isolated if there exists a neighborhood around it in which it is the
only singularity of f.

Proposition 9 (Order of zeros, poles): Let f : Q@ — C holomorphic have an isolated zero at 2, €

Q2. Then there exists a neighborhood of z, a unique positive integer n := ord (), and a
nonvanishing holomorphic function g such that f(z) = (z — 2;)" g(2) on that neighborhood.

The same statement holds if z, an isolated pole of f, with n a negative integer. When n = —1

we call the pole simple; more generally, —n is called the order/mulitiplicity of z,.

Proor. Follows from writing f in a local power series centered at z,; there exists a minimally indexed nonzero coefficient. Factoring out this term

gives the desired representation. Uniqueness follows easily. |

Corollary 3: If f has a pole of order n at z,, then

f6) = oty + o e p o + 6 = P+ GL)

for some holomorphic (locally to z,) function G.

The function P is called the principal part of f at z,, and a_, is called the residue, denoted
res, f=a_;.

Proor. Follows from the previous proposition by expanding terms. ]
Proposition 10 (Computation of Residues): If n = ord(2),
-1
1 d\"
. n
res, f= lim ————| — zZ—2 z).
zof prargal (n—l)' dz ( O) f( )
Proor. This follows from the previous corollary by taking computing the appropriate derivatives term-by-term. ]

Theorem 35 (Residue Theorem): Let f be holomorphic in an open set containing a disc with
boundary C, except for finitely many poles z,, ..., zy in the disc. Then,

N
/ f(z)dz = 2mi Z res, f.
c k=1

Proor. The idea is to use a “keyhole contour” that indents the original circle in N places to miss the poles. By holomorphicity, the integral over this
contour is zero and one finds that (since the “walls” of the keyhole neighborhoods tend to zero) our integral in question is equal to the sum over the
poles of the integral of f over small circles centered at each pole. Appealing to the representation in the corollary from earlier and computing

quickly yields the result, using crucially the fact that

/ 1 = {0 n>1
C(zfzo)n - 2 n=1

Theorem 36 (Classification of Isolated Singularities): Suppose f : Q\ {z,} — C holomorphic.

Then:
e if f bounded on 2\ {2,}, 2, a removable singularity
* zyapoleiff |f(z)| = coas z— z,.

14



Proor. The second follows from the first. For the first, one contends that, inspired by the Cauchy’s integral formula, the representation

=/ c %dw remains a holomorphic function that agrees with f everywhere away from z. |

Proposition 11 (Residue at Infinity and Sum of Residues): Let f be holomorphic in a punctured
neighborhood of 0. Define the residue at infinity to be

1 1
res, f == —resoﬁf (—)

w

Let f be holomorphic on C — {zy, ..., z,,} where {z; } are isolated singularities. Then,

res, f + Zreszkf =0.
k=1

Essential singularities are a lot harder to deal with. An example of a function with an essential
singularity is f(z) := e= at 0.

Theorem 37 (Casorati-Weierstrass): Let f holomorphic on a punctured disc D \ {z,} with an
essentially singularity at z,. Then f(D \ {2,}) is dense in C.

Proor. Argue by contradiction. |

Definition 24 (Meromorphic Function, Singularities at Infinity): Let f : Q@ — C. We say f is
meromorphic if there exists a sequence {z,, : n > 0} of points in Q such that

e {z,} has no limit points in §;

e fholomorphicon 2\ U,, {2,}; and

e fhaspolesateach{z,}.

Define F(z) := f(1). We say f has a pole/removable/essential singularity at infinity/is holomorphic at
infinity if ' has a pole/removable/essential singularity/is holomorphic at 0. If f is a
meromorphic function that is either holomorphic or has a pole at infinity is said to be
meromorphic in the extended complex plane.

Proposition 12: The only meromorphic functions in the extended comlex plane are the rational
functions.

Theorem 38 (Argument Principle): Let f be a meromorphic function on the interior of a simple
closed curve C' C C, such that f has no roots nor poles on C. Then,

1, o .
o /C ) dz = #{zeroes of f inside C} — #{poles of f inside C'},

the right-hand side counted with multiplicity.

Proor. If z, a zero of multiplicity n of f, then it will be a pole of fT, with residue n, and if z, a pole of order n of f, then it will be a pole of fT/ with

residue —n. The result then follows by the residue theorem. |

Remark 20: Sometimes the quantity fT, is called the logarithmic derivative of f, agreeing with the idea that L log(f) = fT,” .

Corollary 4: Let f as above, C as above, and let arg( f) be the argument of f. Then,
#{zeroes of f inside C'} — #{poles of f inside C'} = 2w A, arg(f),

where A arg(f) the total change of the argument of f over C.

Proor. One notices fT/ = L log(f(2)). Split the log into In of norm plus argument, then apply fundamental theorem of calculus. |

Theorem 39 (Rouché's): Let f, g be holomorphic functions on Q2 with a curve C' C Q such that
* |fl>lglonC,
¢ both f, g never vanish on C.

Then, f and f 4 g have the same number of zeros in the interior of C.

15



Proor. Define f, = f +tg for t € [0,1]. The conditions on f, g show that this function has no zeroes on C for any ¢, so we can apply the argument

principle. Defining N (t) = 5 [ o J{fgg dz, one sees that this is a continuous (in t) function that is integer valued, and is therefore constant. In
particular, this implies N(0) = N(1), where the form is the number of zeros of f and the latter of f + g, inside C. |

Theorem 40 (Maximum Modulus Principle): Let f : 2 — C a nonconstant holomorphic
function. Then | f| cannot attain its maximum inside Q2. In particular, if 2 bounded, then

mg}dfl = I%gXIfI,

and if | f| attains an “interior” maximum, then f is constant.

Theorem 41 (Logarithms): Let Q a simply connected domain containing 1 and not containing 0.
Then there exists a function F'(z) = logq (), called a branch of the logarithm, such that

* F holomorphic on €2,

e ¢I'®) = z0nQ, and

e F(r)=log(r) := flr 1 dz whenever r is a real number near 1 in Q.

Proor. The idea is to define F' by

1
F(z):/ Edw7
72

where ~, any curve connecting 1 to z. By simple connectedness, this integral is independent of choice of curve, and one checks the necessary

properties rather easily by verifying F(z) = 1. In particular, the last follows form the fact that if  ~ 1, one can take =, to lie entirely on the real line.

[
Theorem 42 (Function Logarithms): Let f a non-vanishing holomorphic function on a simply
connected domain 2. Then there exists a holomorphic function g on 2 such that f = e9.

1.2.3 Harmonic Functions

Theorem 43: Let f holomorphic on a disc Dy (%,) with series expansion f(z) =
> o0 (2 —2)". Then, forany 0 <r < Rand n >0,

1 27 ) )
a, = / f(zo +re'®)e=™? do.
0

2wrn

In particular, the case n = 0 yields the mean value property for holomorphic functions.

Proor. This follows directly by parametrizing the circle in the Cauchy integral formula for the derivatives of f. |

Proposition 13 (Mean Value Property for Harmonic Functions): Let u : 2 — R be a harmonic
function on a simply connected domain €2. Then there exists a holomorphic function f: @ — R
such that u = Re(f), and so in particular,

u(zy) = (L> /O%u(zo + re'?) de,

2rr

for any z, € Q2 and r > 0 such that D, C Q.

Proor. We need to find v such that f = u + iv is a holomorphic function. Such a v is called a harmonic conjugate of u. We can define f to be the
antiderivative of 23%, which, since ) simply connected, exists. This would imply f(z) = u,, + iu,, which should hold. Moreover, R(f) = u up to a

constant (check!). The mean value property for harmonic functions then holds as a consequence of the previous theorem (with n = 0) and taking real

parts of both sides of the identity. ]

Proposition 14 (Other Properties of Harmonic Functions): Let u be harmonic on 2. Then:
e 1y cannot achieve an interior min/max, unless it is constant, and if €2 bounded, u obtains
its absolute min/max on 90f)
e if O = R? and u bounded, then u is constant
* vy isreal-analytic, and in particular C*°
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1.2.4 Conformal Mappings

Definition 25 (Conformal Map): A function f: U — V, where U,V C C open, is said to be a
conformal mapping if it is bijective and holomorphic. If U, V are given and there exists a
conformal map f: U — V,wesay U, V are conformal.

Proposition 15: Let f : U — V be holomorphic and injective. Then:
* f'(z) #0foreveryz € U
¢ fisinvertible when restricted to its image, and its inverse is holomorphic

In particular, if f conformal, then it’s inverse f~! : V — U is automatically holomorphic, and its

derivative never vanishes.

Proposition 16 (Conformal map from D to H): Let D be the open unit disc in C and H := {z €

C | Im(z) > 0} be the open upper half-plane. Then D and H are conformal, under the mapping

F:H—-D, F(2) ::Z,_Z,
1+ 2z

with inverse
1—w

G:D—-H, Gw):=i .
I+w
Lemma 1 (Schwarz's Lemma): Let f : D — D be a holomorphic function with f(0) = 0. Then
the following hold:
* |f(2)] < |z|, and if there exists a z, # 0 such that | f(z,)| = |2/, then f(z) = cz where |c|
1 (i.e. f a rotation)
* |f(0)| <1, and if equality holds, then f(z) = cz where |c| = 1.
Proor. Letg(z) = f(TZ) Since f(0) = 0, g has a removable singularity at the origin and therefore is holomoprhic. Let z € D, assuming |z| = r < 1.
Since f maps to D and thus |f| < 1, we have that [g(z)| < L. By the maximum modulus principle, this bound must hold for all z € D, i.e. for any |z| <
r. Letting r — 1 gives that |g| < 1 which gives the proof. Again by the maximum modulus principle, we see that if |g(z,)| = 1 for z; in D (i.e. an

“interior max”), it must be that |g| constant equal to 1, which gives the result. For the second point, note that g(z) — f’(0) as z — 0, but also

converges to g(0) by holomorphicity. We know |g| < 1, so it follows that | f'(0)| < 1. Finally if | f'(0)| = |g(0)| = 1, from the same line of reasoning as

above we have that f a rotation. |

Theorem 44 (Automorphisms of the Unit Disc): For Q C C, define Aut(Q2) := {f : Q2 —
Q| f a conformal map}. This is naturally a group under composition.

If f € Aut(DD), then there exists a § € R and a € D such that
f(2) = e, (2),

where ¢, (z) := =2 is a Blaschke factor.

1—-az

Proor. Leta € D be such that f(«) = 0, which exists and is unique. Let g = f o 1,,. One checks that g(0) = 0, so by Schwarz, |g(z)| < |z|. g is also
invertible, and g~1(0) = 0 so we also have |g~!(w)| < |w]|. This implies, taking w = g(2), that |2| < |g(2)| < |2| i.e. |g(z)| = |2|. This implies g(z) = e* -

z for some 0 € R, which gives the proof upon composing both sides by v, (which is its own inverse). |

Corollary 5 (Automorphisms of the Upper Half Plane): Every automorphism in Aut(H) is a
linear fractional transformation of the form

az+b

fu(z) = cztd’
for some M € SL,(R) = {M € R?*? : det(M) = 1}. In fact,

Aut(H) = PSLy(R) := SL,(R)/{I, —I}

Proor. Recall the conformal function F : H — D. One checks that I' : Aut(D) — Aut(H) given by I'(¢) := F~! o ¢ o F is a group isomorphism. Thus

to characterize automorphisms of H it suffices to compute the conjugation by F' of automorphisms of D, which yields the result. |
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Theorem 45 (Riemann-Mapping Theorem): Let Q) C C be a simply connected open domain that
is not all of C. Given z, € (2, then there exists a unique conformal map F' : Q — D such that

F(z) =0, F'(z) > 0.

In particular, every such domain is conformal to the open unit disc.

Proor. The proof is long. The idea is as follows:
(i) Show € conformal to an open subset of D containing the origin. One does this by basically ‘shrinking’  via a logarithmic-type
transformation.
(i) Assuming from 1. that 0 € Q C ID, one considers the family of functions

F = {f:Q — D, f holomorphic, injective, and f(0) = 0}.

One sees that J is a nonempty, uniformly bounded family of holomorphic functions. By the Cauchy inequalities, s := sup ¢+ |f’(0)| exists
(and is finite). Let { f,,} C & such that |f,,(0)| — s. By combining Cauchy’s integral representation theorem, one obtains equicontinuity of
F, which allows us to use an Arzela-Ascoli-type argument to argue that { f, } actually converges uniformly (on compact sets) to some
holomorphic function f. We see that f is injective (by an “argument principle”-type argument, using properties of f).

(iii) We claim f in step 2. is conformal. We showed holomorphicity and injectivity, so we need to show surjectivitiy. Supposing otherwise, the
idea is to construct another function that lives in F but with strictly greater derivative norm at 0, contradiciting the maximality. Then by
precomposing f with a rotation, one automatically gets the f”(0) > 0.

Corollary 6: Any two simply connected proper open subsets of C are conformal.

Remark 21: Remark that there is no hope that there exists a conformal map f : C — D for such a map would necessarily be entire and bounded and thus constant

by Liouville’s, and in particular not injective.

1.2.5 Some Fourier Transform

Definition 26 (Fourier Transform): The Fourier transform of a function f : C — C is defined by,
where the integrals make sense and converge,

F(&) ==/ f(z)e 228 dx, ¢ €R.

For a > 0, define the class of functions

f holomorphic on S, := {z € C | |Im(2)| < a}

g, = :
“ 3 A > 0 such that |f(z)|gmfor all z € S,

Define finally # :=J _ 7.

Proposition 17: Let f € &, for some a > 0. Then |f(¢)| < Be 2™l forall ¢ e Rand 0 < b < q;
when such a bound on a function exists, we say it is of exponential type.

Proor. The idea is to “shift” the contour to the line from —oco — ib to co — ib. |

Theorem 46 (Fourier Inversion): For f € F, then the Fourier inversion formula holds, that is, for
all z € R,

f(z) = / " fe)ermint g,

—0

Theorem 47 (Poisson Summation Formula): If f € &,

Y fn)=) fn).

nez nez
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2 Algebra

2.1 Linear

2.1.1 Elementary

2.1.2 Vector Spaces

2.1.3 Diagonalization and Related
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2.2 Groups
2.2.1 Fundamentals

Definition 27 (Groups, Action): A group G is a set equipped with a binary operation -
satisfying the axioms:

e J1eGst.g-1=1-g=gVgelG
e VgeG,dgteGst.g-gl=g"1g=1

G is said to be abelian/commutative if gh = hg for every g, h € G.

A group action on a set X is a function ¢ : G x X — X satisfying:
* p(hplg,z) =p(h-g,2),Vg,heGrzeX
e o(lyzr)=zVzreX

When clear from context, we write g - £ = ¢(g, ). When ¢(G, X) := {p(g,z) : g € G,z € X} is
equal to X, we say the action of G is transitive. A set X equipped with a group action of G is
sometimes called a G-set.

Definition 28 (Orbit, Stabilizer): Let G act on a set X. Define, for z € X,

0, = Orbg(x) := orbit of x under G ={g-z:9 € G} C X,
G, = Stabg(z) := stabilizer of x under G ={g€ G: g -z =1z} C G.
Remark 22: The orbit is “everywhere = can go” (under G), and the stablizer is what “fixes” x (under G).

Definition 29: A subgroup H of a group G is a subset of G which is still a group when endowed
with the operation from G (so in particular it is closed under the operation). One sometimes
write H < G, or H < G if H possibly equal to G.

A (left) coset of H in G is a set of the form
aH ={ah:h € H},

where a some element of G. One denotes G/H = {set of cosets of H} Equivalently, there is a
natural action of H acting on G as a set (by right-multiplication), given by h x g := g - h; thus
cosets of H are just orbits under this action.

Definition 30 (Homomorphism): A group homorphism ¢ : G; — G, is a function such that

@(gh) = »(g)w(h)

for all g, h € G;. When ¢ a bijection we call it a group isomorphism.
Theorem 48 (Lagrange): Let H C G a finite subgroup of a finite group. Then all cosets of H
have the same cardinality, and in particular are disjoint. In particular, we have

G| =|G/H| - |H],

and so |H| divides |G]|.

Proor. The disjointness follows from the “orbit of an action” characterization (namely, orbits are either disjoint or equal). For the equality of
cardinality, fix a ¢ H and define the map f : H — aH, h — ah. This is an injection, since f(h;) = f(hy) = ah; = ahy = h; = hy by multiplying both

sides by a~. This is also a surjection since given ah € aH, one simply maps h by f. This shows |aH| = |H| and since a was arbitrary, completes the

proof. The “in particular” follows from the partitioning result. |
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Proposition 18: Let X a transitive G-set. Then there exists a subgroup H of G such that X is
isomorphic (as a G-set) to X = G/H, equipped with the left-action

(9,aH) € Gx G/H +> g-aH := (ga)H € G/H.
Thus, | X| divides |G| and the orbit-stabilizer formula holds:
G| = |X|-|G,|, VzelX.
Remark 23: When we say “X,, X, isomorphic as G-sets”, we mean a bijection which respects the respect group actions, i.e. f : X; = X,, f(g-, z) = g5 f(z).
Remark 24: If X not transitive, we can reword this proof by taking any orbit 0, in X, in which case the formula reads |G| = |0, | - |G, |.
Proor. Fixz € X andlet H := G, and let f : G/H — X be givenby f(aH) :=a - z. |

Definition 31 (Normal subgroup, quotients): Given a group G, a subgroup H C G is said to be
normal if it is closed under conjugation by G, that is,

ghg '€ H, VYgeG,heH.

Sometimes people write H < G for “H is a normal subgroup of G” (sometimes with a bar
underneath if H possible equal to G).

The quotient group is the group G/H of cosets of G with respect to H equipped with left-
multiplication (one checks that this is indeed a well-defined group when H normal in G).

G is said to be solvable if there exists a sequence of subgroups
{i}=GycG,cCcG,,CG,CG

such that G;_; a normal subgroup of G; and G,/G,_; abelian, fori =1, ..., n.

Proposition 19: Let ¢ : G — H a group homomorphism. Then NV := ker(y) a normal subgroup
of G.

Moreover, ¢ induces an injective homomorphism ¢ : G/N — H defined by @(aN) := ¢(a). In
particular, im(y) is isomorphic to G/N.

Proor. Ifh € N,g € G, then ¢(ghg™') = ¢(g)p(h)e(9)™* = ¢(g) - v(9)~! =1so ghg™* € N.
We need to show @ well-defined. If aN = a’ N, then there exists h € N such that a = a’h. So
@(alN) = p(a) = p(a’h) = p(a’)p(h) = p(a’N) - 1 = §(a’N),
so the function is well-defined. It is injective since

p(aN)=1<¢(a)=1<aeN<aN =N,

but N = 1g,y, 50 ¢ injective. |

2.2.2 Sylow

Theorem 49 (Sylow's Theorem): Suppose #G = m - p*, where p 4 m and p prime.
(i) (Sylow 1) G has a subgroup of cardinality p’ (called a Sylow-p subgroup of G).
(ii) (Sylow 2) Suppose H,, H, are Sylow-p subgroups of G, then there exists a g € G such
that gH,g~ ! = H,.

(iii) (Sylow 3) If N,, the number of distinct Sylow-p subgroups of G, then:
i) N, |m
(i) N, =1

p

PrOOF . |

2.2.3 Some Particular Groups
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Definition 32 (Generator of a group): We say a group G is generated by elements g, ..., g,, if

G = (g4, ...,9,) := {all possible products of powers of g,, ..., 9, }

Definition 33 (Cyclic Groups, Unit Groups): For n > 1 an integer, the cyclic group of order n is
defined as Z/nZ = {0, 1, ...,n — 1} equipped with addition and with entries read mod n.

For n > 1 an integer, the unit group of order n is defined as (Z/nZ)* equipped with
multiplication, where we restrict Z/nZ to the invertible elements (mod n).

Proposition 20: Let p prime and G a group of order p. Then G = Z/pZ. In addition, #(Z/pZ)* =
p—1.

Proor. Leta € G not equal to the identity. Then the subgroup H generated by a (i.e. {a,a + a,a + a + a, ...}) is a subgroup of G isomorphic to Z/nZ
where n = #H. Being a subgroup, n|#G, and since n > 1 and #G prime, n = p and thus H = G = Z/pZ.

Leta € (Z/pZ)\ {0}. Then a } p so ged(a,p) = 1. Thus there exists a b, ¢ € Z such that ab + cp = 1i.e. ab = 1. Rewriting b mod p so that b €
P

(Z/pZ) \ {0} completes the proof of the second part, since then we’ve shown ((Z/pZ)* equals (as a set) (Z/pZ) \ {0}). |

Definition 34 (Permutation, Symmetric, Alternatic Groups): Let X a finite set of n elements.
The symmetric group of X is the set of bijections of X, i.e.

Sy ={f:X — X | f a bijection}.
When X = {1, ...,n}, we often write S,, = Sx. We call f € Sy a permutation of X.

The sign, or sgn, of a permutation f € S, is defined to be

sgn(f) == ()N, N(f) = #{(z,9) € X x X | & <y and f(z) > f(y)},
i.e. the number of “inversions” that f contains. We sometimes say f is even/odd if sgn(f) =
+1/—1.

The alternating group on n elements is the subgroup

Ap=A{f €8, [ sen(f) =1}
Proposition 21:
o #S,=nl#A4,="1
e atransposition of {1, ...,n} is a permutation that only interchanges two elements and fixes
the rest. Any permutation can be written as a composition of transpositions. Moreover,
the sign of a permutation is equal to the parity of (any) number of transpositions needed
to write the permutation

Proor. A permutation, being a bijection of {1, ..., n} has n choices of where to send 1, n — 1 choices of where to send 2, etc, for n - (n — 1)---1 = n!
total choices. So, #,, = n!l. The size of #A,, follows pretty clearly from the definition of sgn. Alternatively, one notes that sgn : S, — {—1,1} a

surjective group homomorphism (with the right-hand side equipped with multiplication). Then A,, = ker(sgn), and thus (#8S,,)/(#A4,,) = 2. u

Definition 35 (Dihedral Groups): For n > 1, the order 2n dihedral group (on n vertices) is defined
as the gorup generated by

D,, = (o,7), ord(c)=2,ord(r) =n,o70 L =771

Proposition 22: #D,, = 2n.

Proposition 23 (Finitely Generated Abelian Groups): An abelian group G is said to be finitely
generated if it has a finite generating set. Any finitely generated abelian group G is isomorphic to

7" ®L/nZ & - & ZL/n,, 7.
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2.3 Rings

Definition 36 (Rings, Ideals): A ring is a set R equipped with two binary operators + and x
such that
* (R,+) an abelian group
(R, x) amonoid (has identity and is associative)
ax(b+c)=axb+axc
(b+c)xa=bxa+cxa

A commutative ring is a ring where x is commutative.

Anideal I of aring R is a subset I C R such that I is an additive subgroup of R and is closed
under multiplication by R. We sometimes write I < R.

Remark 25: Some conventions do not require rings to have multiplicative identities, and call those with such elements “rings with identity”.

Definition 37 (Types of Ideals): Let I < R. We say [ is:
e maximal if for all ideals J < R, if I C J then J = R
e primeifa-bel =>aorbel
e principal if I of the form aR = (a) = {ar : r € R} for some a € R

Definition 38 (Types of Rings): Let R be a nonzero ring. A left (right) zero divisor of R is an
element a € R such that there exists a nonzero b € R such that ab = 0 (ba = 0). We say R is:
* an integral domain if it is commutative and has no nonzero zero divisors
* aprincipal ideal ring if every ideal in R is principal
* a Euclidean domain if it is an integral domain upon which there exists a function f : R\
{0} - Z., such that foralla € R,b € R\ {0} there exists g and r in R such that a = bg +
r and either r = 0 or f(r) < f(b)
* aprincipal ideal domain (PID) if it is an integral domain and a principal ideal ring
Remark 26: The f function, called a Euclidean function, is essentially a generalization of “size”, which is not necessarily an ordering but reflects some of its
properties.
Proposition 24: Euclidean domain = PID. The integers are a Euclidean domain. If IF a field,
then Flz] = {p(z) : p a polynomial with coefficients in F} is a Euclidean domain.
Proor. Let R a Euclidean domain and I C R anideal. Then, S := {f(r) | 7 € I} is a subset of the natural numbers and thus must have a least
element by the Well-Ordering Principle. Let m € I be such that f(m) = min S. We claim I = (m). The direction (m) C I is clear since m € I. Now let
a € I be any other element. By the Euclidean property, a = mgq + r for some ¢, € R. If r = 0 we're done, so assume r # 0 so then f(r) < f(m). This

implies r cannot be in I, else we’d contradict the minimality of m. But a — mgq € I (since a,m € I, and ¢ € R implies mq € I), but this equals r, so we

have a contradiction. Thus r = 0, and so @ = mg € (m), hence I = (a).

The integers are Euclidean by taking f(r) = r and by employing the Euclidean algorithm, and F|z] is by taking f(p) = deg(p) and employing the

Euclidean algorithm (for polynomials). |

Definition 39 (Homomorphism): A ring homomorphism ¢ : R — S is a map that is a group
homomorphism on (R, +), is multiplicative (i.e. p(ab) = p(a)p(b)), and p(1) = 1.

Proposition 25: Given a ring homomorphism ¢ : R — S, ker(y) an ideal of R. Conversely, if I C
R is an ideal, then there exists a ring S and a surjective homomorphism ¢ : R — S such that I =

ker(¢p).

If o : R — S is a surjective ring homomorphism, then R/ ker(¢p) is isomorphic to S.

Proor. For the first, we know from the group homomorphism property that ker(¢) closed under addition, and if € ker(¢) and a € R, then
p(ar) = ¢(a)p(r) = ¢(a) - 0 = 0 so ar € ker(yp). For the second, we can define the quotient ring S := R/I = {a+ I : a € R}, with addition defined as
in a quotient group and multiplication defined “component wise” (one checks this is well-defined and defines a ring). Then define ¢ : R — S by
p(r)y=r+1.

The last point is the first isomorphism theorem (for rings) and the proof is identical as the analog for groups. ]

Proposition 26: Let R a ring.
e ] isaprime ideal iff R/I has no nonzero zero divisors
e [ is a maximal ideal iff R/I is a field
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Proor. Assume I prime and that (a + I)(b+ I) = 0 + I. This implies ab € I, so either a or b in I by primality. Thus either a + I or b+ I = I, and in

either case neither can be a nonzero zero divisor. The converse direction is identical.

Assume I maximal. We need to show R/I has inverses. Let a + I € R/I nonzero (i.e. a ¢ I). Consider theideal J := Ra+I ={ra+b:r € R,b €
I}. This is an ideal which contains I as a subset. By maximality, J = I or J = R, but the first is not possible since this would imply a € I.So J = R,
and thus given 1 € R, there exists 7 € R and b € I such that ar + b = 1. Thus,

(a+D)(r+I)=ar+I=ar+b+I=1+1,

ie.r+1I=(a+1I)" . Conversely, assume J 2 I.Leta € J\ I,soa+ I # 0 € R/I is invertible, i.e. thereisab € Rsuch that (e +I)(b+ 1) =1+ 1.

This implies there is an r € I such that ab + r = 1. Since also r € J, this implies 1 € J, and thus J = R and so I maximal. | |
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2.4 Fields & Galois Theory

Definition 40 (Fields, Field Extensions): A field is a commutative ring F’ with identity in which
every nonzero element has a multiplicative inverse.

A field extension E of a field F is a field which contains F' as a subfield; we write E/F. We can
canonically view F as an F' vector space (by forgetting the multiplicative structure of elements);
we write [E : F| := dimp(FE) for the degree of E over F. We say E/F a finite extension if this
number is finite.

Proposition 27 (Multiplicativity of Degrees): Let K /E and E/F be finite extensions. Then K /F
also a finite extension, and

[K:F|=[K:E| [E:F]|.

Prook. If {ey,...,e,} abasis for E/F and {k,, ..., k,, } a basis for K/E, one checks that {e; - k; : 1 <i <n,1 < j<m} abasis for K/F. |

Definition 41 (Algebraic, Transcendental): Let E/F. We say a € FE is algebraic if it is the root of
some polynomial f(z) € F[z]. We say « is transcendental otherwise.

Proposition 28: If E//F finite, every o € E is algebraic. Moreover, there exists a polynomial of
degree at most [E : F] that « satisfies.

Proor. Leta € Eand putn = [E: F|. Then {1,q,a?,...,a"} must be a linearly independent set, and thus there exist f,, ..., f, € F such that

fo+ fia+ -+ foa™ =0.

In particular, we see that this implies f(z) := f,z" + - + fiz + f, is a polynomial in F[z] with « as a root. |

Definition 42 (Splitting Fields): We say E/F a splitting field of a polynomial f(z) € F[z] if
(i) f(x) factors into linear factors in E[z], i.e. there exists r, ..., r,, € E such that

fz) = (z —r)~(z—7,),
and
(ii) E is generated by rq,...,r,.
Remark that n < [E : F] < nl.

Remark 27: We say a field extension E/F is generated by a set S if it is the smallest field containing F as a subfield and the elements in S.

Given an element a € E/F, a polynomial f € F|z] is called a minimal polynomial for f if f(a) = 0 and f of minimal degree.

Theorem 50 (Eiseinstein's Criterion): Let f(x) = a,,z™ + --- + a;z + ay € Z[x]. Assume there
exists a prime p such that:
(i) pla;for0<i<n
(i) p ta,
(iii) p* | a,,
Then f(z) is irreducible over Q.

Theorem 51 (Rational Root Theorem): Let f(z) = a,2™ + - + a;x + a4 € Z[z] with a,, # 0.
Then if z = £ (reduced) a rational root of f, then p|a, and g|a,,.

Theorem 52 (Gauss's Lemma):
Definition 43 (Automorphisms of a Field Extension): Let E//F, and define the group

Aut(E/F):={0: E — E | 0 is F — linear, multiplicative, and 0|, = id}.

Remark 28: ¢ € Aut (E/F) preserves the field structure on E and leaves F' invariant.
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Proposition 29 (Properties of Aut(E/F)): Let E/F be a finite extension. Then the following
hold:
* Aut(E/F) acts on E with finite orbits (that is, #Orb g/ r) (@) < 0o for every a € E)
* #Aut(E/F) < o0; in fact,
e #Aut(E/F) < [E: F].

If #Aut(E/F) = [E : F|, we say that E/F' a Galois extension, and write Gal(E/F) = Aut(E/F).

Proor. Leta € E/F satisfy f(z) = a,xz™ + - + a, (exists by finiteness). Let ¢ € Aut(E/F). Then notice, using linearity and multiplicativity of o,

flo(a)) = a,0™(a) + -+ ar0(a) +aq

=a,0(a") + - +a0(a) +q
a, Q" + -+ a;a + ag)
f(a)) = 0o(0) =0.

Thus, o(a) € {roots of f} hence Orb (a) C {roots of f}, proving the finiteness since f has only finitely many roots. By a previous proposition, this
moreover shows #Orb(a) < [E : F].

o
o

Letey,...,e, abasis for E/F and o € Aut(E/F). By linearity, o uniquely determined by the n-tuple S, := (c(e;), ..., (e, )). We see that S, €
Orb(e;) x -+ x Orb(e,,). The set on the right-hand side is finite (with size at most n™ by the previous proof) so #Aut(E/F) < co.

[
Proposition 30: Let E/F a finite Galois extension with Galois group G. Then, E¢ := {a € E :
ga = aV g € G} is a subfield of E containing F and moreover E¢ = F.

Proor. Checking subfield is clear. Consider the group Aut(E/E€). This contains G as a subgroup, so

[E: F] = #G < #Aut(E/E%) < [E : EY].

Also [E : E®] divides [E : F], which is then only possible if [E : E¢| = [E : F] so it must E¢ = F. ]
Proposition 31: Let E//F Galois. If f irreducible over F' and has a root in E, then f splits
completely into linear factors in E.

Proor. Letrbearoot. Let {rq,...,7, } be the orbit of r under G. Let

9(@) = (@ =)z — 1) =2 — @ 4+ (<10,

where o;’s are called elementary symmetric functions. Note that each o, invariant under permutation by G, and in particular, o; € E¢. It follows that
each o; € F, by Galois and so g(z) € F|[z]. Recalling that f irreducible over F, it must be the minimal polynomial of  and thus f|g. Since g splits into

linear factors (in E[z]), so must f. | |

2.4.1 Characterization of Finite Fields

Theorem 53: Let F be a finite field (i.e. as a set, F' is finite). Then, #F = p™ for some prime p
and an integer n > 1.

Conversely, given a prime p and an integer n > 1, there exists a unique (up to isomorphism)
field of cardinality p".

Proor. For the first, since F a finite field, there must exist some minimal integer p such that 1 + --- 4+ 1 (p-times) equals 0. p must be prime, else this
would imply F' has zero divisors. In particular, this shows F, = (Z/pZ) is a subfield of F; we can view F as a vector field over F,,, and letting n =
dim]Fp(F), it’s clear that #F = p".

For the second point, let f(z) = 2*" — z as a polynomial over F, and let F be its splitting field. We claim #F = p". Indeed, f'(z) = —1in F and
s0 ged(f, f') = 1 and so f has no repeated roots. Thus, #F > p™. Moreover, one remarks that the set of roots of f is itself a field over F,, thus #F <

p". Uniqueness follows from uniqueness of splitting fields. L
2.4.2 Fundamental Theorem of Galois Theory

Lemma 2: If E/F Galois and K C E, then E/K Galois. If H a subgroup of the Galois group
Gal(E/F), then E¥ a subfield of G and H = Gal(E/E), and in particular #H = [E : Ef].

Remark 29: There is no guarantee that K /F is Galois in general.
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Proposition 32 (Galois Correspondance): Let E/F a Galois extension. Then the map
{K field | F C K C E} — {subgroups of Gal(E/F)}, K + Gal(E/K)
is a bijection with inverse
Hw Ef,
Moreover, these maps are “order reversving” in the sense that
K, C K, = Gal(E/K;) D Gal(E/K,), H, C Hy = E» > FH2,

Proposition 33: Let F C K C E with E/F Galois. Then TFAE:
(i) oK = K forall 0 € Gal(E/F)
(i) K Galois over F’
(iii) Gal(E/K) is anormal subgroup of Gal(E/F')

Definition 44: An extension E/F is called radical if there exists an integer n > 1 and element
a € F such that E = F(a'/"). E/F a tower of radical extensions if there is a sequence of extensions
E=E,CE, C- CE, =Fwhereeach E,/(E,_,) a radical extension.

Theorem 54: If E/F a tower of radical extensions, then it is contained in Galois extension with
solvable Galois group.

Theorem 55 (Fundamental Theorem of Galois): Assume F a field of characteristic 0. Suppose
f(z) € F[z] is solvable by radicals, that is, a splitting field of f is contained in a radical extension.
Then, Gal(f) is a solvable group.

3 Differential Equations

3.1 Scalar ODEs

3.1.1 First Order

3.1.2 Second Order, Constant Coefficients
3.1.3 Reduction of Order

3.1.4 Variation of Parameters

3.1.5 Sturm-Liouville Theory

3.1.6 Power Series Solutions

3.2 Linear Vector ODEs

3.2.1 Constant Coefficient Linear Systems
3.2.2 The Method of Undetermined Coefficients
3.3 Nonlinear Vector ODEs

3.3.1 Critical Points and Stability

3.4 General ODEs

3.4.1 Higher Order to Vector First Order
3.4.2 Laplace Transform

3.5 PDEs

3.5.1 Heat Equation

3.5.2 Wave Equation
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3.5.3 Laplace’s Equation

3.5.4 Separation of Variables

3.5.5 Laplace, Fourier Transforms Solutions to the Heat Equation
4 Miscellaneous Things to Remember

4.1 Trigonometric Identities

cos?(f) = M, sin?(0) =

2 2

sin(26) = 2sin(#) cos(h)
cos(20) = 1 — 2sin?(6)

Remark 30: The easiest way to prove these is to use complex exponentials:

sin() = !

cos(f) =

1 —cos(20)
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